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1 Introduction

A number of methods for the analysis of
three-way data have been proposed, given
N by m data matrices,X1,X2, · · · ,Xq,
or m by m cross-product matrices,
S1,S2, · · · ,Sq. Kiers (1991) considered
them as variants of PCA (principal compo-
nent analysis) and examined their hierarchy
from an algorithmic point of view.

However, there are few who proposed ef-
ficient algorithms for the analysis of three-
way data of square asymmetric matrices,
A1,A2, · · · ,Aq, although there are several
proponents who presented models for these
asymmetric three-way data (Chino, 1980;
Harshman, 1978; Harshman, Green, Wind,
& Lundy, 1982; Kiers, 1995; Okada &
Imaizumi, 1992; Young & Lewyckyj, 1979;
Zielman, 1991).

Kiers (1991) distinguished between the
direct fitting model and the derived fitting
model in examining the hierarchy of extant
various methods for the analysis of three-

way data of the forms X ′
ks and S′

ks dis-
cussed above. According to his terminology,
all of the asymmetric models cited above
may be classified as the direct fitting model.
At present, there exists no derived fitting
model as far as we know.

There are a few models which can be clas-
sified with neither of them. One is DY-
NASCAL, proposed by Chino & Nakagawa
(1990), which is a dynamical system model
for asymmetric longitudinal relational data
matrices. Another is the idea of a stochastic
process model for latent variables to be esti-
mated from the three-way asymmetric data
under consideration (Grorud, 1994).

In this paper we propose a model for
the analysis of three-way asymmetric rela-
tional data. This is a natural generaliza-
tion of STATIS (Structuration des tableaux
à trois indices de la statistique), therefore,
we call our model GSTATIS (Generalized
STATIS). A prototype of STATIS was orig-
inally proposed by L’Hermier des Plantes
(1976), and developed further by Glaçon



(1981), Lavit (1985, 1988), and Lechevallier
(1987).

GSTATIS can be considered as a de-
rived fitting model according to Kiers ter-
minology. It might be considered also as
a stochastic process model (Grorud, 1994).
At present, however, we shall consider it as
a general descriptive method for the analy-
sis of three-way asymmetric data.

2 Three steps of STATIS

Before proceeding, we shall make a
brief account of the three-step analysis in
STATIS because it is yet not so well-known
in English speaking society, although Kiers
(1991) has introduced it partly. Step 1
is called the inter-structure analysis which
uncovers a multidimensional inter-structure
among q occasions. Step 2 is called
the intra-structure analysis which discloses
a holistic multidimensional intra-structure
among m objects. Step 3 is called the tra-
jectory analysis which estimates the trajec-
tory of each object through occasions in the
holistic intra-structure depicted in step 2.

In step 1, STATIS computes a kind
of correlation or covariance matrix of q

occasions, using cross-product matrices,
S1,S2, · · · ,Sq. In general, the coefficient
called Rv coefficient between occasion k and
occasion l is defined as

Rv(Sk, Sl) =
tr(SkSl)

{

tr(Sk)
2
tr(Sl)

2
}1/2

. (1)

Then, the Rv correlation matrix between
q occasions is analyzed by PCA, and a mul-
tidimensional inter-structure among occa-
sions is uncovered.

In step 2, STATIS constructs a
weighted sum of cross-product matri-
ces, S1,S2, · · · ,Sq, whose weights are the
elements of the eigenvector corresponding
to the largest eigenvalue of the Rv corre-
lation matrix computed in Step 1. Let the
eigenvector be α=(α1, α2, · · · , αq)

t. Then,
the weighted sum matrix W is written as

W =
q

∑

k=1

αk Sk. (2)

PCA of the above matrixW enables us to
uncover the holistic intra-structure among
objects.

In step 3, STATIS projects the multidi-
mensional structure of objects at each occa-
sion, which is obtained by PCA of each of
the cross-product matrices, onto the holistic
intra-structure among objects uncovered in
step 2, to yield the trajectory of each object
through occasions in a holistic structure.

Let the coordinate vector of n objects on
dimension t at occasion k be xtk. Moreover,
let the matrix Y p be composed of the p col-
umn eigenvectors associated with the first
p eigenvalues of the matrix W in step 2.
Then it is easy to verify that the orthogonal
projector P can be directly written as

P = Y p (Y
t
p Y p)

−1
Y t

p. (3)

Using this operator, we can define
ztk=P xtk. The vectors, ztk, k=1, · · · , q,
constitute the very trajectory discussed
above.



3 GSTATIS

As is the case for STATIS, GSTATIS has
three steps. A major difference between
STATIS and GSTATIS is in the starting
data matrices. That is, GSTATIS assumes
that these are asymmetric (dis-)similarity
matrices at q occasions measured at a ra-
tio level, whereas STATIS assumes that
we have either the N by m data matri-
ces, X1,X2, · · · ,Xq, or the m by m cross-
product matrices computed from these data
matrices.

A second major difference between them
is that STATIS merely examines the real
structure of objects as well as occasions,
while GSTATIS deals not only with the real
structure but also with the complex struc-
ture of objects and occasions.

The major reason for introducing com-
plex numbers is that it not only clarifies but
also simplifies metric structures of asym-
metric matrices.

Complex treatment of the asymmetric
relational data was originally introduced
by Escoufier & Grorud (1980), and ampli-
fied by Chino and Shiraiwa (Chino, 1991,
Chino & Shiraiwa, 1993). In those two-
way methods, the observed asymmetric re-
lational data matrix, A, of order, say N is
uniquely transformed to yield an empirical
Hermitian matrix such that

H = As + iAsk, (4)

where As and Ask are, respectively, the
symmetric part and the skew-symmetric
part of A. Escoufier & Grorud (1980)
considered a complex uni-dimensional ap-
proximation of the matrix H . This ap-
proximation is equivalent to the real two-
dimensional approximation:

aij(s) ≈ λ1 (ui1uj1 + vi1vj1), (5)

aij(sk) ≈ λ1 (vi1uj1 − ui1vj1). (6)

This is what they call a complex coding.
Chino (1991) considered a higher dimen-
sional approximation and called it HCM
(Hermitian Canonical Model).

Chino & Shiraiwa (1993) examined higher
dimensional approximation further and
found that the asymmetric matrix A has an

implicit finite-dimensional complex Hilbert
space structure, if the matrix A is measured
at a ratio level and if the matrix H con-
structed from A is positive (negative) semi-
definite. Otherwise, A has an indefinite
metric structure. This model is called HFM
(Hermitian form model).

Thus, prior to the GSTATIS analysis we
analyze each of the asymmetric relational
data matrices, A1,A2, · · · ,Aq, via HFM in-
cluding HCM and the complex coding and
examine the complex space structures con-
tained in each of them. In HFM, each of
the complex dimensions can be treated as if
it were a real two-dimensional space, as can
be seen in the application section. HFM
is nothing but an eigenvalue-eigenvector de-
composition (thus PCA) of the empirical
Hermitian matrix, viewed from an algorith-
mic point.

Now we shall discuss the three steps of
GSTATIS. In step 1, GSTATIS computes an
Rv coefficient between the Hermitian matri-
ces at occasion k and occasion l defined by

Rv(Hk, H l) =
tr(HkH l)

{

tr(Hk)
2
tr(H l)

2
}1/2

. (7)

It is easy to prove that the numerator of
the right-hand side of eq. (7) is real, al-
though each matrix is complex. Further-
more, it is also not difficult to prove that
the coefficient ranges from -1 to 1. Appar-
ently, the Rv coefficient defined above is a
natural generalization of not only the Rv
coefficient in STATIS but also the matrix
correlation discussed in Ramsay, ten Berge,
& Styan (1984) to a complex case.

In step 2, GSTATIS computes a
weighted sum of Hermitian matrices,
H1,H2, · · · ,Hq, whose weights are the
elements of the eigenvector correspond-
ing to the largest eigenvalue of the Rv
coefficient matrix defined in step 1. It
should be noticed that, in this case, the
eigenvector is real. Let the eigenvector be
β=(β1, β2, · · · , βq)

t. Then, the weighted
sum matrix V is written as

V =
q

∑

k=1

βk Hk. (8)



It is well known that this type of ma-
trix is also Hermitian. Therefore, HFM
(thus, PCA of Hermitian matrix) of the
above matrix V enables us to uncover
a multidimensional complex intra-structure
among objects, i.e., finite-dimensional com-
plex (FDC) Hilbert space structure or an
indefinite metric structure.

In step 3, GSTATIS projects the com-
plex multidimensional structure of objects
at each occasion, which is obtained by HFM
of each of the Hermitian matrices, onto the
holistic intra-structure among objects dis-
closed in step 2, to yield the trajectory of
each object through occasions in the holis-
tic structure.

Suppose that the complex coordinate vec-
tor of objects on dimension t at occasion k

is ytk. Moreover, let the matrix U p be com-
posed of the p eigenvalues of the matrix V
in step 2. Then it is easy to prove that the
orthogonal projector Q can be directly writ-
ten as

Q = U p (U
∗
pU p)

−1
U ∗

p, (9)

where U ∗
p is the conjugate transpose of U p.

Using Q, we can define ttk=Qytk. The
vectors, ttk, k=1, · · · , q, constitute the very
trajectory discussed above. In this case,
however, it should be noticed that this vec-
tor is not real but complex in general. Con-
sidering the minimum length property of or-
thogonal projection, it might be necessary
for the holistic space uncovered in step 2 to
be FDC Hilbert space. Otherwise, we can
not necessarily define norms in that space.

4 An application

In this section we shall show one possible
result of application of GSTATIS to a set of
Japanese occupational mobility data, which
appeared in Naoi & Seiyama (1992). This
set of data is composed of four square asym-
metric matrices, each of which is the cross-
classification of father’s and son’s 8 occupa-
tional categories in each year. The four ma-
trices correspond, respectively, to the cross-
classifications of the occupational mobility
in years, 1955, 1965, 1975, and 1985. For ex-
ample, Table 1 shows the cross-classification
for father-son pairs in 1955.

Table 1: Cross-classification of occupational

status in 1955.

father/son 1 2 3 4 5 6 7 8

1.SP 42 1 19 2 4 5 1 9

2.MA 4 12 12 8 3 5 0 4

3.CL 12 1 25 10 10 3 4 14

4.SE 20 12 32 69 29 20 4 13

5.SK 7 6 27 17 88 35 18 19

6.SS 5 3 12 7 18 35 7 15

7.NS 2 2 7 5 11 13 19 9

8.AG 37 25 67 64 98 71 43 689

Prior to the GSTATIS analyses, we shall
examine the asymmetric structure con-
tained in each of the cross-classification ta-
bles via HFM. Table 2 shows all the eigen-
values of the empirical Hermitian matri-
ces constructed from the four tables. It
indicates that the 1955 data has a com-
plete FDC Hilbert space structure because
the eigenvalues are all positive, whereas the
other three have, to be precise, indefinite
metric structures. However, we can say that
all of the four data have FDC Hilbert space
structure, as far as we approximate them
using the first four dimensions. For space
limitations, we shall drop the configuration
of objects obtained via HFM in each of the
four years.

Table 2: Eigenvalues of the empirical Her-

mitian matrix of the four years in their or-

der.

order/year 1955 1965 1975 1985

1 710.1 451.9 494.0 351.0

2 112.1 84.4 91.7 88.0

3 61.8 59.0 66.9 58.6

4 36.6 35.5 43.4 44.9

5 24.4 17.9 −29.4 25.1

6 14.8 10.8 29.1 −15.6

7 12.5 4.4 8.0 14.8

8 3.8 −1.8 3.3 9.2

Fig. 1 depicts one possible result of
the inter-structure analysis in step 1 of
GSTATIS. Dim.2 is evidently interpreted as
a time-series change factor.



Eigenvalues of the weighted sum matrix,
V , were all positive in step 2. This means
that the holistic space in the intra-structure
analysis in step 2 has a FDC Hilbert space
structure. Fig. 2 shows the configuration
of 8 occupational categories in the second
complex dimension.

For space limitations, we shall not discuss
the results of step 3 in this paper.
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Fig. 1. Inter-structure analysis among four
years.
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Fig. 2. Intra-structure analysis among 8
categories.


