
Abstract The trilinear PARAFAC model occupies a cen-
tral place in multiway analysis, because the components
of a data array can often be uniquely resolved. This paper
compares the resolution for a large variety of methods,
namely the generalized rank annihilation method (GRAM),
alternating least squares (ALS), alternating trilinear de-
composition (ATLD), alternating coupled vectors resolution
(ACOVER), alternating slice-wise diagonalization (ASD),
alternating coupled matrices resolution (ACOMAR), self-
weighted alternating trilinear decomposition (SWATLD),
and pseudo alternating least squares (PALS). The compari-
son was conducted using Monte Carlo simulations. It was
shown that GRAM performs well for moderately and
highly overlapped data. These results argue strongly against
the previously claimed superiority of the alternatives listed
above.
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Introduction

This paper is concerned with the analysis of three-way
data arrays that follow the trilinear F-component PARAFAC
model [1],

R =
F∑

f =1

x f ⊗ y f ⊗ z f + E (1)

where R (I×J×K) is the three-way data array, xf, yf and 
zf are the fth columns of the loading matrices X (I×F), 
Y (J×F), and Z (K×F) respectively, and E (I×J×K) con-
tains residuals.

The oldest methods for solving this model form two
classes, depending on whether they are least squares- or
eigenvalue-based [2]. Alternating least squares (ALS) [3,
4] is the most widely used least squares method, whereas
the generalized rank annihilation method (GRAM) [5, 6]
and direct trilinear decomposition (DTLD) [7] are eigen-
value-based. Computationally, these methods are quite
different. ALS requires a starting solution that is itera-
tively refined. In contrast, GRAM and DTLD produce a
solution without iterations. Mitchell and Burdick [2] have
found that ALS iterations can significantly improve a
GRAM solution. This result was later attributed to the fact
that GRAM is not a least squares method [8]. Clearly, ap-
plication of GRAM is severely compromised as a conse-
quence of these studies. The same is true for theoretical
advances such as the development of a GRAM-based
limit of detection (LOD) estimator [9]. The purpose of
this paper is to rehabilitate GRAM. To this end, it is noted
that Mitchell and Burdick analyzed 40×40×4 arrays. In
other words, the number of Z-mode variables is four, not
two as in the original formulation of GRAM. Rehabilita-
tion of GRAM can be achieved by showing that the case
K=2 is special.

The case K=2 is of particular interest to analytical
chemists, because it describes second-order bilinear cali-
bration using a single calibration sample. Consequently, the
so-called second-order advantage, i.e. quantification of the
analyte of interest in the presence of unknown interfer-
ents, is obtained with minimum effort. (Only requiring a
single calibration sample makes GRAM particularly suit-
able for the rapid screening of samples.) The case K=2 is
of further interest if the columns of X or Y contain expo-
nentially decaying profiles. Then a single data matrix can
be subject to the direct exponential curve resolution al-
gorithm (DECRA) [10], which is intimately related to
GRAM. Nordon et al. [11] have recently described an ap-
plication in which partial least squares (PLS) requires ten
training samples to achieve the accuracy and precision of
DECRA.

To demonstrate that GRAM is not inferior to ALS
(when K=2), Monte Carlo simulations were conducted.
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Monte Carlo simulations have an advantage over the
analysis of real data in the sense that the “truth” is known.
The importance of this knowledge cannot be overrated,
because it enables one to formulate an objective evalua-
tion criterion. The negative aspect of Monte Carlo simula-
tions is that their relevance to real-world applications de-
pends on how close the simulated data are to the real-
world data. This assessment can be difficult to make in
practice. It is noted that there is a way to seek the truth
with real samples, and this is the use of reference materials.
Assessment of accuracy by use of such materials should
eventually be done to validate multiway methods, as is al-
ready done for univariate or multivariate methods. The
comparison further includes recently proposed methods
for solving the PARAFAC model, namely alternating tri-
linear decomposition (ATLD) [12], alternating coupled
vectors resolution (ACOVER) [13], alternating slice-wise
diagonalization (ASD) [14], alternating coupled matrices
resolution (ACOMAR) [15], self-weighted alternating tri-
linear decomposition (SWATLD) [16], and pseudo alter-
nating least squares (PALS) [17]. These methods are in-
cluded in the comparison, because they have been intro-
duced as improvements of ALS. It is important to note
that none is least squares (similar to GRAM), but that all
use iterations (similar to ALS).

Finally, it is noted that several variations of GRAM exist.
First, there is the original method proposed by Sanchez
and Kowalski [5]. Second, one has the computational im-
provement proposed by Wilson, Sanchez, and Kowalski
[6]. These methods are abbreviated as SKGRAM and
WSKGRAM, respectively. Third, Faber et al. [18, 19]
modified SKGRAM to enable improved handling of pre-
diction bias; this was essential for developing the LOD es-
timator in Ref. [9]. Although prediction bias can be quite
different for these variations, the standard error of predic-
tion (square root of the prediction variance) is similar.
Thus, the predictive ability of these variations is often
comparable. Interestingly, for the case K=2, DTLD is al-
gorithmically identical to WSKGRAM [7]. Because DTLD
and ALS are available in the N-way Toolbox for Matlab
[20], it was found convenient to restrict the comparison to
WSKGRAM (DTLD).

Experimental

Data

Severe overlap in X- and Y-mode profiles

The first example is concerned with simulating a high-perfor-
mance liquid chromatography (HPLC) system with ultraviolet
(UV) diode-array detection (DAD). The X- and Y-mode (retention
time and wavelength, respectively) profiles are shown in Fig.1
(I=20 and J=50). The elements of the Z-mode (scaling factors pro-
portional to concentration) profiles are drawn from a uniform dis-
tribution. Normally distributed noise with standard deviation
σ=0.002 is added to the “true” data. These simulations have previ-
ously been used to show that ACOVER, ASD, and ACOMAR are
viable alternatives to ALS [13, 14, 15].

Moderate overlap in X- and Y-mode profiles

The second example consists of reconstructed excitation emission
(EEM) data matrices. The X- and Y-mode (excitation and emis-
sion, respectively) profiles of the amino acids tryptophan, tyrosine,
and phenylalanine are shown in Fig.2 (I=61 and J=67). These pro-
files were obtained from a three-component ALS model applied to
the five samples contained in the data set claus.mat, which is avail-
able in the N-way Toolbox for Matlab [20]. Initially, the Y-mode
profiles contain 201 elements. To reduce the computation time the
Y-mode profiles were compressed by summing three adjacent ele-
ments. The “true” Z-mode (scaling factors proportional to concen-
tration) profiles were obtained from a LS fit of the X- and Y-mode
profiles to the data array associated with samples four and five.
Normally distributed noise with σ=5 was added to the “true” data.

Software

Calculations were performed using Matlab 5.2 (Mathworks, Natick,
MA, USA). The code for DTLD and ALS was taken from the 
N-way Toolbox [20]. The function of ACOVER was adapted from
Ref. [13]. ATLD, ASD, ACOMAR, SWATLD, and PALS were
performed by using in-house functions. A copy of the program is
available from the author.
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Fig.1 Normalized profiles for simulated HPLC–UV–DAD data in
(a) X-mode and (b) Y-mode: components 1 (continuous line), 
2 (dashed line), 3 (dotted line), and 4 (dot–dash line). These data
are taken from Refs. [13, 14, 15]



Results and discussion

Evaluation criterion

Knowledge of the “truth” enables the formulation of an
objective evaluation criterion. Because it is of interest that
the estimated profiles be close to their true counterparts,
the mean squared error (MSE), averaged over the ele-
ments of a profile, seems to be suitable. One often en-
counters comparisons based on (functions of) correlation
coefficients (see, e.g., Ref. [2]), but the resulting numbers
are insensitive to differences in scale.

Because the alternatives to GRAM are all iterative,
poor convergence will occasionally lead to unnecessarily
high values for the MSE. Poorly converging runs can be
seen as outliers that cause single run results to be mis-
leading. Thus, to avoid presenting overoptimistic results
for GRAM, the median MSE for 100 runs was computed.
In addition, the values were divided by the ALS results to
facilitate the interpretation. ALS was the only least squares
method under study, which makes it the golden standard.

Severe overlap in X- and Y-mode profiles

The results for GRAM (DTLD) and ALS were identical
for all practical purposes (Table 1). When starting at the
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Fig.2 Normalized profiles for reconstructed EEM data in (a) 
X-mode and (b) Y-mode: tryptophan (continuous line), tyrosine
(dashed line), and phenylalanine (dotted line). These data are
adapted from Ref. [20]

Table 1 Median MSE for simulated HPLC–UV–DAD data (100
runs). All numbers are relative to the ALS results

Method Mode Comp #1 Comp #2 Comp #3 Comp #4

GRAM X 1.00 1.00 1.00 1.00
Y 1.00 1.00 1.00 1.00
Z 1.00 1.00 1.00 1.00

ATLD X 2.84 1.91 1.84 1.03
Y 3.66 1.61 1.58 1.75
Z 1.55 2.04 1.70 1.33

ACOVER X 2.85 3.02 2.67 1.21
Y 3.20 2.10 2.40 2.40
Z 3.16 3.29 3.44 1.44

ASD X 1.00 1.01 1.01 1.00
Y 0.99 1.01 1.00 1.01
Z 1.00 1.00 1.00 0.99

ACOMAR X 1.98 1.08 1.17 0.97
Y 1.04 1.15 0.95 1.16
Z 0.99 0.98 0.86 1.07

SWATLD X 5.93 8.15 49.1 11.2
Y 5.16 15.4 15.5 10.2
Z 3.99 17.4 12.8 7.34

PALS X 1.83 1.48 1.41 1.08
Y 2.26 1.60 1.48 1.41
Z 1.01 0.92 0.98 0.93

Table 2 Median MSE for reconstructed EEM data (100 runs). All
numbers are relative to the ALS results

Method Mode Tryptophan Tyrosine Phenylalanine

GRAM X 1.00 1.00 1.00
Y 1.00 1.00 1.00
Z 1.00 1.00 1.00

ATLD X 4.20 1.53 1.11
Y 4.45 1.67 1.67
Z 1.01 0.95 0.99

ACOVER X 1.02 1.34 1.74
Y 1.18 1.65 1.33
Z 1.01 2.43 2.27

ASD X 1.00 1.00 1.00
Y 1.00 1.00 1.00
Z 1.00 1.00 1.00

ACOMAR X 1.00 1.29 5.41
Y 2.66 4.46 1.36
Z 1.10 6.92 4.83

SWATLD X 3.45 71.3 15.1
Y 5.40 29.0 35.2
Z 6.79 29.3 30.5

PALS X 1.00 1.00 1.00
Y 1.08 1.01 1.00
Z 1.00 1.00 1.00



GRAM solution, ALS often converges in one or two
steps. The results for ASD were also very close to the
GRAM results. When ASD is taken to full convergence,
the difference from GRAM disappears (see Appendix).
Selecting a very tight convergence criterion does not, how-
ever, change any of the conclusions. Consequently, to stay
within reasonable computation time, full convergence was
not pursued for all runs. ACOMAR generates reasonable
results, but ATLD, ACOVER, SWATLD, and PALS are
clearly inferior. These results demonstrate that none of the
iterative methods is able to improve significantly the di-
rect solution provided by GRAM.

Moderate overlap in X- and Y-mode profiles

For this data set, ALS, GRAM (DTLD), ASD, and PALS per-
formed equally well whereas ATLD, ACOVER, ACOMAR
and SWATLD were inferior (Table 2). Again, use of an it-
erative method entails loss of time.

Conclusions

Mitchell and Burdick [2] have shown that ALS iterations
can significantly improve an eigenvalue-based solution
for 40×40×4 arrays. The current results suggest that a
genuine least squares solution is not required for data that
closely follow the PARAFAC model when K=2. McCue
and Malinowski described a liquid chromatograph with
ultraviolet detection (LC-UV) that was especially de-
signed for rank annihilation factor analysis (RAFA) [21,
22]. RAFA is the iterative precursor of GRAM that re-
quires pure species calibration samples, but otherwise yields
identical results. A recent comparison of re-sampling tech-
niques shows that these data sets behave as if being simu-
lated [23]. An important exception arises when the data do
not allow for a straightforward eigenvalue-based solution.
Such a situation is encountered, for example, when the data
contain missing values. Although it is not clear how to
adapt GRAM to cope with missing values, these are easily
handled using a least squares method [1]. Consequently,
least squares methods will continue playing a prominent
role in practical situations where GRAM cannot be applied.

The current results demonstrate that conclusions ob-
tained for K=4 do not enable straightforward extrapola-
tion to the case K=2. Likewise, the current results imply
little about the relative merits of trilinear decomposition
methods for K>2. Comparison of simulated and real data
(K>2) is currently being undertaken and the results will be
reported in the near future [24].

Appendix

On the equivalence of ASD and GRAM when K=2

In the following derivation, the numbers in square brack-
ets preceding an expression refer to the original work

[14]. To simplify the presentation, the distinction between
the true loading matrices (X, Y and Z) and their respec-
tive estimates will not be made explicit by use of, e.g.,
‘hats’.

Eq. (1) is rewritten in matrix form as:

[2]R..k = X DkY T + Ek, k = 1, 2 (2)

where R..k (I×J) is the kth ‘frontal slice’ of the three-way
data array (I×J×K), and Dk (F×F) is a diagonal matrix that
contains the kth row of Z (2×F). ASD estimates the load-
ing matrices by minimizing

[6]σS D(P, Q, Z ) =
2∑

k=1

∥∥P T R..k Q − Dk

∥∥2
(3)

where P and Q satisfy PTX=YTQ=I, the F×F identity ma-
trix, and ‖·‖ symbolizes the Frobenius norm. Inserting the
relationships for P and Q yields that ASD iterations are
driven by the criterion

min
X,Y,Z

2∑

k=1

∥∥X+ R..kY +T − Dk

∥∥2
(4)

The desired equivalence is proved by showing that zero is
an attainable minimum, which is achieved when using
GRAM.

For GRAM, the relationship between the fitted data
matrices and estimated loading matrices can be written as
[25]:

R1 = XY T

R2 = X�Y T
(5)

where � = C−1
1 C2, a diagonal matrix of concentration ra-

tios. Eq. (5) enables one to rewrite the typical eigenvalue
problem connected with GRAM as [25]

X+R2Y+T = � (6)

Comparison of Eqs. (4) (5) (6) shows that the minimum
zero is achieved, because

D1 = I

D2 = �
(7)

This proof further illustrates that K=2 is a special case.
When K>2, the estimation problem can only be cast in the
form of an eigenvalue problem by constructing two artifi-
cial matrices. Mitchell and Burdick [2] have already
pointed out that these artificial matrices are always to
some extent arbitrary.
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