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Tree Representations of Ternary Relations 

D. DEFAYS 

Institut de Psychologie de 1’ Universite’ de Li>ge, B4000 Sart- Tilman, Litge, Belgique 

In recent years there has been a growing interest in representing data by trees. Most 
of the literature has been concerned with inferring trees from pairwise data. In this paper, 
trees are constructed from ternary relations; the model represents each object of an 
empirical set by a node of a tree so that a betweenness relation among the nodes (the 
node b is on the path from the node a to the node c) in the graph reflects a ternary relation 
among the objects. Various systems of formal properties that lead to three different kinds 
of tree representation are investigated. 

INTRODUCTION 

Most of the literature about foundations of measurement is concerned with the 
necessary and/or sufficient assumptions concerning a weak order and a concatenation to 
construct a real valued function that is order preserving and additive. This paper deals 
with poorer structures. The empirical relational structures that we will consider are of 
the form (A, I), where A is a finite set of objects and I a ternary relation on iz which 
shall be called ternary betweenness or simply betweenness; the representations will not 
be made in terms of numerical relational structures but rather in terms of trees. 

The purpose of the paper is to investigate various systems of formal properties of the 
empirical relational structure that lead to tree representations. 

Tree representations have already been shown useful (Cunningham, 1978, Sattath and 
Tversky, 1977 . ..). In fact, they have been explored in different contexts. Colonius and 
Schulze (1977) have studied tree representations of quadruple relations, that is to say 
of non numerical data. However, most of the papers inyestigate tree representations of 
similarity data. The most extensively studied problem may be stated as follows: given a set 
of objects and a dissimilarity index, find a tree in which the objects are represented as 
nodes such that the tree metric is equal to the dissimilarity index. Necessary and sufficient 
conditions on the dissimilarity index for different types of representations have been 
given (Buneman, 1974, Defays, 1978, Dobson, 1974, Hakimi and Yau, 1964,...). Algorithms 
that construct trees from fallible data have been developed by, among others, Cunningham 
(1978), Farris (1970), Sattath and Tversky (1977). The particular case of the ultrametric 
tree has been studied extensively. The interested reader will find in Sattath and Tversky 
(1977) references on those various topics. 

This paper investigates tree representations of ternary relations. 
We recall that if 5’ is the node set of a graph (S, G) with 1 S 1 = n, (S, G) is a tree if 

the following conditions hold: 
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(i) G contains (n - I) edges; 

(ii) G is connected, i.e. there is a sequence of contiguous edges joining two distinct 
vertices; this sequence is called a path joining the two vertices; in a path, all the edges 
of the sequence must be different. 

In this paper, we consider three different types of tree representations. The first type 
of tree representation is the most simple one and the most classical one. The objects of .j 
are represented by the vertices of a very particular tree; in fact, the tree is required to be a 
simple path, that is to say, the vertices of the tree are ranked on a one dimensional con- 
tinuum. This is, in fact, a problem of linear seriation. This problem has been studied in 
detail by many authors. Among others, we may mention Krantz et al. (197 I, pp. 172 -176) 
who have developed a representation by means of absolute differences along a single 
dimension. In their work, the set A is not required to be finite and betweenness is inferred 
from pairwise data. Some more general results, using a betweenness inferred from pair- 
wise data too, have been established by Orth (1975). In th e second type of representation, 
the objects of A are represented by the vertices of a tree: there is a one-to-one function 
from A to the node set of the tree. If betweenness is inferred from pairwise data, the 
results established in Defays (1978) are equivalent to the theorem proved in this second 
ease. In the last case, the requirement is less severe: only a subset of the node set of the 
tree must be in one-to-one correspondance with A. In this third type of representation, 
the tree may thus have more vertices than objects in A. 

We establish, in three cases, necessary and sufficient conditions which have to he 
satisfied by the empirical relational structure in order that a homomorphism into a tree 
can be constructed. The proofs we give provide simple methods for constructing the 
trees and the three different axiom systems we have chosen may be easily tested on data. 
Some suggestions on the usefulness and the applicability of our results are made at the end 
of the paper. 

NECESSARY AND SUFFICIENT CONDITIONS FOR TREE REPRESENTATIONS 

The three relational structures we shall consider involve a particular ternary relation. 
This relation is called a ternary betweenness and is defined in the following way. 

DEFINITION 1. Let A be a finite set and I be a ternary relation on *.?, i.e. 1 is a subset 
of ,-/ x ~2 A il. I is a ternary betweenness iff, for all a, 6, c E A, the following two axioms 
are satisfied: 

(a, b, c) and (b, a, c) E I iff a =- b. 

If (a, b, c) E 1, then (c, b, a) E I. 

(1) 

(2) 

In all formal definitions, theorems and proofs, we use “iff” to stand for “if and only if”; 
(a, b, c) E I will be denoted ujb/c and we will say that b is between a and c. With this 
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terminology, the two axioms may be restated as follows: a (and 6) is always between a and b 
and if a # b, it is not possible to have a/b/c and b/u/c; if b is between a and c, b is between c 
and a too. Note that the first axiom implies that if a # b, u/b/u is not possible; indeed, 
b/u/u, which is always true, and a/b/a imply a = b. If A is the node set of a tree T = 
(A, G) and if b is said between a and c when b is a vertex of the path connecting a and c, 
this ternary relation is obviously a ternary betweenness. This relation is denoted Zr . 

DEFINITION 2. A ternary betweenness is linear iff, for all a, b, c, d E A, the following 
two axioms are satisfied: 

If b # c, a/b/c and b/c/d, then a/c/d. (3) 

If a/b/c and a/d/b, then a/d/c and d/b/c. (4) 

Linearity is a very important property which will be needed for the three representation 
theorems. 

DEFINITION 3. A ternary betweenness is complete iff, for all a, b, c E A, we have 
a/b/c or b/a/c or a/c/b. 

This definition means that the betweenness is complete if and only if, for every three 
points, one of them is always between the two other ones. 

DEFINITION 4. Let A be a finite non empty set, Z a ternary relation on A. (A, I) is a 
strict linear structure iff Z is a complete, linear betweenness. 

DEFINITION 5. A tree (S, G) is a linear tree iff it only has vertices of degree two or one. 

A linear tree is a very simple structure: it is composed of a single path; each of its 
interior vertices is incident on exactly two edges and it contains exactly two terminal 
vertices. It essentially defines a seriation, a sequencing of the elements of S. Note that 
if T is a linear tree, (S, Zr) is a strict linear structure. 

The first representation theorem may now be stated. 

THEOREM 1. Suppose (A, Z) is a strict linear structure. Then, there exists a one-to-one 
functionffrom A to S, the node set of a linear tree T = (S, G), such that, for all a, b, c E A, 

This theorem means that a sequencing of the objects which respects the betweenness 
is possible if and only if the betweenness is complete and linear. It is, in fact, a simple 
corollary of theorem 2; that is why its proof will be omitted. 

DEFINITION 6. Let A be a finite non empty set, Z a ternary relation on A. (A, Z} is a 
simple triple tree structure iff the following two axioms are satisfied: 

I is a linear betweenness. (5) 
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For all a, b E A, either there exists c (+a, b) 
such that a/c/b, or, for all d E A, we have 
a/b/d or b/a/d. 

(6) 

The second axiom asserts that if two elements a, b are adjacent (i.e. there is no c (=Fia, b) 
such that a/c/b), then, for all d E A, a (or b) is between b (or a) and d. 

Note that if (A, I) is a strict linear structure, it is obviously a simple triple tree structure. 
It is useful too to mention that, if T is a tree, (S, 1,) is manifestly a simple triple tree 
structure. 

THEOREM 2. Suppose that (A, I) is a simple triple tree structure. Then, there exists 
a one-to-one function f from A to S, the node set of a tree T = (S, G), such that, for all 
a, b, c E A, 

To prove theorem 2, two lemmas are necessary. 

LEMMA 1. Let < be a binary relation defined on A x A in the following way: 

(a, b) < (c, d) ifl c/a/b and a/b/d. 

< is an order. 

Proof. We prove that < is reflexive, antisymmetric and transitive. 

Reflexivity. Since a/a/b and a/b/b for all a, b E A, we have (a, b) < (a, b). 

Antisymmetry. Suppose we have (a, b) < (c, d) and (c, d) < (a, b); by applying the 
definition of <, we have c/a/b, a/b/d, a/c/d, c/d/b; by 1’ mearity, if c/a/b and a/b/d, then 
c/b/d; c/b/d and c/d/b are only possible if b = d. In the same way, if c/a/b and a/b/d, then 
c/a/d; c/a/d and a/c/d imply c = a and, thus, (a, 6) = (c, d). 

Transitivity. Suppose we have (a, b) < (c, d) and (c, d) < (e,.f); by the definition 
of <, we have c/a/b and a/b/d; thus, by linearity, c/b/d. If (c, d) < (e, f), we must have 
e/c/d. Combining these results and the definition of a linear betweenness yield e/c/b. 
Finally, e/c/b and c/a/b give e/a/b. The demonstration of a/b/f is similar; if (a, 6) .( (c, d), 
then c/a/b and a/b/d and by linearity c/b/d. (c, d) < (e, f) implies c/d/f which gives, with 
c/b/d, c/b/f. Finally, we have c/b/f and c/a/b, h ence a/b/f; e/a/b and a/b/f give (a, b) :< (e,f). 
This completes the proof. 

LEMMA 2. Zf G = ({a, b} / a, b E A, a f b, there is no c (+a, 6) such that a/c/b}, then 
(A, G) is a tree. 

This lemma says that the pairs of adjacent elements of A are edges of a tree. 

Proof. To prove that there is no cycle in G, we assume the graph contains a cycle 
((4 4, {al , 4,..., hl , 4, {a, , a)) and we deduce an absurdity. If (a, aJ and {aI , u%> 
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are edges of G, it is easy to show from the second property of a simple tree structure that 
a/al/az , In the same way, if {a, , a& and {az , a;) are edges of G then a,/a,/a, . The 
linearity of the betweenness implies a/a,/a, . By induction we obtain a/a,Ja; this statement 
contradicts our definition of the betweenness. 

To prove connectedness, we shall show that each couple of objects is connected by a 
path in G. This may be easily proved by induction. Recall that an order is always com- 
patible with a complete order. Suppose all the couples of objects (which are not linked 
by an edge) are examined with respect to a complete order compatible with 6. Take 
the first couple (a, b) such that {a, b} is not an edge of G; {a, b} is not an edge of G if there 
is some c in A such that a/c/b. This implies (a, c) < (a, b) and (c, b) < (a, b); {a, c} and 
{c, b) are then edges of G; we have thus a path joining a and b. Suppose we have shown 
that for any of the first s couples (0,~) there is a path joining o and p; let (a, 6) be the 
next couple to be examined; {a, b) is not an edge of G if there is some c in A such that 
a/c/b. This implies that (a, c) < (a, b) and (c, 6) < (a, b). By the induction hypothesis, 
there is a path joining a and c, a path joining c and b, and thus a path joining a and b. 
This completes the proof of connectedness. 

A connected graph with no cycle is a tree (Berge, 1970, p. 22). 

Proof of Theorem 2. Take S = A, f the identity and the graph (A, G) which has been 
defined in Lemma 2. 

Let us show first, by induction, that (u, c, 6) E IT implies a/c/b. Suppose the path from a 
to b is ({a, c>, {c, b)). If {a, c) is an edge of G, the second property of a simple triple,tree 
structure implies a/c/b or b/a/c. If {c, b} is an edge of G, b/u/c is impossible. Thus, we 
have u/c/b. Suppose now the path from a to b is ({a, a,}, {ul, a,},..., {u~-~, ak}, (al,, b}) 
(k > 1). If c = ak , by the induction hypothesis, we have u/al/c and q/c/b and thus 
u/c(b. If c # a, , by the induction hypothesis, we have a/c/u, , c[uJb and thus u/c/b. 

Let us show now that a/c/b implies (a, c, b) E ZT . If c is not a vertex of the path from 
a to b, the most general configuration of the three points is shown in Fig. 1 (with eventually 
e = a or b). The first part of our proof implies ale/c, c/e/b and u/e/b. But u/c/b and u/e/c 
imply e/c/b which, combined with c/e/b, gives c = e. This completes the proof. 

c 

/A 

e 

a b 

FIG. 1. Most general configuration of three points a, b, c in a tree. 
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COROLLARY. If the ternary betweetmess is linear and complete, (A, G) is a linear tree. 

The proof is obvious, because, if I is complete, for every three points a, b, c, the 
configuration shown in Fig. 1 is impossible. Theorem 1 is an immediate consequence of 
this corollary. 

To state our last and most genera1 representation theorem a definition is still necessary. 

DEFINITION 7. Let A be a finite non empty set, 1 a ternary relation on A. (A, I> is 
a triple tree structure iff the following two axioms are satisfied: 

I is a ternary betweenness. (7) 

For all a, b, c, d G A, if a/b/c, then a/b/d or d/b/c. (8) 

Note that if T is a tree of node set S, (S, IT> is obviously a triple tree structure; this 
result will be used in the proof of our last theorem. 

A first important lemma must be stated. 

LEMMA 3. If (A, I) is a triple tree structure, I is a linear betweenness. 

Proof. Suppose we have a/b/c and b/c/d with b # c. The second property of a triple 
tree structure implies a/c/d or b/c/a; but b/c/a is impossible because b/c/a and a/b/c imply 
b - c. Suppose now that we have a/b/c and a/d/b. The second property of a triple tree 
structure implies a/b/d or d/b/c; by the definition of the betweenness, a/d/b and a/b/d 
imply b = d and thus a/d/b and d/b/ c; on the other hand, if d/b/c holds, by the definition 
of the betweenness and the first part of our proof, d/b/c and a/d/b imply a/d/c. In the 
two cases, a/b/c and a/d/b imply a/d/c and d/b/c. This completes our proof. 

This lemma convinces us that linearity is a fundamental property in tree representation. 
If a strict linear structure is obviously a simple triple tree structure, it is not evident 

that a simple triple tree structure is a triple tree structure. In fact, it is a consequence of 
the following representation theorem. 

'THEOREM 3. Suppose that (A, I) is a triple tree structure. Then, there exists a one-to-one 
function f from A to a subset S’ of the node set S of a tree T = (S, G), such that, for all 
a, b, c E A, 

a/b/c iff (f(4 f(b), f(c)) E 4 . 

Tree representations in theorems 2 and 3 are rather different; in the last theorem, only 
some vertices of the node set S represent elements of A. 

To prove this last theorem, two lemmas are still necessary. 

LEMMA 4. If (A, I) is a triple tree structure, there exists c E A such that, for all a, b 
(=+c) E A, a/c/b is not true. 

This lemma means that in a triple tree structure at least one element is not between 
two other ones. 
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Proof. Suppose this lemma is not true, i.e. for all c E A, there exists a, b E A (a, b # c) 
such that a/c/b. Take a, E A. We have a2 and a, in A with a.JaJa,, , a2 # a, , a, # a,, . 
But we have too d and e in A such that d/a,/e. The second property of a triple tree 
structure implies d/a,/a, or a,/a,/e. In the first case, we shall note d = u3 ; in the second 
case, e = a3 . Thus, in any case, we have a3/a2/a1 with us # a2 and a,/a,/a, and by 
linearity, ai/aj/ak if 0 < K < j < i < 3. In the same way, we may show there exists 
a4 E A such that a,JaJa, with a4 # us and by linearity a,/ai/a, if 0 < k < j < i < 4. 
As the number of elements of A is finite, we shall obtain at some step a,/~~/a~ with 
k < j < i and ai = aK which contradicts ui # a,+i for all i. 

LEMMA 5. If (A, Z) is a triple tree structure and S(a) = {b 1 b E A, there is no c # a, b 
such that a/c/b}, then, for all a E A, S(a) is nonempty. S(a) is in fact the set of elements which 
are adjacent to a. 

Proof. Suppose there is a E A such that S(a) is empty. Take any element a, # a in A. 
By the definition of S(a), there exists a2 in A, a, # a, , a2 # a such that a/aJa, . But 
as 4 S(a) implies that there exists as with a/a,/a% and us # a2 . By linearity, we have 
a,/a,/a, , In the same way, there exists a, E A such that a/a,/a, , a, # us , and, by linearity, 
ai/ai/ak if 1 < k < j < i < 4. As the number of elements of A is finite, we shall obtain 
at some step ai/aj/alc with k < j < i and a, = a, which contradicts ai # aitl for all i. 

Proof of Theorem 3. We prove it by induction on the number of elements of A. If 
1 A / = 3, the theorem is obvious; indeed, if A = {a, b, c> and a/b/c then the tree must 
be constructed as shown in Fig. 2, Part (a). 

If there is no triple which involves a, b, c the tree may be constructed as shown in 
Fig. 2, Part (b). In this last case, at least one inner vertex has to be added to {a, b, c). The 
function f will be the identity and the theorem is obviously verified. 

a b c 
. . 

Id lb) 

FIG. 2. The two possible configurations of three objects in a tree. 

Suppose j A 1 = 71. By lemma 4, there exists z E A such that, for all a, b E A (z # LI, b), 
we do not have a/x/b. If we denote by Z, the restriction of Z to A - {z}, i.e. I, = 
In ((A - +I) x (A - 64) x (A - {+), then <A - (~1, 1,) is still a triple tree structure. 
By the induction hypothesis, a tree T, = (A - {z}, GJ may be constructed on A - {z> 
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such that, for all a, 6, c, d E A - {z}, a/b/c iff (Q, 6, c) E Ir, . We now construct a tree T 
on A from T, . Recall that, by lemma 5, S(z), the set of elements which are adjacent to z, 
is not empty. Three different cases must be considered. 

(i) S(z) = {a}. 
If T, = (A - {z>, G,), take G = G, u {{a, z}} and T = (A, G). T is still a tree. 

(ii) 5’(z) = {a, 61. 

In this case, there is no c E A - (z} such that c # Q, c # 6 and u/c/6; indeed, by the 
second property of a triple tree structure, u/c/6 implies u/c/z or z/c/b which contradicts 
S(z) = {a, 6). By the induction hypothesis, in G, , the only vertices of the path from 
a to 6 that belong to A are a and 6. If this path is composed of the single edge {a, b}, an 
inner vertex is added between a and 6 and z is linked with this vertex as shown in Fig. 3. 

a b 
* 0 

b 
z 

FIG. 3. Addition of an inner vertex between a and b. 

If the path is composed of several edges, z is linked with any of the inner vertices of this 
path. The new graph is still a tree. 

(iii) 1 S(z)\ > 2. 

As it has been shown in case (ii), any path between two elements of S(z) may not 
contain other vertices of A. If a, 6, c E S(z), the vertex that is at the same time on the 
paths joining a and 6, 6 and c, a and c, does not belong to A; z must be linked with this 
inner vertex (different choices of a, 6, c may result in different trees). The new graph is 
still a tree. 

Notice that in the three cases, there is no inner vertex that belongs to A on the paths 
from z to the elements of S(z). In the first two cases, this is obvious; in the last case, it 
may be established as follows. Suppose a E S(z) and there exists d E A (d # a, z) such 
that (z, d, a) E IT . Then, it will be easily shown that, for every 6 E S(z), we have 
(z, d, 6) E IT which is absurd by construction of T. If 6 = a or d, (z, d, 6) E Ir is obvious. 
If 6 # a, d and 6 E S(z), since (A, IT) is a triple tree structure, we have (z, d, 6) E 17. 
or (6, d, a) E lr.; (6, d, a) E IT is impossible if both a and 6 belong to S(z), thus we have 
(z, d, 6) ~1~ . This result will be used further. 
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We now show that the graph is well constructed, that is to say, for all a, b, c E A 

a/b/c iff (a, b, c) E IT . (*) 

By the induction hypothesis and the construction of T from T, , for a, 6, c E A - {z}, 
(*) is always true. Suppose that s/a/b. We must show that (z, a, b) E I, . If z = a or 
a = b, the result is immediate. Thus, we may assume that z # a and a # b. If S(z) = {a), 
the result is immediate by construction of T. If S(z) # {a}, take c E S(z) and c + a. 
The second property of a triple tree structure implies z/a/c or c/a/b. If c E S(z), z/a/c is 
impossible. Thus we have c/a/b and by the induction hypothesis (c, a, 6) E IT . Since 
(A, IT) is a triple tree structure, we must have (z, a, 6) ~1~ or (c, a, z) ~1~ . But 
(c, a, z) E IT is absurd by construction of T. Suppose now that (z, a, b) E I, and let us 
show that z/a/b. If z = a or a = b the result is immediate. Thus we may suppose z # a 
and a # b. By construction of T, if (z, a, b) E IT , then b + S(z). If S(z) = (a}, the result 
is a consequence of the linearity of the betweenness: if b 4 S(z), there exists a, such that 
z/al/b; if a, = a, then we have z/a/b; if a, # a, then a, $ S(z) and there exists a2 such 
that z/a,/a, and by linearity z/as/b; if a2 = a, then we have z/a/b otherwise a2 $ S(z) and . . . 
As the number of elements of A is finite, we shall obtain at some step ai = a and z/a/b. 
If S(z) # {a}, there exists c E S(z) and c # a. Since (A, IT) is a triple tree structure, 
(z, a, b) E IT implies (z, a, c) or (c, a, b) E IT . But (z, a, c) E I, is impossible if c E S(z). 
Thus we have (c, a, b) E 1r and, by the induction hypothesis, c/a/b. The second property 
of a triple tree structure implies c/a/z or z/a/b; c/a/z is impossible if c E S(z). This 
completes our proof. 

From this proof, which describes a way of constructing the trees, it may be seen that 
there is an ambiguity in the construction: more than one tree may be associated with 
the triple tree structure. However, as suggested by a referee, the following uniqueness 
statement is easy to prove: there is a unique tree with a minimum number of vertices 
not in A. The proof, which will be omitted, rests on this result: if the tree has a minimum 
number of vertices not in A, two inner vertices not in A may never be adjacent. 

INDEPENDENCE 0~ THE AXIOMS 

It may be interesting to answer the following question: in definitions 4 and 6, which 
involve several axioms, are these axioms independent or are some of them redundant? 
To show independence, we must provide, for each axiom, an example of a structure that 
fails to satisfy that axiom but satisfies all of the others. It is left to the reader to verify 
that they do what they are supposed to do. 

We tiill, in fact, examine independence between completeness, property (6) in defini- 
tion 6, part (3) and part (4) of linearity. 

Take A = {a, b, c, d). 

- If I is the minimal ternary betweenness on A, composed of all the trivial triples 
(a, a, a), (a, a, 8, (a, a, 4 . . . . I is a linear betweenness which is not complete. This 
minimal betweenness will be denoted I, . 
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- IfI =-: I, u ((a, b, c), (c, b, a), (b, d, c), (G d, b), (b, 4 a), (a, 4 b), (a, d, 4, (c, 4 a)!> 
I is complete, verifies part (3) of linearity but not part (4). 

- IfI =; 4, u {(a, b, c), (c, b, a), (b, c, d), (4 c, b), (b, a, 4, (4 a, b), (a, 4 c), (c, d, a):, 
I is complete, verifies part (4) of linearity but not part (3). 

These same examples may be used to prove the independence between the two parts 
of linearity and propertv (6) of a simple triple tree structure. 

DISCUSSION 

If independence between the different axioms is not required, our results may be 
summarized in the following way; three inclusive sets of axioms corresponding to the 
three different types of representation may be given. Let I denote a ternary betweenness 
on A such that the following axioms hold: 

(i) For all a, b, C, d, if a/b/c, then u/b/d or d/b/c. 

(ii) For all u, 6, either there exists c such that u/c/b, or, for all d, u/b/d or b/u/d. 

(iii) I is complete. 

If(i), (ii), (iii) are satisfied, a representation by a linear tree is possible; if only (i) and (ii) 
are satisfied, a representation by a tree is possible with a one-to-one correspondence 
between the elements of A and the vertices of the tree; if axiom (i) is the only satisfied 
one, a representation by a tree is still possible but by a tree with more vertices than 
objects in =I. 

We will complete this paragraph with some suggestions concerning tree construction. 

- In most studies, tree metrics are characterized using sums of dissimilarities. 
Strictly speaking, those results are only applicable to cardinal data, that is to say, data 
measured on interval or ratio scales. In that case, betweenness may be obviously inferred 
from the dissimilarity. If the dissimilarity d is a tree metric on a set A and the ternary 
relation I is defined in the following way: u/b/c iff d(u, b) + d(b, c) = d(a, c), (A, I> is a 
triple tree structure. If the data are fallible, betweenness may be inferred in different 
ways. For instance: u/b/c iff j d(u, c) - d(u, b) - d(b, )I c is small; to avoid the production 
of triples only by the presence of noise, the following criterion, which is always satisfied 
if b is between a and c in a tree, may be added to the preceeding condition: for all x E -4, 
d(x, b) < max{d(u, x), d(x, c)). 

- Betweenness may also be inferred from ordinal information on the pairs of data; 
for instance, one may define a ternary relation I in the following way: u/b/c iff (a, b} < {a, cj , 
[b, c} f (a, c}, and there is no d with (a, d} < (a, b}, {b, d) < {a, b) and (b, d} < {b, c), 
[d, c} < {b, cl. If d is a dissimilarity index such that a tree representation of the second 
type (all the nodes represent objects) is possible up to some order-preserving function, 
<iz, 1) is obviously a simple triple tree structure. If the data are fallible, betweenness 
may be inferred with a more complete criterion. For instance, if b is said to be intermediate 
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of a and c when, for most x E A, we have {x, b} < max{{x, a], {x, E}), the following 
definition may be given: a/b/c iff b is intermediate of a and c and there is no d which is at 
the same time intermediate of (a and b) and (b and c). 

In these first two suggestions, indirect betweenness estimates inferred from pairwise 
data are used to represent dissimilarities by trees. Other approaches are possible. 
Betweenness may be indirectly obtained from other sorts of data: multivariate data for 
instance. 

- Our results may also suggest a new approach to the collection of data; a ternary 
relation could be directly obtained from a betweenness judgement. Rather than asking 
the subjects to judge the distances between pairs of objects, one can ask them to judge, 
if possible, eventual relations between three objects. For all the sets of three objects, the 
subject should be asked, for example, to point out, if possible, the object which may be 
considered as “between” the two other ones. Notice that it is essential that for some 
triples a response of “no betweenness” . IS given, otherwise only a simple linear ordering 
can be obtained. 
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