
PSYCHOMETRIKA--VOL. 65, NO. 4, 511-524 
DECEMBER 2000 

OPTIMAL SCALING BY ALTERNATING LENGTH-CONSTRAINED NONNEGATIVE 
LEAST SQUARES, WITH APPLICATION TO DISTANCE-BASED ANALYSIS 

PATRICK J.F. GROENEN, BART-JAN VAN OS, AND JACQUELINE J. MEULMAN 

DEPARTMENT OF EDUCATION, DATA THEORY GROUP 
LEIDEN UNIVERSITY 

An important feature of distance-based principal components analysis, is that the variables can be 
optimally transformed. For monotone spline transformation, a nonnegative least-squares problem with a 
length constraint has to be solved in each iteration. As an alternative algorithm to Lawson and Hanson 
(1974), we propose the Alternating Length-Constrained Non-Negative Least-Squares (ALC-NNLS) algo- 
rithm, which minimizes the nonnegative least-squaxes loss function over the parameters under a length 
constraint, by alternatingly minimizing over one parameter while keeping the others fixed. Several prop- 
erties of the new algorithm are discussed. A Monte Carlo study is presented which shows that for most 
cases in distance-based principal components analysis, ALC-NNLS performs as good as the method of 
Lawson and Hanson or sometimes even better in terms of the quality of the solution. 

Key words: nonnegative least squares, length-constraints, constrained optimization, alternating least 
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1. Introduction 

The problem of nonnegative least squares (NNLS) arises in several applications. It is defined 
as the minimization of a quadratic function over the space of nonnegative elements. In this paper, 
we study the length-constrained NNLS problem (LC-NNLS), which amounts to the maximiza- 
tion of a linear function over the space of nonnegative elements under a length constraint. One 
class of problems that need to solve the LC-NNLS problem is the length-constrained monotone 
spline regression problem, of which monotone or isotonic regression can be viewed as a special 
case (Ramsay, 1988). Such problems with explicit length constraint come up in the area of opti- 
mal scaling in multidimensional scaling (see, e.g., de Leeuw & Heiser, 1977), smoothed mono- 
tone regression (Heiser, 1985), multivariate analysis with optimal scaling (see, e.g., Breiman & 
Friedman, 1985; Gift, 1990; Young, de Leeuw, & Takane, 1976), and distance-based multivariate 
analysis with optimal scaling (Meulman, 1986, 1992). Note that for some NNLS problems fast 
algorithms are available that are globally optimal, such as the up-and-down-blocks algorithm 
of (Kruskal, 1964b) for monotone regression. In these examples, the length-constrained NNLS 
problem appears as a subproblem in a larger iterative process that solves the overall minimiza- 
tion problem. For now, we will concentrate on a distance-based principal components analysis 
(DB-PCA) as our overall minimization problem, because, as we will show in the next section, 
this problem involves a complicated exterior algorithm. 

In this paper, we discuss two strategies to LC-NNLS. The first strategy consists of com- 
puting a solution to the NNLS problem without length constraint by the method of Lawson and 
Hanson (1974, p. 161) followed by proper normalization to impose the length constraint. This 
strategy always gives a globally optimal solution (de Leeuw, 1977; Gift, 1990; Kruskal & Carroll, 
1969), except in one case which is detailed in the section "Two Cases of LC-NNLS." The second 
strategy uses a new iterative method for LC-NNLS that never increases loss even when stopped 
before convergence, never violates the constraints, and at convergence yields a globally optimal 
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solution. We call this algorithm Alternating Length-Constrained Non-Negative Least  Squares 
(ALC-NNLS).  One of the reasons to come up with this alternative strategy is that it is relatively 
simple to program and that it is consistent with the alternating least-squares algorithms. 

If  the LC-NNLS problem appears as an inner optimization problem in a larger iterative 
scheme (as we will show in a moment), then it makes sense to use the estimates from a previous 
iteration as initial estimates for solving the LC-NNLS of the current iteration so that the solution 
may be obtained with little effort. For the method of Lawson and Hanson (1974) this has been 
proposed by Bro and De Jong (1997). Being an iterative algorithm, the ALC-NNLS algorithm 
can also make use of such good initial estimates. At  convergence of the exterior algorithm, the 
LC-NNLS problem will be solved as well. 

The purpose of this paper is to investigate whether obtaining an approximate solution of the 
LC-NNLS problem by ALC-NNLS is beneficial for the iterative process and for the final DB- 
PCA solution; in particular, whether the approximate solution of the LC-NNLS problems in the 
initial stages of the exterior algorithm for DB-PCA directs the exterior algorithm to an equally 
good or, perhaps, even better quality solution. Even though the Lawson and Hanson method 
solves the LC-NNLS in a finite number of steps, it is not a priori evident to us that it is the best 
option when it is used in a larger iterative algorithm. Note that for a related but different length- 
constrained optimization problem, a partial update with one inner iteration is necessary to prove 
convergence (Meyer, 1997; Watson, 1985). 

This paper is organized as follows. First, we introduce the DB-PCA minimization prob- 
lem and show how LC-NNLS is a subproblem. Then we consider properties of the LC-NNLS 
problem and present the ALC-NNLS algorithm for obtaining a partial update. We prove that our 
algorithm eventually solves the LC-NNLS problem and that it never increases the loss as de- 
fined by this problem. Then we present an illustrative example of a LC-NNLS problem arising 
in nonmetric multidimensional scaling showing that it can be beneficial to use the ALC-NNLS 
algorithm for partial updates. Next, the performance of our algorithm is investigated in a Monte 
Carlo study on a distance-based principal components analysis with spline transformations of the 
variables. We end with a discussion and some conclusions. 

2. Distance-Based Principal Components Analysis  

The emphasis in DB-PCA is on the optimal graphical representation of the relationships 
between the objects, rather than between the variables (see Gower & Hand, 1996; Krzanowski 
& Marriott, 1994; Meulman, 1986, 1992). In DB-PCA, the m variables are represented by the 
columns in the n x m matrix Q. The aim of DB-PCA is to reconstruct the distances between these 
objects in the high-dimensional space Q as closely as possible in a low dimensional space X. At  
the same time, we allow each variable k to be optimally transformed by a monotone function, 
that is, qk = tk (Zk), where Zk is column k of the n x m data matrix Z. This aim can be formalized 
as the minimization of the Stress loss function o-2(Q, X) over Q and X, 

~r2(Q, X) = lID(Q) - D(X)II 2, (1) 

where D(Q)  is the matrix containing Euclidean distances between the rows of Q, and l lXll 2 
denotes the sum of squared elements of X, that is, tr XlX. Without loss of generality, Q and X 
are assumed to be column centered. As in classical principal component analysis, we let each 
variable have the same importance in the analysis by imposing the length constraint q~qk = n 
for each variable k. 

We choose the qk'S to be monotone spline transformations of the variables, &(.) being a 
nondecreasing smooth piecewise polynomial  of a prespecified degree. In this case, each trans- 
formed variable qk can be expressed as the linear sum qk = Skbk, where bk is a vector of 
nonnegative weights to be estimated and the n x Pk matrix Sk is an integrated spline (I-spline) 
basis depending only on the original variable Zk, the degree of the spline, and a given knot se- 
quence that defines the interval of the pieces. For more details on monotone splines we refer to 
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De Boor (1978) and Ramsay (1988). Note that in principal components analysis, Ramsay uses a 
range restriction instead of a length-constraint on the qk's, thereby losing the property of equal 
sum of squares of the qk's as in classical principal component analysis. 

We prefer monotone spline transformations instead of the usual least-squares monotone 
transformations as emphasized in Girl (1990), because such monotone transformations seem 
less suitable for variables measured on a continuous scale, and often yield a nonsmooth step 
function, whereas monotone splines result in a smooth transformation and control the number of 
parameters to be estimated. Moreover, monotone splines are easily embedded in a least-squares 
framework, and the least-squares monotone transformation can be considered a special case of a 
monotone spline transformation. 

Meulman (1992) proposed a convergent algorithm in which X and Q are updated alternat- 
ingly. For ease of notation, we drop in the sequel the subscript k when referring to a variable 
q. For each variable k, an unconstrained update ~ is computed, and next the nonnegative least- 
squares problem with respect to b has to be solved, i.e., 

f ( b )  = I I q -  Sbll 2 

= ~ 1 ~ + b ~ G b - 2 b ~ h  subjec t to  b > 0  and I I b l l ~ - - n ,  (2) 

w h ~ e  

G = SZS, 

h = SZ~, and 

Ilbll~. -- b 'Cb.  

We assume that S is of full rank, which is generally true for I-spline bases. Thus, in each iteration, 
m LC-NNLS problems have to be solved. To retain overall monotone convergence, it is not 
necessary to solve (2) completely, but to find an update of b for which (2) is not larger than the 
previous iteration. 

3. Length-Constrained NNLS (LC-NNLS) 

LC-NNLS fixes the length of b to Ilbll~ = n, so that (2) becomes 

f ( b )  = c ÷ n - 2b~h subject to b > 0 and Ilbll~ = n, (3) 

where c = I1~112. Below we analyze (3) using convex analysis, and show that two cases of LC- 
NNLS can be distinguished; we also show under which conditions (3) has a unique solution. 

3.1. Uniqueness at the Minimum of  LC-NNLS 

Here we prove that (3) has a unique solution under a mild condition. Consider the sets 

X = {b • ]R p I Ilbll 2 ~ n}, 

= {b c 1R p I Ilbll 2 : n}, 

Y = {b c 1R p I b 1w -> n}, 

P = {b c ]R p I b > 0}, 

and 

(4) 

(5) 

(6) 

(7) 

where w has elements wi = (ngii) 1/2 for i = 1 . . . . .  p.  Set X defines all b ' s  that satisfy the 
length constraint and set X defines all b ' s  with equal or smaller length than the length constraint. 

A 

Thus set X defines the boundary of X. Set Y is one of the two h a l f ,  aces separated by the 

subspace blw = n that cuts through those points where the ellipsoid of X cuts the axes. The last 
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,4 
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FIGURE 1. 
An example in ]R 2 of the sets X, X, P, and Y in LC-NNLS. Note that X refers to the boundary of the ellipse. 

set P defines all points b in the positive orthant. An example in 1R 2 of the sets X, X, P,  and Y is 
given in Figure 1. 

Using these sets, LC-NNLS can be expressed as minimizing f (b) over b ¢ X N P.  We 
now explain that the minimum of - b l h  over b in the convex set Z = X N Y N P is equal to 
the minimum of f ( b )  in (3). Let the extremal points of a convex set C be those points in C 
that cannot be expressed as a convex combination of two other points in C (Rock afellar, 1970, 
p. 162). For example, P only has the origin as extremal point, but all the points in X are extremal 
points of X. Since the sets X, Y, and P are convex, the intersection set Z = X N Y N P is convex, 
too. The extremal points of Z coincide with the points in X N P,  which is the set satisfying the 
constraints in (3). Theorem 32.3 in Rockafellar (p. 344) implies that the minimum of a linear 
function over a bounded closed convex set is obtained at an extremal point. This explains that the 
minimum of - b l h  over b in the convex set Z is equal to the minimum of LC-NNLS.  

The minimum point is unique if  two conditions are met. First, we require positive definite- 
ness of G, so that X is not in a subspace of ]RP Second, we require that h ~ - c w  (for some 
c > 0). If  h = - c w ,  then any of the p extremal points of the polyhedral  set P N {b~w = n} 
yields the same f ( b )  while satisfying the length constraint. If  these two conditions are met, then 
the solution for LC-NNLS is obtained at an extremal point, which is by definition unique. 

3.2. Two Cases of  LC-NNLS 

We distinguish two cases in the minimization of (3): 

(i) all ,hi's are negative; 
(ii) there exists at least one positive ,hi. 

For Case (i) a direct solution exists, but for Case (ii) a special algorithm to minimize (3) is 
needed, which will be discussed in the next section. We now continue with Case (i) and show 
that the function 

f 2 ( b ) = c + n - 2 b ' h  with b c Y N P  (8) 

reaches its minimum at one of the vertices of the polyhedron defined by Y N P,  that is, for 
bi = (n/gii)  1/2 and all other Jgj#i = 0. The vertex that should be nonzero, is the one for which 
f2 (b) is minimal, that is, 

argmini - hi (n/gii)  1/2 (9) 
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Since (Y N P)  D Z, this solution also minimizes f ( b )  in (3). Note that Y N P defines 
a polyhedral set. Rockafellar (1970, Corollary 32.3.4, p. 345) states that if f ( b )  is bounded 
below on a polyhedral set, then the minimum is obtained at an extremal point. For negative h, 
boundedness from below is implied, because -h~b is positive for all feasible b. Checking the 
minimum values of f (b) at the extremal points as in (9) gives the minimum. 

4. Algorithms for LC-NNLS 

In this section, we discuss two computational methods that provide a solution for Case (ii) 
of  LC-NNLS. The first method is to compute an unconstrained minimum (i.e., without length 
constraint) and then apply the normalization constraint such that Ilbtl 2 = n (de Leeuv,; 1977; 
Girl, 1990; Kruskal & Carroll, 1969). For NNLS this minimum can be found by the method of  
Lawson and Hanson (1974), which gives an exact solution in a finite number of  steps. In the 
sequel, we shall refer to this method as LH-NNLS. The second method is an improvement of  the 
approach used in Meulman (1992). Her approach consists of  cyclically updating one bi >_ 0 at a 
time, disregarding the length constraint, evaluating (2) or (3) after b is updated for all variables, 
and continuing with a subsequent round of  updates until the value of (2) or (3) does not increase. 
At that point the length constraint can be applied. Itere, we improve the approach of  Meulman by 
solving for the nonnegativity constraints and the length constraint simultaneously. We call this 
new algorithm Alternating Length-Constrained Non-Negative Least Squares (ALC-NNLS) and 
it is described below. 

4.1. ALC-NNLS 

In this section, we first propose the ALC-NNLS algorithm. To show why it works, we 
reformulate the LC-NNLS problem, and then prove that f ( b )  in every step of ALC-NNLS is 
reduced or remains the same. The estimate of b at iteration g is denoted by b(e); IlbllG denotes 
(bIGb) 1/2" 

The ALC-NNLS algorithm is summarized by the following steps, where e is a preset small 
value and gma= the preset maximum number of iterations. 

1. Choose some b # 0. Ifh~b < 0 then/~i :=  max(0, hi) for all i. 
2. If  b = 0 then compute the Case (i) solution by (9) and stop. 
3. Se th  (°) :=  nl/2b/llbllG. Setg :=  0. 
4. g : = ~ + l .  
5. Set a : =  hlb(e-1)/n, and f~ : =  b (£-1). 

6. Foreachi, se t6 i :=max(O, (ag i i ) - l [h i -a~ j~ ig i j f ) j ] ) .  
7. Set b (e) : =  nl/2b/llbllG. 
8. I f f ( b  (e-l)) - f ( b  (•)) > ~ org  < g-max go t04.  
9. Stop. 

In the remainder of  this section, we explain how this algorithm arises and prove that f ( b )  
never increases. We start by showing that LC-NNLS is equivalent to the maximization of the 
function 

(blh) 2 
g(b) -- Ilbl12 subjectto b > 0 and b 'h  > 0, (lo) 

which does not have a length constraint. We will show below that our algorithm always satisfies 
the restriction blh > 0. 

The length constraint is automatically satisfied by substituting b = lb(nl/2/lllallG) for all 
# 0, so that b1Gb = b~Gb(n/b~Gb) = n. Inserting this choice of b in f ( b )  yields 
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(/q 1/2b ~ = blh 
f ( b )  ---- f \ ~ ]  n - 2nl/2--IIGIIG + c 

= n - -  2 n 1 / 2 g 1 / 2 ( b )  + c subject to 6 > O. (11) 

Apart from some constants, the difference between (10) and (11) is that the latter uses the square 
root of g(b)  and the former does not. However, such monotone transformations do not change 
the extremal points of the function, provided b~h > 0. Under the condition b~h > 0, LC-NNLS 
is equivalent to the maximization of (10). 

The next step is to find an update that decreases - g l / 2 ( b ) .  Define the auxiliary function 

f2(b) = l a b ' G b  - h 'b  + l h l b  (~-1) (12) 

with a = h~b(e-1)/lib(e-l)ii 2. Now we prove that any update b (e) for which f2(b (e)) < 0 ensures 
that -gl/2(b(e)) < -gl/2(b(e-1)). In this proof, we make use of Dinkelbach's (1967) approach 
to minimize a ratio of functions. We assume that IIblIG > 0, and that b~h > 0. 

Some algebraic manipulation with the inequality (llblIG - l ib(e-l/IIG) 2 _> 0 gives 

1 IIbll 2 1 
IlbllG < + IIb(e-1)llG (13) 

- 2 II b(e-1) lIG 

which becomes an equality if b = b (e-l). Multiplying both sides of (13) by the positive value 
hlb(e-1)/llb(e-1) IIG gives 

hlb (e-l) 1 hlb (e-l) 
lib (e-l> IIG IIblIG < IIbll~; + 1 hZb(e_l) 

- 2 II b ( e - 1 )  lIG 2 " 
(14) 

Combining (12) and (14) gives 

hlb (e-l) 1 hlb (e-l) 
lib (e-l/IIG IlbllG - h ~b _ < 2 l ib(e-l/IIG Ilbll~ + lh~b(e-1)2 - h~b = f2(b).  (15) 

Note that f2(b  (e-l)) = 0 and that (15) becomes an equality if b = b (e-l). If  we can find an 
update b (e) for which f2(b (e)) _< 0, then we must have 

h~b(e-l/ 
lib (e-l> IIG lIb(e> IIG - h'b(e) < 0. (16) 

The next step in the proof forms the heart of Dinkelbach's approach. Dividing (16) by the positive 
value lib(e)IIG gives 

h~b (e-l) h~b (e) 
- -  < 0 ,  

lib(e-1) IIG II b(e)IIG 

h~b (e) h~b (e-l) 
- -  < 

IIb(e) lIG - IIb(e-1) lIG' 

_ gl/2(b(e) ) <_ -gl/2(b(e-1)), 

which proves that an update b (e) with f2(b(e)) _< 0 guarantees -gl/2(b(e)) <_ -gl/2(b(e-1)). 
It remains to be proven that in our algorithm hlb (e) > 0, so that maximizing g(b)  and 

gl /2(b)  are equivalent. Suppose that b (°) is such that h~b (°) > 0. (Our algorithm satisfies this 
condition in Step 1.) Also suppose that -gl/2(b(e)) < -gl/2(b(e-1)) is satisfied in every itera- 
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tion, then the sequence 

h~b(g)  hrb(g  - it) 
<~ 

lib <e) llG - lib <e-1) llG 
< 0, 

implies that hlb (e) > 0, since tlb(e)][c > 0 by assumption. Therefore, the condition hlb (e) > 0 
is satisfied in our algorithm in every iteration g. (A different proof that minimizing f2(b) in 
each iteration reduces, or never increases, - g ( b )  can be given by using the iterative majorization 
result of  Kiers, 1995.) 

Thus, for obtaining a nonincreasing series of  function values f (b) of the LC-NNLS problem 
it is sufficient that in each iteration an update is found for which the quadratic fimction f2(b) is 
decreased (or remains equal). This step should be followed by a normalization step (Steps 3 and 
7) in tim ALC-NNLS algorithln. Note that in the minimization of fe(b)  no length constraint is 
active so that f2(b) defines a nonnegative least squares problem. 

The core of  the ALC-NNLS algorithm, Step 6, is to reduce f2(b) over one bi at a time 
subject to bi > 0. This can be seen as follows. Let us rewrite f2(b) as 

f2(b) =17a E b 2 g i i  + E b  i Egijbj - E b * h i  + ½ Eb}e-l>hi 
i i j # i  i i 

(17) 

and express the derivative to bi as 

O b - 7  - a g i i b i  - h i  - a g i j b j  , (18)  
' ! 

The derivative is equal to zero for bi = (agii)-l(hi - a Ej~i gijbj). NOW, bi takes this value if 
it is nonnegative, else bi is set to zero, which is exactly the definition of Step 6 in the algorithm. 
Of course, one could also repeat Step 6 several times, so that a better value of f2(b) in (17) is 
obtained. In fact, some experimentation of ALC-NNLS in DB-PCA showed that setting ~max = 1 
and repeating Step 6 one or more times is to be preferred over doing Step 6 only once with 
.~ ma_x ~> 1. 

5. Solving LC-NNLS by Small Steps: An Illustrative Example 

In this section, we present an illustrative example that supports the idea that not completely 
solving the LC-NNLS problem and taking only a few steps in the right direction gives a good 
quality solution faster. The example we use is taken from multidimensional scaling (MDS), a 
technique that is used to represent proximities between pairs of objects by distances between 
points in a low dimensional space representing those objects (see, e.g., Borg & Groenen, 1997; 
Kruskal, 1964a). Instead of  approximating the proximities directly, it is custom in MDS to allow 
the proximities to be transformed optimally, much in the same way as variables are transformed 
optimally in DB-PCA. The loss function to be minimized is 

c~aus(D, X) = lID - D(X)II 2, (19) 

where D is the symmetric matrix with zero diagonal of  optimally transformed proximities also 
called pseudo-distances. Note that (19) is closely related to (1)_where the distances of X ap- 
proximate different type of da ta .  To avoid the trivial solution D = 0 and X = 0, the length 
constraint IlDll = c with c > 0 is imposed (de Leeuw & Iteiser, 1977). In this example, the 
pseudo-distances are restricted to be monotone spline transformations of the proximities. Thus, 
the minimization of C~M2 DS (D, X) has LC-NNLS as a subproblem in a larger iterative scheme. 

For our example, we constructed proximities by taking the Euclidean distances between the 
rows of an error perturbed data matrix (see the Appendix) of n = 25 objects in two dimensions 
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FIGURE 2. 
Stress values of the MDS example as a function of the iteration for three methods for solving LC-NNLS: LH-NNLS and 
ALC-NNLS-2  with two inner iterations. 

rotated and expanded to 10 dimensions and finally perturbed by 25% error. This leads to n ( n  - 

1)/2 = 300 different proximities. The monotone spline transformation was set to have three 
interior knots and be of degree two. The dimensionality of X was set to two. The minimization 
process was stopped if the drop in two subsequent Stress values was less than 10 -s. 

To investigate whether it is fruitful to solve {he LC-NNLS problem partially (by using ALC- 
NNLS instead of LH-NNLS) consider the Stress value (19) as a function of the iteration for two 
different methods for solving LC-NNLS: LH-NNLS and ALC-NNLS-2 with two inner iterations. 
Figure 2 shows the results for this example. During the first part of the MDS iterations (say up 
to iteration 90), the Stress for ALC-NNLS-2 drops faster than that of LH-NNLS. In the last part 
of the iterations, ALC-NNLS-2 needs more iterations to reach the convergence criterion than 
LH-NNLS. 

We investigated how fast the methods approximate the D at their final iteration. It turned out 
that during the first part of the iterations the steps towards the final D are faster for ALC-NNLS-2 
than for LH-NNLS. 

From this illustrative example two things can be concluded. First, the use of ALC-NNLS 
can make larger steps towards the final solution during the first part of the iterations than the 
use of LH-NNLS. Second, in the last part of the iterative process, ALC-NNLS with only a few 
inner iterations may reach convergence more slowly than LIt-NNLS if the convergence criterion 
is rather strict. 

6. A Monte Carlo Study 

A Monte Carlo study was conducted to investigate the performance of the ALC-NNLS 
strategy relative to LH-NNLS for solving the LC-NNLS problem in a distance-based princi- 
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pal components analysis (DB-PCA). The LC-NNLS problem appears in the transformations of 
the variables by the choice of  second-degree I-splines. The number of inner iterations in the 
ALC-NNLS strategy was set to one, two, three, five, ten, or dependent on convergence with a 
maximum of 50 iterations. The spline weights for the ALC-NNLS algorithm were initialized by 
a positive constant, such that the length constraint was satisfied. We used the Fortran subroutines 
for LH-NNLS that are available in Lawson and Itanson (1974). The exterior iterative scheme that 
minimizes Stress was stopped whenever the drop in normalized Stress, that is, (n2m) - lc~2(Q, X), 
between two subsequent estimates was less than 10 .5  . This choice seems reasonable because the 
coordinates will be determined within two to three digits accuracy and it imitates the stopping 
criterion for a typical analysis. This stopping criterion (as many other criteria) cannot exclude 
the possibility that the algorithm stops prematurely in some cases. 

6.1. Method 

6.1.1. Dependent Variables 

The performance of the strategies was studied by comparing DB-PCA solutions for con- 
structed multivariate datasets on two types of criteria. First, we were interested whether there 
is a systematic difference in the quality of the solution obtained by different LC-NNLS strate- 
gies. At convergence, the DB-PCA algorithm does not guarantee a global minimum but at most 
a local minimum. Therefore, we are interested whether the likelihood of attaining a (candidate) 
global minimum differs among strategies. This criterion was operationalized by comparing the 
average Stress among the strategies. Second, we are interested in the convergence behavior of 
the strategies. The efficiency of convergence was measured by observing the number of exterior 
iterations needed to converge. This measure is considered to be reasonable, because the workload 
of solving the LC-NNLS problems is generally smaller than the other computations required in 
a DB-PCA iteration. 

6.1.2. Design 

The dependent variables were used in a mixed within-subjects between-subjects design, 
taking the datasets to be analyzed as "subjects" rITae seven strategies (LH-NNLS, ALC-NNLS-1,  
- 2 ,  - 3 ,  - 5 ,  - 1 0 ,  - 5 0 )  constituted the first within-subject factor. 

We varied several design factors that might influence the importance of the LC-NNLS prob- 
lem in minimizing Stress. These factors are: (a) number of  objects, n = 50, 100; (b) number of  
variables, m = 5, 10, 20; (c) number of  interior knots in the spline transformations, k = 3, 9; and 
(d) error added to the data, e = 10%, 25%, 40%. The number of  objects controls for the size of  
the problem of estimating X and Q, which is of  different order of  magnitude compared to the LC- 
NNLS problems. The number of  variables determines the munber of  LC-NNLS problems to be 
solved at each major iteration. The number of knots used in the spline transformations influences 
the size of  the LC-NNLS problem to be solved. ~Ib ensure that transformations are required, we 
added random noise to the variables in each dataset. In the Appendix we describe how the er- 
ror perturbed datasets were constructed. The tbur non-strategy factors lead to an overall design, 
where seven strategies are tested in 36 cells. The number of knots in the spline transformation 
constitutes the second within-subject factor. Because the variability in Stress values due to the 
design factors is not known a priori, a statistical decision on the number of replications needed 
in each cell can not easily be made in advance. In a trial set of 50 replications, the main-effects 
of the within-subjects factors proved to be relatively small. We decided to have 150 replications 
in each cell to be on the safe side. In total, 2700 datasets (2 x 3 x 3 x 150) were analyzed using 
seven different strategies under the two transformation conditions (number of interior knots). The 
pseudo-random numbers were generated using the linear congruential generator of the MATH77 
package, which is known to have good characteristics (see Jones & Seaton, 1994, sec. 3.1-5). In 



520 PSYCHOMETRIKA 

each cell, the 150 replications were generated in three sets, using three seeds, one for each set of 
50 replications. 

6.2. Results 

All solutions of the DB-PCA analyses conducted in the design showed a good recovery of 
the "true" two-dimensional structure H. The average Tucker coefficients of congruence between 
the distances of the recovered configuration X and the constructed ideal configuration H were .99, 
.91, .85 for error-levels 10%, 25%, 40%, respectively. The Tucker congruence coefficient reflects 
the degree to which two variables are identical up to a positive multiplicative transformation. 

The average Stress of the solut ion--our  measure of q u a l i t ~ p r o v e d  to be dependent on 
the NNLS-strategy used. A repeated-measures ANOVA showed the main and all but one first- 
order interaction effect for the strategy factor to be significant (P  < 0.001) in average univariate 
tests and in multivariate tests. The high levels of significance may to a large extent be explained 
by the high number of replications. The effects are stable but relatively small and thus need to 
be interpreted with some care. Small effects are not surprising, since the LC-NNLS is only a 
part of the total optimization problem and the strategies search for the same optimum of the 
Stress-function for a given dataset. The first-order interaction effects were much smaller than the 
main effects of the strategy factor. On average, the ALC-NNLS strategy with two inner iterations 
found the smallest Stress-value (see Table 1). This strategy was particularly better in combination 
with the 9-knot condition and in combination with the 20-variables condition, but there was 
no interaction with the number of objects. The interaction effect between the strategy factor 
and the error-level factor showed a preference for LH-NNLS in the 40% error-level condition. 
Apparently, the LH-NNLS strategy is more suitable in high error conditions, where the spline- 
transformation constitutes a larger part of the overall decrease in Stress. 

To investigate the convergence efficiency conditional on the quality of the solution, the same 
ANOVA model as above was used with the number of iterations as dependent variable correcting 
for the Stress value. This model did not find a significant main effect of the strategies, indicating 
that the average number of iterations needed by the strategies did not differ when corrected for 
the quality of the solution. 

"FABLE 1. 
Average Stress values for main effects of lhe LC-NNI,S strategy, and interactions with error level e, number of 
objects n, number of vm'iables m, and number of kmots k 

ALC-NNLS 

LH-NNLS 1 2 3 5 10 50 

e = 0.10 .0537 .0552 .0534 .0532 .0535 .0537 .0537 
e = 0 . 2 5  .0836 .0845 .0834 .0836 .0837 .0836 .0836 
e = 0.40 .1065 .1072 .1065 .1066 .1065 .1065 .1065 

n = 50 .0786 .0798 .0785 .0785 .0787 .0786 .0786 
n = 100 .0838 .0848 .0836 .0837 .0838 .0838 .0838 

m = 5 .0660 .0676 .0659 .0659 .0660 .0659 .0660 
m = 10 .0832 .0842 .0830 .0831 .0832 .0832 .0832 
m = 20 .0946 .0952 .0943 .0944 .0945 .0945 .0946 

k = 3 .0878 .0889 .0878 .0877 .0878 .0878 .0878 
k = 9 .0747 .0757 .0744 .0746 .0747 .0747 .0747 

TotN .0812 .0823 .0811 .0811 .0812 .0812 .0812 
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TABLE 2. 
Average number of DB-PCA iterations using the LH-NNLS or the ALC-NNLS-2 strategy 

521 

Average # iterations 

LH-NNLS ALC-NNLS-2 # Repl 

(a) No difference 129 130 849 
(b) LH-NNLS better 171 153 853 
(c) ALC-NNLS-2 better 133 148 1303 

To exemplify the effect of the strategy-quality interaction on the average number of DB- 
PCA iterations, we compare in Table 2 the average number of iterations of the LH-NNLS and 
ALC-NNLS-2  strategies, the latter being the best of the ALC-NNLS strategies. We selected three 
groups of runs based on the difference between the two strategies in terms of Stress: (a) a group 
with differences smaller than 2 • 10 -5,  (b) a group with differences larger than 10 - 4  in favor 
of LH-NNLS,  and (c) a group with differences larger than 10 .4  in favor of ALC-NNLS-2.  For 
equally good solutions, the average number of iterations did not differ substantially between 
LH-NNLS and ALC-NNLS-2.  For group (b), where NNLS-LH performed better, its average 
number of iterations is larger, and the reverse situation occurs in group (c), where ALC-NNLS-2  
performed better. The conclusion is that the number of iterations is determined by the quality of 
the solution and the design factors, but not by the strategies. 

To see if there is a systematic difference in convergence behavior of the strategies, we se- 
lected three strategies (LH-NNLS, ALC-NNLS-2,  and ALC-NNLS-3)  and compared the Stress 
against the iteration. The iteration number seems a fair measure to compare the computational 
load. Measuring CPU times of the LC-NNLS update in the larger problem arising in multidi- 
mensional scaling (see the previous section) revealed that the fastest possible implementations 
of LH-NNLS using good initial estimates (Bro & De Jong, 1997) and ALC-NNLS with several 
inner iterations needed about the same CPU time. 

We selected the cells from the study that correspond to k = 3, 9, m = 20, n = 50, and 
e = 10%, 25%, 40%. For each combination, 50 gauges were constructed, yielding a total of 
300 different data sets. The number of iterations in each run was fixed to 1200. For each of 
the three strategies it was determined in every iteration how often the strategy was close to the 
smallest Stress value in that iteration. By close, we mean here that the Stress should not exceed 
10 .6  plus the lowest Stress found. Figure 3 shows the proportion of lowest Stress against the 
iteration for the three strategies. Until iteration 50 or so, LH-NNLS obtains the lowest Stress 
in the majority of the cases. Approximately  from iteration 100 to 900, ALC-NNLS-2  finds the 
lowest Stress values in about 60 to 70% of the cases. After iteration 900, LH-NNLS reaches the 
lowest Stress slightly more often than ALC-NNLS.  We also see that from iteration 800 all three 
strategies perform quite well, suggesting that they all move towards the same optimum. These 
effects were strongest for the k = 9 condition. From Figure 3 it may be concluded that for the 
LC-NNLS problems arising in DB-PCA the ALC-NNLS-2  strategy is beneficial in the middle 
stage in reaching lower Stress values faster. A fast start can be obtained by LH-NNLS.  Towards 
the end, all three strategies perform equivalent. 

7. Discussion and Conclusions 

We have studied the length-constrained nonnegative least squares (LC-NNLS) problem in 
some detail. We identified the case in which an explicit  solution is available. The other case can 
be solved by the method of Lawson and Hanson (1974) followed by proper normalization, or by a 
new algorithm, called alternating length-constrained nonnegative least squares (ALC-NNLS),  for 
solving the length-constrained problem in an iterative manner. For LC-NNLS problems arising 
in larger iterative schemes, we investigated whether it could be beneficial not to solve the LC- 
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FIGURE 3. 
For  300 data  sets the Stress value was recorded for  three strategies during the first 1200 iterations. Then for  every data set 
and  at every i teration it was determined whether  the s t rategy was close to the lowest  Stress value found  at that i teration 
b y  any  of  the three strategies.  For  each s t rategy the propor t ion  of  data sets for  which  this condi t ion holds is plot ted as a 
funct ion of  the iteration. 

NNLS problem completely, but to take only one or more steps in the right direction. However, if 
the LC-NNLS problem is not embedded in a larger iterative scheme but appears on its own, we 
recommend the strategy of Lawson and Hanson (1974) followed by proper normalization, since 
it yields an exact solution. 

We investigated the LC-NNLS problem occurring in distance-based principal components 
analysis (DB-PCA) using I-spline transformations. A Monte Carlo study compared ALC-NNLS 
strategies to the Lawson and Hanson (1974) approach. With respect to the quality of the DB- 
PCA solutions, ALC-NNLS with two or three inner iterations is the most preferable alternative, 
and doing only one inner iteration is the least preferred alternative. This result might warrant 
revision of the ALS-approach advocated in Girl (1990), which is using only one inner iteration. 
In the majority of the cases, ALC-NNLS with two or three inner iterations performs better than 
the strategy of Lawson and Hanson, except in high error conditions. Comparing the Stress values 
against the iteration revealed that ALC-NNLS with two or three inner iterations is close to the 
lowest Stress value in about 60 to 70% of the cases during the middle part of the iterative process. 
At the very beginning, LH-NNLS is often better, whereas towards the end, ALC-NNLS and 
LH-NNLS behave similarly, with LH-NNLS reaching the lowest Stress slightly more often. We 
conjecture that not completely solving the LC-NNLS problem in each DB-PCA iteration prevents 
the DB-PCA algorithm from taking inappropriate paths during the middle part of the iterative 
process. If a high precision or a strong convergence criterion is needed, then the ALC-NNLS 
strategies will probably reach convergence slower than the Lawson and Hanson strategy, since the 
latter guarantees an exact solution. For such cases, a hybrid method might be useful, consisting of 
ALC-NNLS steps during the earlier exterior iterations and switching to the Lawson and Hanson 
strategy or ALC-NNLS-50 at a later stage. 
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The algorithm proposed in this paper can also be used for solving other least-squares prob- 
lems with complex restrictions under an explicit length constraint, such as the bounded monotone 
regression problem of Verboon (1994). It is not clear at this point whether our results generalize 
to other exterior algorithms. We expect that our method becomes more effective in situations 
where the LC-NNLS problem has a considerable number of interior knots, such as in suitable 
transformations of proximities in multidimensional scaling. 

A stand alone program called PIONEER for doing DB-PCA including spline transfor- 
mations can be found at the PIONEER home page http://www, fsw.leidenuniv.nl/www 
/ w 3 _ d a t a / p i o n e e r / p i o n e e r .  htm. The program has an SPSS-like command syntax. For more 
details about the program, see Groenen, Commandeur, and Meulman (1997) or the manual that 
can be found at the PIONEER home page. 

Appendix: Error Perturbed Data 

The error perturbed data Z need to fulfill the ~bllowing requirements: (1) all variables should 
have mean zero and equal sum of squares, (2) the data matrix should be of rank two, and (3) error 
must be added so that transformations of the data may be necessary. Z was constructed as follows. 
We first compute a 100 × 2 matrix H with elements h i j  ~ N ( O ,  1), where N(0, 1) denotes the 
normal distribution with mean zero and variance one. Then, H was rotated and expanded to m 
dimensions using a pseudo-random rotation-expansion matrix A with rows on the unit circle, 
i.e, AtA = cI, Diag(AA t) = I, where I is the identity matrix. These restrictions ensure that the 

distances between the rows of H are the same as those of HA t up to a constant factor, and the unit 
circle constraint additionally ensures that the columns of HA t have approximately the same sum 
of squares. (We only have approximate equality of the column sum of squares of HA t because 
H is the result of a sampling process.) A was created as follows. The procedure described below 
is especially efficient for creating rank two data. (For higher rank data an alternative method is 
available.) If m was even then m/2 random values 4)i are drawn with 0 _< qSi < 2re and the rows 
of A are filled in pairs: 

ai, 1 = COS q}i, 

ai,2 ---- Sill qSi, 

am/2+i,1 ---- -- sin @, 

am/2+i,2 ---- COS ~bi. 

If m is odd, then the first m - 2 rows are filled as for m even. "I~en 

a m -  1 ,1  = 

a m - l , 2  = 

am,  1 = 

am,2  = 

a(m-1)/2,1 cos 23r/3 - a(,~-1)/2,2 sin 27r/3, 

a(m-1)/2,1 sin 27r/3 + a(m-1)/2,2 cos 2~/3 ,  

a(m-1)/2,1 cos 47r/3 - a(m-1)/2,2 sin 4rc/3, 

a(m-1)/2,1 sin 4rc/3 + a(m-1)/2,2 cos 4rc/3. 

For the design factor n = 50, only the first 50 rows of H were used, and for n = 100 all rows 
were used. To construct the dataset Z, an error matrix E with independent elements eij ~ N(O, 1) 
was added using 

Z = (1 - e)I/2HA ~ + el/2E, 

where ~ specifies the error level with 0 < ~ < 1. All cells in the design used the same 150 
two-dimensional structures H, hereby further reducing the variability due to other factors than 
the design factors. The error E was different in every replication in all cells of the design. 
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