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First-order perturbation analysis of the best
rank-(R1, R2, R3) approximation in multilinear algebra
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In this paper we perform a first-order perturbation analysis of the least squares approximation of a

given higher-order tensor by a tensor having prespecified n-mode ranks. This work generalizes the

classical first-order perturbation analysis of the matrix singular value decomposition. We will show

that there are important differences between the matrix and the higher-order tensor case. We

subsequently address (1) the best rank-1 approximation of supersymmetric tensors, (2) the best

rank-(R1, R2, R3) approximation of arbitrary tensors and (3) the best rank-(R1, R2, R3) approximation

of arbitrary tensors. Copyright # 2004 John Wiley & Sons, Ltd.

KEYWORDS: multilinear algebra; higher-order tensors; singular value decomposition; rank reduction; perturbation

analysis

1. INTRODUCTION

1.1. Basic definitions and notation
Multilinear algebra is the algebra of higher-order tensors,

which are the higher-order equivalents of vectors (first order)

and matrices (second order), i.e. quantities of which the ele-

ments are addressed by more than two indices. Multilinear

algebra is gaining more and more interest; it has important

applications in chemometrics, psychometrics, spatial divi-

sion multiple access in telecommunications, blind source

separation and harmonic retrieval in signal processing, blind

identification/deconvolution, higher-order statistics, etc.

Before defining the problem that will be treated in this

paper, we introduce some basic definitions and notations.

For convenience our exposition is primarily limited to

third-order real-valued tensors. The generalization to tensors

of orders higher than three and/or complex-valued tensors

is straightforward but more cumbersome from a notational

point of view.

To facilitate the distinction between scalars, vectors, ma-

trices and higher-order tensors, we will indicate the type of a

given quantity by its representation: scalars are denoted by

lower-case letters (a; b; . . . ;�; �; . . .), vectors are written as

italic capitals (A; B; . . .), matrices correspond to bold-face

capitals ðA; B; . . .Þ and tensors are written as script letters

ðA; B; . . .Þ. This notation is consistently used for lower-order

parts of a given structure. For instance, the entry with row

index i and column index j in a matrix A, i.e. ðAÞij, is sym-

bolized by aij (also ðAÞi ¼ ai and ðAÞi1 i2i3 ¼ ai1i2 i3Þ. To enhance

the overall readability, we have made one exception to this

rule: as we sometimes use the characters i, j, r and n in the

meaning of indices (counters), I, J, R and N will be reserved

to denote the respective index upper bounds, unless stated

otherwise.

The 1-mode product [1] of a tensor A 2 RI1�I2�I3 by a

matrix U 2 RJ1�I1 , denoted by A�1 U, is a ðJ1 � I2 � I3Þ-tensor

of which the entries are given by

ðA �1 UÞj1i2 i3 ¼
X
i1

ai1i2 i3uj1 i1

The 2-mode and the 3-mode product, represented by �2 and

�3, are defined in a similar way, by a summation over the

second and the third index of A respectively.

It is convenient to express certain results in matrix terms.

To this end we must stack the elements of a higher-order

tensor in a matrix. There are several ways to do so. One parti-

cular type of ‘matricized version’ will prove to be particularly

useful, namely, the matrix representation of a given tensor in

which all its column (row, . . . ) vectors are simply stacked one

after another. To avoid confusion, we will retain one parti-

cular ordering of the column (row, . . . ) vectors; these matri-

cization procedures are visualized in Figure 1.

Column and row vectors are specific examples of n-mode

vectors. An n-mode vector of an ðI1 � I2 � I3Þ-tensor A is an

In-dimensional vector obtained from A by varying the index

in and keeping the other indices fixed. The n-rank of a higher-

order tensor is the obvious generalization of the column

(row) rank of matrices: it equals the dimension of the vector
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space spanned by the n-mode vectors. An important differ-

ence from the rank of matrices is that the different n-ranks of

a higher-order tensor are not necessarily the same. A tensor

of which the 1-rank, 2-rank and 3-rank are equal to R1, R2

and R3 respectively is called a rank-ðR1; R2; R3Þ tensor. A

rank-ð1; 1; 1Þ tensor is briefly called a rank-1 tensor. A rank-1

tensor is formed by the outer product of vectors, i.e. aijk ¼
uivjwk for all values of the indices, which will be written as

A ¼ U � V �W .

The scalar product A; Bh i of two tensors A; B 2
RI1�I2�I3 is defined in a straightforward way as A; Bh i ¼P

i1

P
i2

P
i3
ai1i2i3bi1 i2i3 . The Frobenius norm of a tensor A 2

RI1�I2�I3 is then defined as Ak k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A; Ah i

p
.

A real-valued tensor is called supersymmetric when it is

invariant under arbitrary permutations of its indices. The

ðN �NÞ identity matrix is denoted by IN�N . Finally, T and H

denote the transpose and the complex conjugated transpose

of a matrix respectively.

1.2. Problem definition
The problem we start from in this paper has been proposed

and studied in References [2–5] and has been further ana-

lyzed from a numerical algebraic viewpoint in Reference [6].

Given a tensor A 2 RI1�I2�I3 , we want to find a rank-

ðR1; R2; R3Þ tensor ÂA 2 RI1�I2�I3 such that the least squares

cost function

fðÂAÞ ¼ kA � ÂAk2 ð1Þ

is minimized.

The n-rank conditions imply that ÂA can be decomposed as

ÂA ¼ T �1 U�2 V�3 W ð2Þ

in which U 2 RI1�R1 , V 2 RI2�R2 and W 2 RI3�R3 each have

orthonormal columns and in which T 2 RR1�R2�R3 is a full

rank-ðR1; R2; R3Þ tensor. Sometimes T is normalized to an

all-orthogonal tensor, in which case Equation (2) corresponds

to a Tucker-3 model of the best rank-ðR1; R2; R3Þ approxima-

tion [1,7]. However, this normalization is not necessary.

It can be proved that the minimization of cost function f is

equivalent to the maximization of

gðU;V;WÞ ¼ kA �1 U
T �2 V

T �3 W
Tk2 ð3Þ

After computation of the optimal U, V and W the optimal T
can be obtained by considering the minimization of (1) as a

linear least squares problem in T .

This problem is referred to as multimode principal com-

ponent analysis (PCA) or as the best (least squares) rank-

ðR1; R2; R3Þ approximation problem. It is actually a multi-

linear generalization of the best rank-R approximation

problem in matrix algebra, which can be solved by a trunca-

tion of the singular value decomposition (SVD). In the multi-

linear case the computation is harder; techniques are studied

in References [2–6].

Multimode PCA is a very important data processing tool. It

allows for a least squares reduction of the given tensor such that

the subsequent data manipulations can be realized in a low-

dimensional space with minimum loss of accuracy [8–11].

In this paper we will carry out a first-order perturbation ana-

lysis of the best rank-ðR1; R2; R3Þ approximation problem.

This means that we will examine the effect of small changes

in A on the matrices U;V and W. Only the column spaces of

U;V and W are of importance, since the value of g in (3) does

not change when U;V or W is post-multiplied by an ortho-

gonal matrix. Hence the problem is best studied on the

(product of) Grasmann manifold(s). (The Stiefel manifold

is the manifold of matrices of which the columns are ortho-

normal. The Grasmann manifold is the quotient of the Stiefel

manifold over the equivalence relation U1 � U2 iff U1 �
U2 �Q with Q orthogonal, i.e. when the columns of U1 and

U2 span the same subspace. Thus the Grasmann manifold

can be imagined as the manifold of subspaces.) Because of

the link with the best rank-R approximation of matrices, our

results are a multilinear generalization of the well-known

perturbation analysis for the SVD and the symmetric eigen-

value decomposition (EVD) [12–14].

The results of this paper may be used for a sensitivity ana-

lysis as follows. Consider a first-order perturbation ~AA ¼ Aþ
�B. Let the best rank-ðR1; R2; R3Þ approximation of ~AA be

characterized by the perturbed matrices Uþ �U � X, ~VV ¼
Vþ �V � Y and ~WW ¼ Wþ �W � Z, in which the columns of

U, V and W form orthonormal bases for the orthogonal com-

plements of the column spaces of U, V and W respectively.

We will show that, except for some special cases, the entries

of the matrices X, Y and Z, quantifying the effect of the per-

turbation, can be computed from a linear set of equations.

More precisely, if we stack the entries of X, Y and Z in a para-

meter vector �, then � follows from a set of the form

MðA;U;V;WÞ �� ¼ NðA;B;U;V;WÞ ð4Þ

in which M does not depend on B. Thus, for a certain vari-

ation of the entries of A, described by B, the first-order effect

on U, V and W immediately follows from (4). Depending on

the application, one may not know the precise form of the

perturbing tensor B. Instead, one may be interested in a

general notion of the sensitivity of the best rank-ðR1; R2; R3Þ
approximation. In such a context, inspection of the singular

value spectrum of M may be useful. Indeed, if all the singu-

lar values of M are big, then we have k�k < kNk, i.e. the

Figure 1. Mappingof the ðI1 � I2 � I3Þ-tensorA to the ðI1 � I2I3Þ-
matrix Að1Þ, the ðI2 � I3I1Þ-matrix Að2Þ and the ðI3 � I1I2Þ-matrix
Að3Þ (I1 ¼ I2 ¼ I3 ¼ 4).
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effect of the perturbation is smaller than the perturbation

itself, and the problem is well-conditioned. On the other

hand, if all the singular values of M are small, then we have

k�k > kNk and the problem is usually ill-conditioned. (In

Section 4 it will be explained that there are some exceptions.)

When there are big as well as small singular values, one may

actually predict which perturbations can have a big effect on

the best rank-ðR1; R2; R3Þ approximation by considering the

whole SVD of M. Such perturbations are characterized by a

vector N that has significant components in the direction of

the left singular vectors corresponding to small singular

values; in other words, large entries of � will be required to

generate N as a linear combination of the columns of M.

Instead of the general form of (2), in which the components

are known up to an orthogonal transformation, one may pre-

fer the normalized Tucker-3 representation. After carrying

out the perturbation analysis on the Grasmann manifold,

the perturbation of the individual columns of U, V and W

and of the tensor T then follows from the perturbation ex-

pressions proposed in Reference [15].

This paper is organized as follows. In the next section we

first briefly recall some crucial facts related to the (perturba-

tion of the) SVD of a matrix. In Section 3 we show that these

basic facts cannot be readily taken over for higher-order ten-

sors; the multilinear case is more complex. In Section 4 we

derive and discuss perturbation expressions for the best

supersymmetric rank-1 approximation of supersymmetric

tensors. Sections 5 and 6 deal with the best rank-ðR; R; RÞ
and the best rank-ðR1; R2; R3Þ approximation of supersym-

metric and arbitrary tensors respectively. Rewriting the

core results in the form of (4) requires some technical for-

mula manipulations; this derivation is given in the Appen-

dix. Section 7 is the conclusion.

2. THE MATRIX CASE REVISITED

First we recall the well-known fact that the best rank-R

approximation of a symmetric matrix is itself symmetric.

Secondly, it is also well known that, in the matrix case, the

cost function f has no local optima. The subspaces corres-

ponding to the dominant singular values yield the global mini-

mum, the subspaces corresponding to the weakest singular

values yield the global maximum and the subspaces corre-

sponding to other subsets of singular values yield saddle

points. This is visualized in the following example.

Example 1
Consider a ð3 � 3Þ diagonal matrix A with diagonal elements

2, 1.5 and 1. Let U ¼ ðcos� sin�cos� sin�sin�ÞT represent

an arbitrary unit-norm vector in R3. In Figure 2 we plot � ¼
UTAU as a function of � and �. We have gð�; �Þ ¼ �2, with

function g in the matrix case defined in analogy with (3). It

can be seen that the global maximum of g (i.e. the global

minimum of f) is reached for U ¼ ð1 0 0ÞT, that the

global minimum of g is reached for U ¼ ð0 0 1ÞT and that

U ¼ ð0 1 0ÞT corresponds to a saddle point. There are no

local optima. &

Let now AðxÞ be a matrix, the elements of which are ana-

lytic functions of a real parameter x. Note that the first-order

perturbation AðxÞ ¼ Að0Þ þ xB is a special case. It can be

proven that the singular values and singular vectors of AðxÞ
are also analytic functions of x, provided the terms are not

ordered and the singular values are not constrained to be

positive. Claiming that the singular values should be non-

negative or putting them in order of decreasing absolute

value may break the analyticity. In simple words, if a matrix

A varies smoothly as a function of a parameter, its singular

values and vectors also vary smoothly as a function of that

parameter, provided the singular values are not constrained

to be positive or put in a prespecified order. This is illu-

strated in the next example, taken from Reference [13].

Example 2
Consider a ð3 � 3Þ diagonal matrix AðxÞ with diagonal

elements

f1ðxÞ ¼
x2ð3x2 þ 2Þ

1 þ 4x2

f2ðxÞ ¼
3 þ 2x2

4 þ x4

f3ðxÞ ¼
1

16
ðxþ 1Þ2 � 1

3

which are analytic functions of a real parameter x. f1ðxÞ, f2ðxÞ
and f3ðxÞ can be considered as unordered-signed singular

value functions of AðxÞ (Figure 3). Imposing non-negativity

and putting the singular values in order of decreasing magni-

tude leads to the functions in Figure 4 for the first and the

third singular value. The latter functions are not analytic.

&

When one singular value function becomes more domi-

nant than another, i.e. at the intersection of (unsigned) sing-

ular value functions, the corresponding singular vectors can

Figure 2. The matrix best rank-1 approximation problem has no
local optima.There is one global maximum and one global mini-
mum; theothercriticalpointsaresaddlepoints.

Figure 3. Unordered-signedsingularvaluefunctionsinExample2.
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be chosen as an arbitrary orthonormal basis of a transition

subspace of which the dimension is equal to the multiplicity

of the singular value. The vectors that form the analytic conti-

nuation of the singular vector functions are called preferred

singular vectors. When singular values are close, the corre-

sponding singular vectors are highly sensitive to perturba-

tions, because the definition of the preferred singular vectors

depends on the perturbation.

3. THE TENSOR CASE: SOME
PRELIMINARY REMARKS

A first remarkable difference between matrices and tensors

is that the best rank-ðR; R; RÞ approximation of a supersym-

metric tensor is itself not necessarily supersymmetric. We

prove this by counterexample.

Example 3
Consider a tensor A ¼ X � Y � Zþ Z � X � Yþ Y � Z � X, in

which X, Y and Z are orthonormal. By construction, A is

supersymmetric. As explained in Section 1, the best super-

symmetric rank-1 approximation ÂA ¼ �U �U �U, in which

� is a scalar and U a unit-norm vector, can be found by

maximization of gðUÞ ¼ jA �1 U
T �2 U

T �3 U
Tj2. Let U ¼

�1 X þ �2 Yþ �3 Z, with j�1j2 þ j�2j2 þ j�3j2 ¼ 1 (compo-

nents that are not in the span of X; Y and Z are cancelled

in the calculation of gðUÞ). We have

gðUÞ ¼ j3�1�2�3j2 ¼ 9j�1j2j�2j2ð1 � j�1j2 � j�2j2Þ

Straightforward optimization shows that the maximum is

given by j�1j2 ¼ j�2j2 ¼ j�3j2 ¼ 1
3. The corresponding value

of gðUÞ is 1
3. However, this is not the best rank-1 approxima-

tion, because, for instance, ÂA ¼ X � Y � Z is a better approxi-

mation (gðX;Y;ZÞ ¼ 1).

However, in most applications involving supersymmetric

tensors, one is only interested in approximations that can be

decomposed as in (2) under the constraints that T is super-

symmetric and U ¼ V ¼ W. When we discuss the approxi-

mation of supersymmetric tensors, further in this section

and in Sections 4 and 5, we implicitly assume that these

constraints are satisfied. The general case of unsymmetric

approximations is covered by the derivation in Section 6.

A second important difference between the tensor and

the matrix case is that, for higher-order tensors, the cost

function f can have local optima. This is proved by the next

example.

Example 4
Consider a ð2 � 2 � 2Þ supersymmetric tensor A of which the

matricized version Að1Þ is given by

Að1Þ ¼
0 3

3 1

3 1

1 �1

������
1
A

0
@

Let U ¼ ðcos� sin�ÞT represent an arbitrary unit-norm

vector in R2. In Figure 5 we plot � ¼ A�1 UT �2 UT �3 UT

as a function of � ðgð�Þ ¼ �2Þ. The function clearly has local

optima. &

Let now AðxÞ be a real-valued tensor, the elements of

which are analytic functions of a real parameter x. The criti-

cal points (where the gradient is zero) of the cost function f in

(1) can be found via the real solutions of a set of polynomial

equations with real coefficients. (For instance, for the best

real rank-1 approximation of real supersymmetric tensors in

Section 4, this set of equations will be given by (9), together

with the normalization constraint UTU ¼ 1.) This even

applies to possibly complex-valued critical points of f . Here

the unknowns of the set of polynomial equations can be

taken equal to the real and imaginary parts of the complex

unknowns. Note that only the real-valued solutions of the set

of polynomial equations have a meaning. In general, real and

complex solutions of a set of polynomial equations of which

the coefficients are analytic in a real parameter x are smooth

functions of x, provided they are not ordered or subject to

constraints such as positivity. However, there are big differ-

ences between matrices and tensors here. In the matrix case

we know that, if AðxÞ is real-valued, the critical points are

also real-valued. In the tensor case there may be complex-

valued critical points. Moreover, in the matrix case the total

number of critical points, taking multiplicities into account,

is fixed by the size of the matrix. In the tensor case the num-

ber of critical points may depend on the nominal value of the

parameter x. We may for instance have that, at a nominal

value of x, a double real-valued solution of the set of poly-

nomial equations smoothly passes to two complex conjugat-

ed solutions. Because the complex-valued solutions, having

no meaning, can be omitted, the number of critical points of

f may change at such a transition point. Hence the critical

points, considered as a function of x, may only be defined

Figure 4. Non-negativeorderedfirstandthirdsingularvaluefunc-
tionsin Example 2.

Figure 5. The tensorbest rank-1approximationproblemcanhave
localoptima.
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over a certain interval of x, in contrast to the matrix case. This

does not pose a problem for the further analysis. Transition

points will be detected by the perturbation analysis in the

following sections. For notational convenience we limit the

exposition to real-valued critical points obtained for real-

valued tensors. The discussion of complex-valued critical

points for real-valued tensors and the analysis for complex-

valued tensors are completely similar.

Example 5
Consider a supersymmetric tensor A 2 R2�2�2 and let a pos-

sibly complex-valued rank-1 approximation be represented by

ÂA. In this particular case the parametrization ÂA ¼ �U �U �U,

with scalar � 2 C and unit-norm vector U ¼ ðcos� sin� ei�ÞT,

will prove to be useful. The critical points of f are the solutions

of the equation

A�2 U
H �3 U

H ¼ �U ð5Þ

which is the general form of (9) in Section 4 when also

complex-valued solutions are allowed. After some gonio-

metric manipulations we obtain the following solutions.

1. U ¼ ð1 0ÞT yields a solution if a211 ¼ 0.

2. U ¼ ð0 1ÞT yields a solution if a221 ¼ 0.

3. For cos� 6¼ 0 6¼ sin� there are two cases.

Case 1: � ¼ 0 and � satisfies

a211 þ ð2a221 � a111Þ tan�

þ ða222 � 2a211Þ tan 2�� a221 tan 3� ¼ 0 ð6Þ

Case 2:

cos� ¼ a122 sin 2�� ða111 þ 2a221Þcos 2�

2a222 cos�sin�
ð7Þ

and � satisfies

ða2
222 þ 2a112a222 þ a111a122Þ tan 2�

¼ ða2
111 þ a211a222 þ 2a111a221Þ ð8Þ

Equation (6) is just the condition for real-valued critical

points, which has also been presented in Reference [6]. It

is a polynomial of degree 3 in tan � of which the roots have

to be computed. Complex roots can be discarded, because

they do not allow for an interpretation in terms of a critical

point of the form �U �U �U. If the entries of A depend on

a parameter x, it is well possible that, for some values of x,

Equation (6) admits three real roots, whereas, for other values

of x, one real and two complex conjugated roots are obtain-

ed. Hence the number of real-valued critical points may

depend on the value of x. On the other hand, Equation (8)

may well have real-valued solutions in tan �. In combination

with (7), these lead to complex-valued critical points that

would not have been found from merely a real analysis.

&

If the entries of a tensor are functions of a parameter, one

local optimum may grow bigger than the original global

optimum under variation of the parameter. When the two

optima are exactly equal, there is not necessarily a transition

subspace for the components of the approximation as in the

matrix case. Instead, variation of the parameter may cause

‘jumps’ between distinct local optima. This is illustrated in

the next example.

Example 6
Consider a ð2 � 2 � 2Þ supersymmetric tensor AðxÞ of which

the matricized version Að1Þ is given by

Að1Þ ¼
1 þ x 0

0 0

0 0

0 1 � x

������
1
A

0
@

For x ¼ 0, gðUÞ has two equivalent maxima, namely U1 ¼
ð1 0ÞT and U2 ¼ ð0 1ÞT. For x > 0, U1 yields the best rank-1

approximation and, for x < 0, U2 yields the best rank-1 ap-

proximation. The transition between the two does not go via

a subspace in which one can choose an arbitrary linear com-

bination of U1 and U2. &

The way in which the best rank-ðR1; R2; R3Þ approximation

can be underdetermined deserves further attention. In the

matrix case, indeterminacies can only arise from coinciding

singular values, and the number of degrees of freedom is

linked with the multiplicity of the singular value. To show

that the situation is much more complicated for higher-order

tensors, we mention some results related to the best rank-1

approximation of ð2 � 2 � � � � � 2Þ-tensors. First we have the

following theorem.

Theorem 1
For supersymmetric ð2 � 2 � � � � � 2Þ-tensors of odd order

the best rank-1 approximation problem can only have a

discrete number of equivalent solutions. For supersymmetric

ð2 � 2 � � � � � 2Þ-tensors of even order there are special cases

in which all unit-norm vectors U are equivalent.

Proof
Consider a supersymmetric Nth-order ð2 � 2 �� � � � 2Þ-tensor

A and let an be a shorthand notation for the entry of which

n indices are equal to 2 and N � n indices are equal to 1.

Let U ¼ ðcos� sin�ÞT represent an arbitrary unit-norm

vector in R2. Define �ð�Þ ¼ A �1 UT �2 UT � � � � �N

UT ðgð�Þ ¼ �2ð�ÞÞ. We have

�ð�Þ ¼
XN
n¼0

N!

n!ðN � nÞ! an cosN�n�sinn�

In this expression the variational coefficient corresponds to

the number of times the entry an appears in the tensor.

Vectors Uð�Þ are equivalent over a certain interval if gð�Þ
is constant, hence if d�ð�Þ=d� ¼ �0ð�Þ � 0. We have

�0ð�Þ ¼ Na1 cosN�þ
XN�1

n¼1

N!

n!ðN � n� 1Þ! anþ1

�

� N!

ðn� 1Þ!ðN � nÞ! an�1

�
cosN�n�sinn�

�NaN�1 sinN�

By writing out the coefficients of this expansion, it can be

verified that, for odd tensor orders, �0ð�Þ � 0 implies that

all the entries an should be equal to zero. On the other hand, if

the tensor order is even, there are non-trivial values of an that

make all the coefficients of �0ð�Þ vanish. &

Example 7
In the fourth-order case the coefficients of �0ð�Þ are given

by 4a1, �4a0 þ 12a2, �12a1 þ 12a3, 4a4 � 12a2 and �4a3. These

coefficients can be set equal to zero by chosing a1 ¼ a3 ¼ 0

6 L. De Lathauwer
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and a0 ¼ a4 ¼ 3a2. For instance, for the supersymmetric

tensor A defined by

a1112 ¼ a1222 ¼ 0

a1122 ¼ 1

3

a1111 ¼ a2222 ¼ 1

we have

gð�Þ ¼ ðcos 4�þ 2cos 2�sin 2�þ sin 4�Þ2 � 1

In the sense that the choice of U does not matter, A is the

fourth-order generalization of the ð2 � 2Þ identity matrix:

just like we have UT � I2�2 �U ¼ 1 for arbitrary unit-norm

vectors U, we have A�1 UT �2 UT �3 UT �4 UT ¼ 1 for arbi-

trary unit-norm U. &

For ð2 � 2Þ-matrices, if the best rank-1 approximation is

not unique, the solution manifold is at most of dimension 1.

This is the case where the matrix has coinciding singular

values. Let � denote this singular value. The equivalent ap-

proximations take the form �UVT, in which V is an arbitrary

unit-norm vector and U is the corresponding left singular

vector. Theorem 1 shows that for higher-order supersym-

metric ð2 � 2 � � � � � 2Þ-tensors the solution manifold is also

at most of dimension 1; a one-dimensional manifold can only

occur for tensors of even order. However, for higher-order

ð2 � 2 � � � � � 2Þ-tensors the manifold of equivalent solutions

can be of dimension higher than 1 if one does not constrain

the tensor to be supersymmetric. This is illustrated in the

next example.

Example 8
Consider a ð2 � 2 � 2Þ-tensor A of which the matricized

version Að1Þ is given by

Að1Þ ¼
a b

�b a

�b a

�a �b

������
1
A

0
@

in which a and b are real scalars. Let U ¼ ðcos� sin�ÞT, V ¼
ðcos� sin�ÞT and W ¼ ðcos� sin�ÞT represent unit-norm

vectors. For an arbitrary choice of W we have

A�3 W ¼ ða2 þ b2ÞQ

in which Q is an orthogonal matrix. Hence gðU;V;WÞ can be

maximized by picking an arbitrary value of � and � (the

solution manifold is two-dimensional) and taking U ¼ QV.

The maximal value is equal to ða2 þ b2Þ2. &

4. BEST RANK-1 APPROXIMATION OF
SUPERSYMMETRIC TENSORS

4.1. Derivation
We first derive perturbation expressions for the best super-

symmetric rank-1 approximation of supersymmetric tensors.

A rank-1 tensor �U �U �U is a critical point of the cost func-

tion (1) for a given supersymmetric tensor A 2 RI�I�I if it

satisfies the Karush–Kuhn–Tucker (KKT) conditions [2–6]

A�2 U
T �3 U

T ¼ �U ð9Þ

kUk ¼ 1 ð10Þ

� ¼ A�1 U
T �2 U

T �3 U
T ð11Þ

Consider a first-order perturbation of A, denoted by ~AA ¼
Aþ �B, in which � 2 R is small. Define ~�� ¼ �þ � ! and
~UU ¼ U þ �UX, in which the columns of U 2 RI�I�1 form an

orthonormal basis for the orthogonal complement of U. We

will examine under which conditions on X and ! the rank-1

tensor ~�� ~UU � ~UU � ~UU is a critical point of the cost function for ~AA.

This allows us to characterize the effect of the perturbation of

A on the critical point. The analysis applies to any critical

point and hence also to the best rank-1 approximation.

The tensor ~�� ~UU � ~UU � ~UU is a critical point if it satisfies the

KKT conditions for ~AA. Note that the specific form of ~UU

ensures that this vector lies on the manifold of unit-norm

vectors (up to first-order terms):

~UUT ~UU ¼ 1 þOð�2Þ

Consider

~AA�1
~UUT �2

~UUT ¼ ~�� ~UU

The zeroth-order terms vanish because of (9). The first-order

terms vanish if

~AA�2 ðU � XÞT �3 U
T þ ~AA�2 U

T �3 ðU � XÞT

þ B �2 U
T �3 U

T ¼ !U þ �U � X ð12Þ

Then 1-mode multiplication of this equation by U
T

yields an

expression that can be written as

½ðA �1 U
T �2 U

T �3 U
TÞ IðI�1Þ�ðI�1Þ

� 2U
T �A0 �U� � X ¼ U

T � B0 �U ð13Þ

with A0 ¼ A �3 U and B0 ¼ B �3 U. X can be computed from

this linear set of equations, and ! can subsequently be deter-

mined by multiplying (12) by UT. We obtain

! ¼ 2A�1 U
T �2 ðU � XÞT �3 U

T

þ B �1 U
T �2 U

T �3 U
T ð14Þ

Note that (13) is indeed of the form (4) (in this particular case

the right-hand side does not depend on A).

4.2. Interpretation
Let us first illustrate the results obtained in the previous

subsection by means of an example.

Example 9
Consider tensors A;B 2 R2�2�2, given in matricized form by

Að1Þ ¼
0:8 0:7

0:7 1:3

0:7 1:3

1:3 0:7

������
1
A

0
@

Bð1Þ ¼
1:2 �1:2

�1:2 0:3

�1:2 0:3

0:3 �0:2

������
1
A

0
@

Let U ¼ ðcos� sin�ÞT represent an arbitrary unit-norm

vector in R2. In Figure 6 the full line shows the value �opt

that maximizes

gðUÞ ¼ kðA þ �BÞ �1 U
T �2 U

T �3 U
Tk2

for varying values of �. The broken line is the estimate of

�opt obtained by a first-order perturbation analysis around

� ¼ 0. The prediction of �opt remains accurate over quite a

big interval.

Perturbation analysis in multilinear algebra 7
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The broken line was derived as follows. First, the best rank-1

approximation of A was computed. The optimal vector U

was equal to ð0:67 0:75ÞT. Its orthogonal complement U is

given by ð�0:75 0:67ÞT. In this ð2 � 2 � 2Þ-dimensional ex-

ample, Equation (13) reduces to a scalar equation:

3:12 x ¼ 0:14, or x ¼ 0:045. Hence a first-order perturbation

analysis predicts that, if �B is added to A, U will be replaced

by ~UU ¼U þ 0:045 �U. Normalization to unit-length yields the

angle displayed in Figure 6. &

The matrix counterpart of (13) is

½ðUTAUÞ IðI�1Þ�ðI�1Þ �U
T �A �U�X ¼ U

T � B �U ð15Þ

If we take U equal to the first and the columns of U equal to

the other eigenvectors of A, then we obtain the well-known

perturbation expression [14]

xi�1 ¼ ðUT � B �UÞi
�1 � �i

ð16Þ

in which �i is the ith eigenvalue of A. From this equation it is

clear that eigenvectors are sensitive to perturbations when the

corresponding eigenvalues are close: this leads to big entries of

X and hence to a big perturbation term in ~UU ¼ U þ �UX.

In particular, when eigenvalues coincide, the coefficient matrix

of X in (15) becomes singular and the system admits only

infinite solutions in general. The reason is that the analytic

continuation of the eigenvector functions, for varying �, in-

volves only the preferred eigenvectors for � ¼ 0 (see Section 2).

The other eigenvectors in the transition space are subject to a

change of order Oð1Þ when the matrix is perturbed, and hence

X in (15) and (16) takes infinite values. The preferred eigen-

vectors can be calculated as the eigenvectors for which the

column vector on the right-hand side of (15) is in the span of

the coefficient matrix on the left-hand side. Equivalently, the

denominator in (16) should be equal to zero whenever the

eigenvalues in the numerator are equal. One can verify that

the solution can be obtained as follows. Let the columns of the

matrix U consist of an orthonormal basis of an eigenvalue with

multiplicity J > 1. Define C ¼ U � B �UT and let the eigenvec-

tors of C be represented by Ej (1 � j � JÞ. Then the preferred

eigenvectors are given by U � Ej [13].

For higher-order tensors, however, a critical point of the cost

function is not necessarily ill-conditioned if Equation (13)

admits no solution. This is linked with the fact that in the

higher-order case the cost function can have local optima

and with the fact that indeterminacies can be discrete (not

linked by a transition subspace). This is clarified in the next

example.

Example 10
Consider a supersymmetric tensor A 2 R2�2�2, given in

matricized form by

Að1Þ ¼
1 0

0 0:5

0 0:5

0:5 0

������
1
A

0
@

Let U ¼ ðcos� sin�ÞT represent an arbitrary unit-norm

vector in R2. Define � ¼ A�1 UT �2 UT �3 UT ðgð�Þ ¼ �2Þ.
We have

�ð�Þ ¼ cos 3�þ 1:5cos�sin 2�

and the derivative

�0ð�Þ ¼ �1:5sin 3�

Hence �ð�Þ has a single critical point (with multiplicity 3),

namely � ¼ 0. The best rank-1 approximation of A is given

by U �U �U, with U ¼ ð1 0ÞT. Now consider a first-order

perturbation Aþ �B. For � ¼ 0, Equation (13) takes the

form

1 � 2 0 1ð Þ �
1 0

0 0:5

0
B@

1
CA �

0

1

0
B@

1
CA

2
64

3
75 x ¼ 0 1ð Þ � B0 �

0

1

0
B@

1
CA ð17Þ

The coefficient of x is equal to zero, while the right-hand side

of the equation is in general different from zero. The reason

is that, by the perturbation, �0ð�Þ is replaced by a homogene-

ous polynomial ~��0ð�Þ of degree 3 in sin� and cos�. The dif-

ference between the coefficients of �0ð�Þ and ~��0ð�Þ is of the

order of �. After perturbation the critical points can be ob-

tained by dividing ~��0ð�Þ by cos 3� and rooting a polynomial

of degree 3 in t ¼ tan�. As � goes to zero, the roots converge

to � ¼ 0, such that the best rank-1 approximation of A is well-

conditioned. The difference between � ¼ 0 and � 6¼ 0 is that

in the first case there is a single critical point, with multipli-

city 3, whereas in the latter there are (generally) three differ-

ent critical points, with multiplicity 1. Hence the solution for

� ¼ 0 can be tracked in three different ways for varying �. This

ambiguity is reflected by the fact that Equation (17) does not

have a solution for � ¼ 0. &

Of course, it is still possible that Equation (13) not having a

solution means that there is a transition subspace and that an

analytic continuation is only possible for preferred basis vec-

tors as in the matrix case. The computation of preferred basis

vectors may be more difficult than in the matrix case. We give

an example.

Figure 6. Best rank-1approximation in Example 9: full line, opti-
mal value; broken line, value predicted by first-order perturba-
tionanalysis.
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Example 11
Reconsider the supersymmetric fourth-order tensor de-

fined in Example 7. The fourth-order equivalent of (13) is

given by

½ðA �1 U
T �2 U

T �3 U
T �4 U

TÞ 1 � 3U
T �A0 �U�X

¼ U
T � B0 �U ð18Þ

with A0 ¼ A �3 U �4 U and B0 ¼ B �3 U �4 U. It can easily

be verified that in our example the indeterminacy of the best

rank-1 approximation is reflected by the fact that the coeffi-

cient on the left-hand side of (18) is equal to zero. The preferr-

ed basis vectors, for a given perturbation B, can be computed

by claiming that the right-hand side should also vanish.

Using the parametrization U ¼ ðcos� sin�ÞT and U ¼
ð�sin� cos�ÞT, the right-hand side can be written as a

homogeneous polynomial of degree 4 in sin� and cos�.

After division by cos 4� the preferred basis vectors can be

computed by rooting a polynomial of degree 4 in t ¼ tan�.

&

The analysis conducted in this section is a local analysis in

the sense that we look at how a local critical point changes

under perturbation. If we are interested in the global best

rank-1 approximation, we should be aware that in the tensor

case there can be jumps between different local optima, as

explained in Section 3. For a perturbation analysis of the

overall optimum we should repeat the calculations for the dif-

ferent candidate global optima and compare the results.

5. BEST RANK-(R, R, R) APPROXIMATION
OF SUPERSYMMETRIC TENSORS

Consider the least squares approximation of a supersym-

metric tensor A 2 RI�I�I by a rank-ðR; R; RÞ tensor T �1

U�2 U�3 U, in which T 2 RR�R�R is supersymmetric and

full rank-ðR; R; RÞ and in which U 2 RI�R is column-wise

orthonormal. The KKT condition (9) is now replaced by the

optimality condition [2–6]

U ¼ max
UTU¼I

kUT � Að1Þ � ðU	UÞ
� �

k2 ð19Þ

in which	 denotes the Kronecker product. This makes the pro-

blem more complicated in comparison with the best rank-1

approximation of higher-order tensors and the best rank-R

approximation of matrices. Equation (19) implies that critical

points now correspond to invariant subspaces of the matrix

FU ¼ Að1Þ � ðU	UÞ � ðU	UÞT �AT
ð1Þ

Suppose we have
FU �U ¼ U �X ð20Þ

with X 2 RR�R. Consider the perturbation Aþ �B, leading to

a new critical point, characterized by ~UU ¼ Uþ �U � X (the

columns of U 2 RI�ðI�RÞ form an orthonormal basis for the

orthogonal complement of the column space of U) and
~XX ¼ Xþ �H, in which X 2 RðI�RÞ�R and H 2 RR�R are un-

known. Denoting

~FF~UU ¼ ðAð1Þ þ �Bð1ÞÞ � ð~UU	 ~UUÞ � ð~UU	 ~UUÞT � ðAð1Þ þ �Bð1ÞÞT

we should have

~FF~UU � ~UU ¼ ~UU � ~XX

The zeroth-order terms vanish because of (20). The first-

order terms vanish if

Bð1Þ � ðU	UÞ � ðU	UÞT �AT
ð1Þ �U

þAð1Þ � ðU	UÞ � ðU	UÞT � BT
ð1Þ �U

þAð1Þ � ðU � XÞ 	UþU	 ðU � XÞ
� �

� ðU	UÞT �AT
ð1Þ �U

þAð1Þ � ðU	UÞ � ½ðU � XÞ 	U

þU	 ðU � XÞ� �AT
ð1Þ �U

þAð1Þ � ðU	UÞ � ðU	UÞT �AT
ð1Þ �U � X

¼ U � X �XþU �H ð21Þ

If we denote

C1 ¼ U
T �Að1Þ � ðU	UÞ

C2 ¼ ðU	UÞT �AT
ð1Þ �U

then left multiplication of (21) by U
T

leads to

�X �UT �Að1Þ � ðU	UÞ þU
T � Bð1Þ � ðU	UÞ

n

þ 2U
T �Að1Þ � ðU � XÞ 	U

� �o
� C2

þ C1 � 2 ðU � XÞ 	U
� �T�AT

ð1Þ �U
n

þ ðU	UÞT �AT
ð1Þ �U � Xþ ðU	UÞT � BT

ð1Þ �U
o
¼ 0 ð22Þ

Although it looks complicated, this expression is just a linear

set of equations in the unknown X, from which X may be

computed. It is explicitly rewritten in the form of (4) in the

Appendix. If, after perturbation, the new critical point is given

by ~TT �1
~UU�2

~UU�3
~UU, then ~TT may be computed by solving

A ¼ ~TT �1
~UU�2

~UU�3
~UU

in the least squares sense, as we have already indicated in

Section 1.2. Because of the orthonormality of the columns of
~UU, the solution is

~TT ¼ A�1
~UUT �2

~UUT �3
~UUT

6. BEST RANK-(R1, R2, R3)
APPROXIMATION OF ARBITRARY
TENSORS

Finally we treat the general problem in which the original

tensor can be unsymmetric and the approximation can be

subject to arbitrary n-mode rank constraints.

Let the tensor to be approximated be represented by A 2
RI1�I2�I3 and let a critical point of cost function f in (1) be para-

metrized as in (2). Instead of (19) we have now three conditions:

U ¼ max
UTU¼I

kUT � Að1Þ � ðV	WÞ
� �

k2 ð23Þ

V ¼ max
VTV¼I

kVT � Að2Þ � ðW	UÞ
� �

k2 ð24Þ

W ¼ max
WTW¼I

kWT � Að3Þ � ðU	VÞ
� �

k2 ð25Þ

Define

FV;W ¼ Að1Þ � ðV	WÞ � ðV	WÞT �AT
ð1Þ ð26Þ

Perturbation analysis in multilinear algebra 9
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FW;U ¼ Að2Þ � ðW	UÞ � ðW	UÞT �AT
ð2Þ ð27Þ

FU;V ¼ Að3Þ � ðU	VÞ � ðU	VÞT �AT
ð3Þ ð28Þ

Conditions for a critical point are that U, V and W represent

invariant subspaces of FV;W, FW;U and FU;V respectively. Let

the perturbed matrices be represented by ~UU ¼ Uþ �U � X,
~VV ¼ Vþ �V � Y and ~WW ¼ Wþ �W � Z, in which the columns

of U 2 RI1�ðI1�R1Þ, V 2 RI2�ðI2�R2Þ and W 2 RI3�ðI3�R3Þ form

orthonormal bases for the orthogonal complements of the

column spaces of U, V and W respectively. By working in a

similar way as in the previous section, we obtain the follow-

ing conditions on the unknowns X, Y and Z:

�X �UT �Að1Þ � ðV	WÞ þU
T � Bð1Þ � ðV	WÞ

n

þ U
T �Að1Þ � ½ðV � YÞ 	W�

þU
T �Að1Þ � ½V	 ðW � ZÞ�g � C1;2

þ C1;1 � ðV � YÞ 	W
� �T� AT

ð1Þ �U
n

þ V	 ðW � ZÞ
� �T� AT

ð1Þ �U

þ ðV	WÞT �AT
ð1Þ �U � Xþ ðV	WÞT � BT

ð1Þ �U
o
¼ 0 ð29Þ

�Y �VT �Að2Þ � ðW	UÞ þV
T � Bð2Þ � ðW	UÞ

n

þV
T �Að2Þ � ðW � ZÞ 	U

� �
þV

T �Að2Þ � W	 ðU � XÞ
� �o

� C2;2

þ C2;1 � ðW � ZÞ 	U
� �T� AT

ð2Þ �V
n

þ W	 ðU � XÞ
� �T�AT

ð2Þ �V

þ ðW	UÞT �AT
ð2Þ �V � Yþ ðW	UÞT � BT

ð2Þ �V
o
¼ 0 ð30Þ

�Z �WT �Að3Þ � ðU	VÞ þW
T � Bð3Þ � ðU	VÞ

n

þW
T �Að3Þ � ðU � XÞ 	V

� �
þW

T �Að3Þ � U	 ðV � YÞ
� �o

� C3;2

þ C3;1 � ðU � XÞ 	V
� �T� AT

ð3Þ �W
n

þ U	 ðV � YÞ
� �T� AT

ð3Þ �W

þ ðU	VÞT �AT
ð3Þ �W � Zþ ðU	VÞT � BT

ð3Þ �W
o
¼ 0 ð31Þ

in which

C1;1 ¼ U
T �Að1Þ � ðV	WÞ

C1;2 ¼ ðV	WÞT �AT
ð1Þ �U

C2;1 ¼ V
T �Að2Þ � ðW	UÞ

C2;2 ¼ ðW	UÞT �AT
ð2Þ �V

C3;1 ¼ W
T �Að3Þ � ðU	VÞ

C3;2 ¼ ðU	VÞT �AT
ð3Þ �W

Equations (29)–(31) form a set of linear equations from

which X; Y and Z may be calculated. They are explicitly re-

written in the form of (4) in the Appendix. The tensor ~TT is

subsequently given by

~TT ¼ A�1
~UUT �2

~VVT �3
~WWT

7. CONCLUSION

We have performed a first-order perturbation analysis of the

best rank-ðR1; R2; R3Þ approximation of third-order tensors.

The generalization to orders higher than three is straightfor-

ward. Our results generalize the classical first-order pertur-

bation analysis of the matrix SVD in a non-trivial way. Besides

the fact that the perturbation expressions are more compli-

cated, the tensor problem involves a number of phenomena

that do not appear at the matrix level. For instance, the least

squares cost function can have local optima, and indetermi-

nacies can have a completely different structure than in the

matrix case.
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APPENDIX

In this appendix we will write Equations (29)–(31) and (22) in

the standard form (4).

First we introduce some definitions and notation. With

a matrix A 2 RI�J we associate the vector vecðAÞ 2 RIJ de-

fined by

vecðAÞ ¼ ½a11; . . . ; aI1; a12; . . . ; aI2; . . . ; a1J; . . . ; aIJ�T

PI;J 2 RIJ�IJ is a permutation matrix of which the non-zero

entries are given by

PI;Jðði� 1ÞJ þ j; ðj� 1ÞI þ iÞ ¼ 1 1 � i � I; 1 � j � J

Kn;I;N 2 RNI�I represents the nth block column of INI�NI . We

also define

LI;J;N ¼ ½ðIJ�J 	K1;I;NÞT; . . . ; ðIJ�J 	KN;I;NÞT�T

SI;N ¼ ½vecðK1;N;IÞ; . . . ;vecðKI;N;IÞ�

The derivation is based on the repeated application of the

following computation rules.


 For matrices of compatible dimensions we have

ðA � BÞ 	 ðC �DÞ ¼ ðA	 CÞ � ðB	DÞ


 We have

ðA	 BÞT ¼ AT 	 BT


 For matrices of compatible dimensions we have

vecðA � B � CTÞ ¼ ðC	AÞ � vecðBÞ


 For A 2 RI�J we have

vecðIN�N 	AÞ ¼ LI;J;N � vecðAÞ


 For A 2 RI�J we have

vecðA	 IN�NÞ ¼ IJ�J 	 SI;NÞ � vecðAÞ
�


 For A 2 RI�J we have

vecðATÞ ¼ PI;J � vecðAÞ

10 L. De Lathauwer
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We now vectorize the subsequent terms of (29):

vec ð�X �UT �Að1Þ � ðV	WÞ � C1;2Þ

¼ �
	

CT
1;2 � ðV	WÞT �AT

ð1Þ �U
h i

	 IðI1�R1Þ�ðI1�R1Þg � vecðXÞ
¼ M1;1a � vecðXÞ ð32Þ

vec U
T � Bð1Þ � ðV	WÞ � C1;2


 �
¼ �N1a ð33Þ

vec U
T �Að1Þ � ðV � YÞ 	W

� �
� C1;2


 �

¼ vec U
T �Að1Þ � ðV �WÞ � ðY	 IR3�R3

Þ � C1;2


 �

¼ CT
1;2 	 U

T �Að1Þ � ðV	WÞ
h in o

� vecðY	 IR3�R3
Þ

¼ CT
1;2 	 U

T �Að1Þ � ðV	WÞ
h in o

� IR2�R2
	 SI2�R2 ;R3

� �
� vecðYÞ

¼ M1;2a � vecðYÞ ð34Þ

vec U
T �Að1Þ � V	 ðW � ZÞ

� �
� C1;2


 �

¼ vec U
T �Að1Þ � ðV	WÞ � ðIR2�R2

	 ZÞ � C1;2


 �

¼ CT
1;2 	 U

T �Að1Þ � ðV	WÞ
h in o

� vecðIR2�R2
	 ZÞ

¼ CT
1;2 	 U

T �Að1Þ � ðV	WÞ
h in o

� LI3�R3;R3;R2
� vecðZÞ

¼ M1;3a � vecðZÞ ð35Þ

vec C1;1 � ðV � YÞ 	W
� �T� Að1Þ �U


 �

¼ vec C1;1 � ðV	WÞT � ðYT 	 IR3�R3
Þ �Að1Þ �U


 �

¼
�
UT �AT

ð1Þ

�
	 C1;1 � ðV	WÞT
h i	 �

� vecðYT 	 IR3�R3
Þ

¼
�
UT �AT

ð1Þ

�
	 C1;1 � ðV	WÞT
h i	 �

� IðI2�R2Þ�ðI2�R2Þ 	 SR2;R3

� �
� PI2�R2 ;R2

� vecðYÞ
¼ M1;2b � vecðYÞ ð36Þ

vec C1;1 � V	 ðW � ZÞ
� �T� AT

ð1Þ �U

 �

¼ vec C1;1 � ðV	WÞT � ðIR2�R2
	 ZTÞ �AT

ð1Þ �U

 �

¼ ðUT �Að1ÞÞ 	 C1;1 � ðV	WÞT
h in o

� vecðIR2�R2
	 ZTÞ

¼ ðUT �Að1ÞÞ 	 C1;1 � ðV	WÞT
h in o

� LR3;I3�R3 ;R2
� PI3�R3;R3

� vecðZÞ
¼ M1;3b � vecðZÞ ð37Þ

vec C1;1 � ðV	WÞT �AT
ð1Þ �U � X


 �

¼ IR1�R1
	 C1;1 � ðV	WÞT �AT

ð1Þ �U
h in o

� vecðXÞ

¼ M1;1b � vecðXÞ ð38Þ

vec C1;1 � ðV	WÞT � BT
ð1Þ �U


 �
¼ �N1b ð39Þ

By defining M1;1¼M1;1a þM1;1b, M1;2 ¼ M1;2a þM1;2b, M1;3¼
M1;3a þM1;3b and N1 ¼ N1a þN1b, we obtain

M1;1 � vecðXÞ þM1;2 � vecðYÞ þM1;3 � vecðZÞ ¼ N1

in which M1;1 ¼ f1;1ðAð1Þ;U;V;WÞ, M1;2 ¼ f1;2ðAð1Þ;U;V;WÞ,
M1;3 ¼ f1;3ðAð1Þ;U;V;WÞ and N1 ¼ gðAð1Þ;Bð1Þ;U;V;WÞ.

By exploiting the symmetry in (29)–(31), we can easily

write Equations (30) and (31) in a similar form. We define

M2;1 ¼ f1;3ðAð2Þ;V;W;UÞ M3;1 ¼ f1;2ðAð3Þ;W;U;VÞ
M2;2 ¼ f1;1ðAð2Þ;V;W;UÞ M3;2 ¼ f1;3ðAð3Þ;W;U;VÞ
M2;3 ¼ f1;2ðAð2Þ;V;W;UÞ M3;3 ¼ f1;1ðAð3Þ;W;U;VÞ
N2 ¼ gðAð2Þ;Bð2Þ;V;W;UÞ N3 ¼ gðAð3Þ;Bð3Þ;W;U;VÞ

Then we finally obtain

M1;1 M1;2 M1;3

M2;1 M2;2 M2;3

M3;1 M3;2 M3;3

0
@

1
A �

vecðXÞ
vecðYÞ
vecðZÞ

0
@

1
A ¼

N1

N2

N3

0
@

1
A ð40Þ

which is of the form of (4)

Equation (22) can be rewritten by just substituting U ¼
V ¼ W and X ¼ Y ¼ Z in (40). We obtain

ðM1;1 þM1;2 þM1;3Þ � vecðXÞ ¼ N1 ð41Þ
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