
Ž .Chemometrics and Intelligent Laboratory Systems 59 2001 121–136
www.elsevier.comrlocaterchemometrics

A comparison of multiway regression and scaling methods

Stephen P. Gurdena, Johan A. Westerhuisa, Rasmus Brob, Age K. Smildea,)

a Process Analysis and Chemometrics, Department of Chemical Engineering, UniÕersity of Amsterdam, Nieuwe Achtergracht 166,
1018 WV Amsterdam, The Netherlands

b Chemometrics Group, Food Technology, The Royal Veterinary and Agricultural UniÕersity, Frederiksberg, Denmark

Received 16 February 2001; accepted 3 August 2001

Abstract

Recent years have seen an increase in the number of regression problems for which the predictor andror response arrays
have orders higher than two, i.e. multiway data. Examples are found in, e.g. industrial batch process analysis, chemical cali-

Ž .bration using second-order instrumentation and quantitative structure–activity relationships QSAR . As these types of prob-
lems increase in complexity in terms of both the dimensions and the underlying structures of the data sets, the number of
options with respect to different types of scaling and regression models also increases. In this article, three methods for mul-

Ž . Žtiway regression are compared: unfold partial least squares PLS , multilinear PLS and multiway covariates regression MC-
.ovR . All three methods differ either in the structural model imposed on the data or the way the model components are cal-

culated. Three methods of scaling multiway arrays are also compared, along with the option of applying no scaling. Three
data sets drawn from industrial processes are used in the comparison. The general conclusion is that the type of data and
scaling used is more important than the type of regression model used in terms of predictive ability. The models do differ,
however, in terms of interpretability.q2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The use of regression models to predict response
values given a set of collinear predictor variables has
received much attention within the field of chemical
data analysis. For example, the use of calibration
models to predict sample properties using spec-
troscopy is now widespread, with regression tech-

Ž .niques, such as principal component regression PCR
Ž .and partial least squares PLS , now included as
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standard in most spectroscopic instrumentation soft-
ware.

Recent years have seen an increase in the number
of regression problems for which the predictor
andror response arrays have orders higher than two,
i.e. multiway data. One example of this is in batch
process engineering, where a set ofJ process vari-
ables is measured overK time points forI different

Ž .batches, yielding the arrayX I=J=K . If a set of
M end-product quality variables are also measured for

Ž .each batch,Y I=M , then a multiway regression
problem arises, for which the aim is to determine the
relationship between the process conditions and the
final product quality. Another example would be the
calibration of compound concentration using chro-
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matography with a multiarray detector. Here,X
would consist of I different samples, for each of
which a spectrum ofK wavelengths is measured at
each of theJ time points in the elution profile.Y
would consist of the concentrations of theM ana-
lytes of interest. Further examples are found in fields
such as quantitative structure–activity relationships
Ž . w x w xQSAR 1 and on-line process spectroscopy 2 .

As these types of problems increase in complex-
ity, both in terms of the dimensions and the underly-
ing structure of the data sets, the number of options
with respect to different types of scaling and regres-
sion models also increases. At present, there is a de-
bate within the chemometrics community as to which
structural models are most suitable for multiway data
in terms of model fit, parsimony and interpretation.
Two possible alternatives are to either rearrange the
multiway data to fit existing two-way algorithms, or
to generalise two-way algorithms to the multiway

Žcase. Some comparisons for components models i.e.
.only X data have shown that whilst the former ap-

proach generally gives a better or comparable fit, the
latter may give better interpretation through the use
of a simpler structure employing fewer model pa-
rameters. One aim of this study is to investigate
whether the predictive ability, model parsimony and
ease of interpretation of the two approaches are sig-
nificantly different for regression models.

Another issue in regression modelling is data pre-
processing. Whilst the importance of correct prepro-
cessing is generally recognised in theory, in practice,
data centring and scaling are often seen as steps prior
to the actual act of regression modelling and, as such,
of less importance. Furthermore, whilst scaling is
necessary for many data types, the act of ‘blind scal-
ing’, i.e. setting each variable to equal variance, can
sometimes lead to problems when variables with low
information content are given increased significance.
With data of higher orders, the number of different
ways to scale the data increases and finding the opti-
mal approach becomes more difficult.

In this article, three methods for multiway regres-
sion are compared: unfold PLS, multilinear PLS and

Ž .multiway covariates regression MCovR . All three
methods differ either in the structural model imposed
on the data or the way the model components are
calculated. Three methods of scaling multiway arrays

are also compared, along with the option of applying
no scaling.

In order to make the comparison as comprehen-
sive as possible, three different data sets are used.
Two are taken from industrial processes, one real and
one simulated. The third consists of laboratory spec-
troscopic measurements from a real industrial pro-
cess. These data sets were chosen with the aim of
making the findings as general as possible although
it must be recognised that each new problem may
have its own particular characteristics.

1.1. Terminology

Throughout this article, the simplest case of mul-
tiway regression is considered: that of a three-way

Ž .array of predictor data,X I=J=K , and a univari-
Ž .ate response,y I=1 . The predictors and responses

have the first mode in common, i.e. the set ofI ob-
jects used to build the regression model. The dimen-
sions J and K are the number of primary and sec-
ondary variables in the predictor array, respectively,
as shown in Fig. 1. Three-way data in chemistry of-
ten consists of a set of measured variables taken over
a series of time points. Although the order of the
variable modes inX is strictly arbitrary, the prefer-
ence here is to consider the measured variables as the
primary variable mode and time as the secondary
variable mode whenever time is a mode in the three-
way array.

The rest of the article is laid out as follows. In
Section 2, the different types of three-way prepro-
cessing are explained. In Section 3, the three differ-
ent multiway regression methods are described. In
Section 4, the three data sets are described. In Sec-

Fig. 1. A multiway regression case withX andy.
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tion 5, the procedure used for the comparison is de-
scribed. In Section 6, the results of the comparison are
presented and discussed. Finally, general conclusions
are drawn in Section 7.

2. Preprocessing of three-way data

Prior to regression modelling, the preprocessing
Ž .steps of centring subtraction of a constant and scal-

Ž .ing division by a constant are commonly per-
formed. Both can have an important influence on the
performance of the final model. For simplicity, only
preprocessing of three-wayX is described below, but
the extension to predictor arrays of higher orders
andror multiway response data is straightforward. An
excellent overview of preprocessing for multiway

w xdata is given by Harshman and Lundy 3 .

2.1. Centring

Centring across a mode removes constant offset
terms from the data. There are a number of reasons
for performing centring, one of which is that some

regression models do not explicitly contain an inter-
cept term, but assume variation around a zero-point.
Therefore, the variation in the data is shifted from its
‘natural’ baseline to a zero point by centring across
the object mode.

ŽGiven that the mean of thejk th column ofX see
Ž ..Fig. 2 a is given by:

I

xÝ i jk
is1x s , 1Ž .jk I

the elements of the centred data are given by:

)x sx yx . 2Ž .i jk i jk jk

In this article, a comparison is made only between
different types of scaling; centring of the data is per-
formed as a first step in all analyses. This is not to
imply that centring is unimportant. In fact, it can be
shown that centring can significantly alter the struc-

w xtural nature of a model 3,4 . Furthermore, it can be
argued that for some types of data, e.g. whenX con-
sists of spectroscopic absorbances, the natural base-
line at zero is actually meaningful and should be

Ž . Ž . Ž .Fig. 2. Three types of scaling for three-way arrays: a column scaling, b single-slab scaling and c double-slab scaling.
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maintained. However, for regression modelling,
mean-centring across the first mode is a widely ac-
cepted procedure and remains essentially the same
with respect to the transition from two-way toN-way
modelling methods. It is primarily with the relative
merits of different scaling approaches forN-way ar-
rays that a general consensus is lacking.

2.2. Scaling

Scaling within a mode divides all elements associ-
ated with a given variable in that mode by a con-
stant. An obvious reason for scaling is to adjust for
scale differences between variables measured in dif-
ferent units. In the absence of prior information, each
variable is scaled to have equal variance, so as to have
an equal chance of contributing to the model. Note
that in cases where a priori information is available,
e.g. where the data can be separated into distinct
blocks of variables, the data can be scaled accord-
ingly using appropriate weights.

Three types of scaling for three-way data, illus-
trated in Fig. 2, are compared in this article:

1. Column scaling, in which each vector,x , isjk

normalised;
2. Single-slab scaling, in which each lateral slab,

X , is normalised;j

3. Double-slab scaling, in which both the lateral
slabs,X , and the frontal slabs,X , are nor-j k

malised.

The scaling procedures are described, in turn, be-
low. For all three types of scaling, it is assumed that
it is the centred data which is scaled. Centringafter
scaling would destroy the prior scaling, whereas the
reverse is not true for the types of preprocessing used

w xhere 3,4 .

2.2.1. Column scaling
For column scaling, each of theJK columns are

normalised to unit root-mean-square. Given that the
root-mean-square of thejk th column ofX is given
by:

I
2xÝ i jk

is1)RMS s , 3Ž .jk I

the column scaled data is given by:
xi jk

)x s . 4Ž .i jk RMSjk

Note that asX is already column-centred, the
root-mean-square is approximately equal to the sam-

Žple standard deviation the latter divides by ‘Iy1’
Ž ..instead of ‘I ’ in Eq. 3 . Thus, this procedure is

similar to what is commonly known as autoscaling.

2.2.2. Single-slab scaling
For single-slab scaling, each of theJ primary-

variable slabs are scaled to unit root-mean-square.
Given that the root-mean-square of thejth primary
variable is given by:

I K
2xÝ Ý i jk

is1 ks1)RMS s , 5Ž .j IK

then the single-slab scaled data is given by:
xi jk

)x s . 6Ž .i jk RMSj

2.2.3. Double-slab scaling
For double-slab scaling, each of theJ primary-

variable slabs and each of theK secondary-variable
slabs are scaled to unit root-mean-square, i.e.:

x x)

i jk i jk
) ))x s and x s . 7Ž .i jk i jkRMS RMSj k

This type of scaling must be performed iteratively
as scaling within one variable mode disturbs the scal-
ing within the other mode. The primary- and sec-
ondary-variable modes are alternately scaled until
both modes have a root-mean-square arbitrarily close
to unity, with convergence usually taking less than 10

w xiterations 3 .

2.2.4. Discussion
In this article, three regression methods are com-

pared, two of which assume thatX is well approxi-
mated using a trilinear model. It would seem, there-
fore, to be important that the type of preprocessing
used does not distort the data in such a way that the
underlying structure in the data is no longer trilinear.
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Both of the slab-scaling methods can be shown to
maintain trilinearity by simultaneously scaling only

w xwhole slabs of the data 3 . During column scaling,
Žhowever, each primary variable e.g. a process mea-

. Žsurement for each secondary variable e.g. a time
.point is treated as an independent variable. This

means that the linear relationships between the vari-
ables may become distorted or, to put it another way,
the multilinear structure present in the data may be
lost. Column scaling can, therefore, be seen as an
‘incorrect’ form of scaling to apply if a multilinear
structure is present.

Another issue in scaling is that of the magnifica-
tion of noise. Scaling is generally performed so as to
give variables an equal chance to contribute to the
model in the absence of more detailed information as
to which variables are actually important. However,
chemical data sets often contain regions where only
background noise is present, e.g. regions of a chro-
matogram where no chemical compounds absorb or
periods in an industrial batch process which do not
characterise that particular batch run. The effect of
scaling all regions to equal variance can be to ‘blow
up’ those variables with low information content, thus
increasing the apparent amount of unsystematic vari-
ation in the data. This effect is sometimes more pro-
nounced when column scaling rather than slab scal-
ing is used, as it is more likely that a column, rather
than an entire slab of the data, contains only back-
ground noise.

Despite the above comments, however, the effect
of column scaling on multiway regression models
may actually often be not that large. This is due to
the fact that regression models, such as N-PLS and
MCovR, actively use the response data,y, to help
define the model ofX. Regions ofX which deviate
from a trilinear structure may be ignored, if these re-
gions do not help to describey. Variables with a high

noise content may similarly be given low regression
weights if they are not correlated withy. To a certain
extent, therefore, incorrect scaling can be compen-
sated for by the regression model. This is in contrast
to cases where component models using only anX-
block are considered.

3. Multiway regression methods

Three multiway regression methods, summarised
in Table 1, are compared in this article.

Ž . Ž .1 U-PLS: Unfold or AmultiwayB PLS, as pro-
w xposed by Wold et al. 5 , in which the multiway data

Ž w x.blocks are unfolded or ‘matricised’ 6 to give two-
way arrays and then a two-way PLS performed. Note
that, as bilinear modelling is used, it is only the data
and not the model which is multiway—therefore, the
termAunfold PLSB is preferred toAmultiway PLSB as
used originally.

Ž . Ž .2 N-PLS: Multilinear or A N-wayB PLS, as
w xproposed by Bro 7 , in which the two-way PLS al-

gorithm is generalised to data of higher orders using
w x w xa multilinear PARAFAC-type 8 structure 9 .

Ž .3 MCoÕR: Multiway covariates regression, as
w xproposed by Smilde and Kiers 10 , in which the

Ž .principal covariates regression PCovR model of de
w xJong and Kiers 11 is generalised to data of higher

w xorders using either a PARAFAC or Tucker3 12,13
structure.

The first two methods were developed from the
two-way PLS model well established within the

w xchemometrics community 14–16 . Put simply, PLS
aims to maximise the covariance between the predic-
tor and response data. Its popularity can be ascribed,

Ž .in part, to its a speed—the model parameters for
each component can be calculated via the NIPALS or

Ž .SVD algorithms; b ease of use—the only metapa-

Table 1
Summary of multiway regression methods

Method Abbreviation Calculation of Structure imposed onX
components

Unfold PLS U-PLS Sequential Bilinear
Ž .Multilinear PLS N-PLS Sequential Multilinear PARAFAC
Ž .Multiway covariates MCovR Simultaneous Multilinear PARAFAC or Tucker

regression
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rameter to be optimised is the number of compo-
nents, cross-validation being commonly used as a

Ž .guide for this; and c interpretation—the PLS scores,
loadings and weights can be investigated in order to
determine whether the model components have a
physicochemical meaning, which predictor variables
seem to be important in predicting the response,
whether the data is significantly nonlinear, etc.

The fundamental difference between U-PLS and
N-PLS is that U-PLS uses bilinear and N-PLS trilin-
ear weights and loadings in the PLS model. This
means that in comparison to N-PLS, U-PLS models
describe an equal or higher amount of covariance by
using an equal or higher number of model parame-
ters. Interpretation, however, is sometimes difficult
under U-PLS as the primary, secondary, etc., vari-
able modes are not modelled explicitly, but mixed up
during the unfolding step.

Like the PLS-type methods, MCovR also aims to
find a subspace inX which describesy as well as
possible. The objective function, however, is ex-
pressed in terms of a least-squares problem for which
all components are calculated simultaneously. The
MCovR model is calculated using an alternating least

Ž .squares ALS algorithm which generally takes longer
in comparison to the PLS-type models. As described
below, MCovR is more flexible in terms of possible
structures forX and the balance between the amount
of variance ofX and y explained. In terms of inter-
pretation, the flexibility in the choice of model forX
and, particularly, the fact that the components are
calculated simultaneously may prove to be a signifi-
cant advantage in some cases.

The regression models are described, in turn, be-
low although the reader is referred to the literature for
more detailed treatments. For simplicity, the case of
a three-way predictor array,X, and a univariate re-
sponse,y, is used although all methods are suitable
for arrays of higher orders.

3.1. U-PLS

Two versions of the two-way PLS algorithm com-
w xmonly used are those proposed by Wold et al. 17 and

w xby Martens and Næs 15 . Although these algorithms
differ in the orthogonality properties of the scores,
both give equal response predictions as shown by

w x Ž0. Ž0.Helland 18 . SettingX sX and y sy, calcula-

tion of the r th component using the Martens non-or-
thogonalised version of PLS can be expressed by:

Ž ry1. Ž ry1. 5 5max cov X w , y with w s1, 8Ž .Ž .r r
wr

t sX Ž ry1.w , 9Ž .r r

X Ž r .sX Ž ry1.y t wT , 10Ž .r r

y Ž r .sy Ž0.yTqŽ r .. 11Ž .
Note that the PLS scores and weights are calcu-

lated component-wise, withX and y being deflated
after the calculation of each component as implied by

Ž . Ž .Eqs. 10 and 11 . Predictions for new objects are
Žmade either by estimating a new set of scores also

. Ž r .component-wise and using ysT q or, alter-ˆnew new

natively, by calculating a set of general regression
coefficients, i.e. y sX b wherebsWqŽ r ..ˆnew new

In U-PLS, the multiway predictor block,X, is
simply rearranged so as to produce a two-way array.

Ž .Thus, for a three-way array,X I=J=K , each of
the K frontal slabs are concatenated to give a matrix,

Ž .X I=JK . This matrix is then analysed using the
two-way PLS routine. The PLS weights matrix,W,
will then have dimensionsJK=R.

3.2. N-PLS

N-PLS is an extension of the PLS regression
model developed for the case where the predictor
andror response blocks are of order greater than two.
Two methods developed independently for this pur-

Ž .pose were the linear three-way decomposition LTD
w xalgorithm of Stahle 19 and the multilinear N-PLS˚

w x w xalgorithm of Bro 7 . de Jong 20 introduced a third
modification, but showed that all algorithms are
mathematically the same in terms of response predic-
tions. In fact, Stahle’s and Bro’s algorithms can be˚
seen as higher-order generalisations of the two-way
PLS algorithms proposed by Wold and by Martens,
respectively.

Calculation of ther th component using the N-PLS
model can be expressed by:

Ž ry1. Ž ry1.max cov X v mw , yŽ .Ž .r r
w , vr r

5 5 5 5with w s v s1, 12Ž .r r

t sX Ž ry1. v mw , 13Ž . Ž .r r r

TŽ r . Ž ry1.X sX y t v mw , 14Ž . Ž .r r r

y Ž r .sy Ž0.yTqŽ r . , 15Ž .
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Ž .whereX I=JK is again the matricised form ofX
Ž .I=J=K . Note that here, the matricisation step is
not an integral part of the algorithm, but used only in
order to express the model in equation form along

w xwith the Kronecker matrix product,m 21 . The main
difference between N-PLS and two-way PLS is the

Ž .use of multiple weights matrices, hereW J=R
Ž .and V K = R , used to impose a multilinear,

w xPARAFAC-type structure onX. Smilde 22 has
shown how to calculate a set of general regression
coefficients for N-PLS. In the case of the third mode

Ž Ž ..having length one i.e.X I=J=1 , the N-PLS
model reduces to the two-way PLS model given pre-
viously.

3.3. Multiway coÕariates regression

Ž .Multiway covariates regression MCovR differs
from the two methods above in that the components
are calculated simultaneously using an ALS algo-
rithm. Like N-PLS, a three-way structure is imposed
on X although, here, both PARAFAC and Tucker3
Ž .or other models can be employed. The regression
model is summarised by:

2 2T T5 5 5 5min b XyXWP q 1yb yyXWqŽ .
W

with 0 F b F 1, 16Ž .
TsXW, 17Ž .
EsXyTPT wherePs CmB GT , 18Ž . Ž .
fsyyTqT , 19Ž .
whereP andq are regression loadings, the former of
which is here taken to be of the form of the Tucker3

w x Ž . Tthree-way structure 12 described byCmB G . In
Žthe special case ofG taking the form of a matri-

.cised superidentity matrix, a PARAFAC structure is
Žimposed. The terms MCovR and MCovR can beT P

.used to distinguish between the two cases. In this ar-
ticle, the PARAFAC form of MCovR is applied un-

less specifically stated otherwise. Unlike for N-PLS,
no specific structure is imposed on the weights,W
Ž .JK=R .

One important feature of MCovR is the termb
which takes a value between 0 and 1. This metapa-
rameter can be considered as defining a continuum in
the relative importance assigned to modellingX or
describingy within the regression model. Settingb

Ž .s1 gives a principal components regression PCR
type of solution for which the emphasis is on mod-
elling X; setting bs0 gives a reduced rank regres-

Ž .sion RRR type of solution for which the emphasis
is on describingy; the optimal value ofb may lie

w xsomewhere in between. Smilde and Kiers 10 sug-
gested using cross-validation to find an optimum
value forb. This can be done by using a grid search
for b from 0.0 to 1.0, perhaps at 0.1 intervals. Burn-

w xham et al. 23 pointed out that there is relationship
betweenb and the overall error standard deviations
of X and y, and it seems possible to define a maxi-
mum likelihood value forb, if estimates of the noise
distributions inX andy are available. In this article,
the simple approach of settingbs0.5 was used.
This is not necessarily optimal, but was found to work
quite well in practice. A more detailed discussion of
how to interpret and optimiseb will be discussed in
a future paper.

4. Data sets

Three data sets are used for the comparison. These
are summarised in Table 2 and described briefly be-
low. All data sets consist of a three-way predictor ar-
ray and a univariate response.

4.1. Fat hardening data

This data is taken from a food manufacturing batch
process during which the catalysed hydrogenation of

Table 2
Summary of data sets

Data set Dimensions ofX Primary variable Secondary variable Response

Fat hardening 20=3=101 Process conditions Time Melting curve index of final product
SBR 50=9=200 Process conditions Time Polymer property of final product
Fluorescence 250=7=143 Excitation wavelength Emission wavelength Ash content of sample
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w xbean oil is performed 10 . Three process variables
Ž .H flow, pressure and temperature are measured2

over 101 time points for 20 batches. At the end of
each batch run, a response index relating to the melt-
ing curve of the fat, measured by NMR, is used to

Ž .assess product quality. Thus,X 20=3=101 andy
Ž .20=1 are available. A similar data set has been

w xpreviously analysed in the literature 10 using
Ž .MCovR with a Tucker 3,2,3 structure.

4.2. SBR data

This data consists of a simulation based on the
semibatch emulsion polymerisation of styrene-

Ž . w xbutadiene to make a latex rubber SBR 24,25 . Nine
process variables are generated over 200 time points
for 50 batches. The crosslinking properties of the fi-
nal polymer are used to assess product quality. Thus,

Ž . Ž .X 50=9=200 andy 50=1 are available. The
data set has been previously analysis in the literature

w xusing a two-component U-PLS model 26 and
Ž . w xMCovR with a Tucker 2,2,2 structure 27 although,

in these cases, a multivariateY was used.

4.3. Fluorescence data

This data is taken from a sugar manufacturing
process during which samples are drawn and anal-

w xysed using a spectrofluorometer 28 . Each fluores-
cence measurement consists of seven excitation
wavelengths, each yielding an emission spectrum
over 571 wavelengths. In order to reduce the size of
the data set, the resolution of the emission spectra is
reduced by four, leaving 143 wavelengths for analy-
sis. Due to the effects of Rayleigh scatter, each spec-
trum contains some missing values at regions below
the point where the excitation and emission frequen-
cies coincide. At the same time as the fluorescence
spectrum is recorded, a laboratory measurement of
the ash content of the sugar is taken. A total of 250
sugar samples are analysed, giving data arraysX
Ž . Ž .250=7=143 andy 250=1 . The data set has
been investigated previously in the literature using a

w xtwo-component N-PLS model 7 and a four-compo-
w xnent trilinear PARAFAC regression model 28 and

there is strong evidence that the data is well approxi-

mated by a trilinear structure. The data is available on
w xthe internet 29 .

5. Procedure for the comparison

Comparing different regression methods can be
problematic for two reasons. Firstly, the performance
of a given technique may strongly depend on the
procedure used to optimise metaparameters such as
the number of components to use. Secondly, it is dif-
ficult to generate regression statistics which fully de-
scribe the value of a given model, e.g. with respect
to prediction accuracy, robustness, interpretability
and ease of use, especially as these statistics should
ideally be independent of the particular training and
test sets used. In this article, the authors have at-
tempted to give as realistic and transparent a compar-
ison as possible by using optimisation procedures
similar to those used in common practice by chemo-
metricians.

5.1. Model optimisation and regression statistics

One strategy for regression modelling is to divide
the available data into three sets: a training set, a test
set and an external validation set. The training set is
used to build a series of models over a systematic

Žrange of metaparameters e.g. number of compo-
.nents,Rs1, 2, 3, etc. . For each model, regression

statistics based on the test set are used to optimise the
model, e.g. to determine which metaparameter val-
ues give the lowest prediction error. Once a final, op-
timised model is available, the external validation set
is used to give an estimate of the prediction accuracy
on new, unseen data. This approach is particularly
commendable in cases where many samples are
available andror where a realistically independent
validation set is available, i.e. one in which differ-
ences in instrumental and process conditions, sea-
sonal variation background interferents, etc., are rep-
resented.

In cases where the number of available samples is
Ž .relatively few e.g. less than 75 , dividing the data

into three sets is not viable. A commonly used alter-
w xnative is to use internal-or cross-validation 30–32 .

Cross-validation attempts to simulate the presence of



( )S.P. Gurden et al.rChemometrics and Intelligent Laboratory Systems 59 2001 121–136 129

Fig. 3. Cross-validation procedure.

new data by building a series of models on subsets
of the data and using the remaining data for model
testing. Once cross-validated predictions have been
made for all samples, an estimate of the prediction
accuracy is used for model optimisation. Note, how-
ever, that as this estimate of prediction accuracy is not
independent of the model optimisation step, it may
give an optimistically biased estimate of the true pre-

w xdiction accuracy 32 . Whilst this statistical bias may
be significant if the aim is to compare the accuracy
of two completely different analytical techniques, it
is not as problematic if the aim is to compare how
regression methods perform on the same data.

Fig. 3 gives the procedure used for cross-valida-
tion. For each new model built during the cross-
validation, the new subsets are correctly centred and
scaled so as to maintain independence between sam-
ples.

R2 is defined using the measured responses,y andy

the fitted responses, y as follows:ˆ
I

2
y yyŽ .ˆÝ i i

is12R s1y . 20Ž .y I
2

y yyŽ .Ý i
is1

A similar statistic,Q2, is defined for the predictedy

responses of the test set. The amount of variance inX
explained by the model is given by:

I J K
2

x y x̂Ž .Ý Ý Ý i jk i jk
is1 js1 ks12R s1y . 21Ž .x I J K

2
x yxŽ .Ý Ý Ý i jk jk

is1 js1 ks1

The three data sets used for the comparison differ
in the number of objects available for model building
and validation. Therefore, a different experimental
procedure was applied to each data set, as described
below.

Ž .1 Fat hardening data: The fat hardening data
consists of 20 objects. Cross-validation was used,
splitting the data into 10 contiguous blocks of 2 ob-
jects each.R2, R2 and Q2 were calculated.x y y

Ž .2 SBR data: The SBR consists of 50 objects.
Cross-validation was used, splitting the data into 10
contiguous blocks of 5 objects each. The same statis-
tics as above are used.

Ž .3 Fluorescence data: The fluorescence data
consists of 250 object. It was decided to carry out a
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fuller analysis by also investigating how stable the
regression statistics are with respect to the particular
objects selected for the training and test sets. Using a
venetian blind selection, the data was split into 5
subsets, each consisting of 50 objects and each span-
ning approximately the same space. The first subset
was used for training, the remaining four subsets used
for testing the model. This procedure was then re-
peated using the second, third, etc., subsets for mod-

2 2 2 Ž .els training. Thus,R , R andQ test set values arex y y

all given in terms of a mean value followed by their
standard deviation.

5.2. Algorithms

All results were calculated using MATLABw on
a 350 MHz Pentium II PC. N-PLS was carried out
using the algorithm freely available as part of the

w xN-way Toolbox 33 . The same algorithm was also
used for the U-PLS analysis by inputting a three-way
array of dimensionsI=JK=1, in which case the
algorithm reduces to the two-way PLS implementa-
tion. MCovR was carried out using the algorithm

w xfreely available from the authors 34 , using a con-
vergence coefficient of 1=10y4. Both algorithms are
capable of handling the missing values present in the
fluorescence data.

6. Results and discussion

The results of the comparison are given in Tables
3–5. In order to reduce the amount of results pre-
sented, for the first two data sets only the models with
the optimum number of latent components are shown.
This selection was made by scanning the regression

statistics for each model and making a decision with
a view to maximisingQ2, describing a reasonabley

amount of X, and using a low number of compo-
nents, as is commonly done in practice. For the fluo-
rescence data, the optimum number of components to
use was not always clear and the results for both the
two- and four-component models are given.

6.1. Fat hardening data

The results of the comparison for the fat harden-
ing data are shown in Table 3. Comments are as fol-
lows.

v The choice of scaling is much more important
than the type of regression model used. This result is
very interesting, given that in the literature some-
times only minimal attention is paid to the impor-
tance of correct scaling, it being considered merely a
preprocessing step prior to the actual regression
modelling itself.

v Not scaling the data leads to poor results be-
cause the process variables are measured in very dif-

Žferent scales the ratio of mean values for process
.variables 1, 2 and 3 is approximately 200:1:100 .

Thus, the second process variable has little influence
in the unscaled models, yet is actually important in
predictingy.

v Column scaling also leads to poor results, but
here this is due to the noise magnification effect. This
effect also occurs to a lesser extent when double-slab
scaling is used. Double-slab scaling gives all time

Ž .points secondary variables equal importance al-
though, for this process, there are some periods with
relatively low information content.

v When single-slab scaling is used, all the regres-
sion methods giveQ2 values of around 0.85 and usey

Table 3
Comparison of multiway scaling and regression methods on the fat hardening data

Method No scaling Column scaling Slab scaling Double-slab scaling
2 2 2 2 2 2 2 2 2 2 2 2Number of R R Q Number of R R Q Number of R R Q Number of R R Qx y y x y y x y y x y y

components components components components

U-PLS 1 0.67 0.67 0.58 3 0.53 0.95 0.57 3 0.78 0.93 0.85 3 0.60 0.94 0.79
N-PLS 1 0.67 0.66 0.58 3 0.39 0.92 0.47 3 0.65 0.91 0.84 3 0.69 0.89 0.74
MCovR 1 0.68 0.64 0.58 4 0.66 0.73 0.36 3 0.79 0.91 0.85 3 0.71 0.85 0.73
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Fig. 4. Fat hardening data: model parameters describingX using single-slab scaling and three components for the MCovR model.

three model components. For MCovR, the model
Ž .loadings which describe 79% of the variation inX

are shown in Fig. 4. Each of the three process vari-
ables is approximately described by a separate com-
ponent and it appears that all three are important for
making stable predictions ofy. The first component,
which corresponds to the H flow, only influences the2

product quality towards the end of the batch run. The
third component, which corresponds to the tempera-
ture, has most influence during the first half of the
batch run and exhibits some cyclic behaviour during
the last half, due to the temperature controller action.

v It is interesting to note that N-PLS sometimes
describes more ofX than U-PLS. This is seen for the

case where double-slab scaling is used for the three-
component models: U-PLS and N-PLS giveR2 val-x

ues of 0.60 and 0.69, respectively. The reason for this
is that PLS models do not aim to explain the varia-
tion in X andy, but rather the covariance betweenX
and y. Thus, although U-PLS generally describes
more ofX than N-PLS, this is not always the case by
definition. This is in contrast to component models
for which unfold methods can never describe less
variation inX than comparable multiway methods.

v Ž .An MCovR model with a Tucker 3,2,3 struc-
ture was also applied to the data, as this has been used

w xpreviously in the literature to a similar data set 10 .
A Q2 value of 0.83 was found for the single-slaby

Table 4
Comparison of multiway scaling and regression methods on the SBR data

Method No scaling Column scaling Slab scaling Double-slab scaling
2 2 2 2 2 2 2 2 2 2 2 2Number of R R Q Number of R R Q Number of R R Q Number of R R Qx y y x y y x y y x y y

components components components components

U-PLS 3 0.42 0.76 0.39 1 0.15 0.93 0.89 1 0.14 0.92 0.88 1 0.15 0.93 0.89
N-PLS 3 0.41 0.76 0.39 1 0.13 0.93 0.92 1 0.12 0.93 0.92 1 0.13 0.93 0.92
MCovR 3 0.48 0.34 0.21 1 0.13 0.92 0.90 1 0.12 0.93 0.90 1 0.13 0.93 0.91
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Fig. 5. SBR data: model parameters describingX using single-slab scaling and one component for the N-PLS model.

scaled data, slightly lower than 0.85 for the three-
component PARAFAC structure reported in Table 3.

6.2. SBR data

The results of the comparison for the SBR data are
shown in Table 4. Comments are as follows.

v The choice of scaling is not important here, as
long as some form of scaling is performed to remove
the difference in measurement units. The raw data
contains some variables which are very noisy across
the entire duration of the batch run, so the additional

effect of possible noise magnification given by some
scaling procedures is not significant here.

v Once the data is scaled, one component is needed
to describe around 90% of the response variation in
all cases. Only around 13% of the variation inX is
described, however, suggesting that not all of the
process variables are used to predict the response. The
model parameters for single-slab scaling and N-PLS
are shown in Fig. 5. Process variables 7 and 8 are in-
dicated as being most important in predicting the re-
sponse and the relationship strengthens as the batch
proceeds. The plot also indicates that some variables

Table 5
Comparison of multiway scaling and regression methods on the fluorescence data

Method No scaling Column scaling
2 2 2 2 2 2Number of R R Q Number of R R Qx y y x y y

components components

Ž . Ž . Ž . Ž . Ž . Ž .U-PLS 2 0.89 0.02 0.80 0.05 0.77 0.06 2 0.86 0.02 0.79 0.06 0.75 0.07
Ž . Ž . Ž . Ž . Ž . Ž .N-PLS 2 0.87 0.02 0.79 0.06 0.75 0.07 2 0.78 0.02 0.87 0.04 0.73 0.08
Ž . Ž . Ž . Ž . Ž . Ž .MCovR 2 0.86 0.02 0.79 0.06 0.77 0.06 2 0.85 0.02 0.77 0.06 0.80 0.04
Ž . Ž . Ž . Ž . Ž . Ž .U-PLS 4 0.96 0.02 0.86 0.04 0.81 0.05 4 0.93 0.04 0.87 0.04 0.80 0.04
Ž . Ž . Ž . Ž . Ž . Ž .N-PLS 4 0.94 0.04 0.86 0.04 0.80 0.05 4 0.86 0.02 0.74 0.07 0.79 0.04
Ž . Ž . Ž . Ž . Ž . Ž .MCovR 4 0.98 0.00 0.82 0.04 0.78 0.05 4 0.95 0.01 0.82 0.04 0.78 0.05

Method Slab scaling Double-slab scaling
2 2 2 2 2 2Number of R R Q Number of R R Qx y y x y y

components components

Ž . Ž . Ž . Ž . Ž . Ž .U-PLS 2 0.88 0.02 0.75 0.06 0.72 0.07 2 0.87 0.02 0.79 0.06 0.75 0.07
Ž . Ž . Ž . Ž . Ž . Ž .N-PLS 2 0.74 0.02 0.75 0.06 0.72 0.07 2 0.74 0.02 0.77 0.06 0.74 0.08
Ž . Ž . Ž . Ž . Ž . Ž .MCovR 2 0.84 0.02 0.74 0.07 0.71 0.07 2 0.83 0.02 0.74 0.07 0.72 0.09
Ž . Ž . Ž . Ž . Ž . Ž .U-PLS 4 0.97 0.02 0.86 0.04 0.80 0.04 4 0.94 0.04 0.86 0.04 0.80 0.05
Ž . Ž . Ž . Ž . Ž . Ž .N-PLS 4 0.84 0.02 0.86 0.04 0.80 0.05 4 0.84 0.03 0.85 0.04 0.79 0.05
Ž . Ž . Ž . Ž . Ž . Ž .MCovR 4 0.97 0.01 0.82 0.04 0.77 0.05 4 0.95 0.01 0.84 0.05 0.79 0.05
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may be excluded, though this could lower the effec-
tiveness of the model if used for outlier detection. The
MCovR model loadings give an almost identical plot.
The model parameters for the U-PLS analysis are
more difficult to interpret visually, as a single weight
vector with dimensions 1800=1 is produced. It is
possible to ‘refold’ this vector into a 9=200 matrix
and plot separate graphs for each process variable;
although this requires nine plots instead of the two for
three-way methods, the overall conclusion is ulti-
mately the same.

6.3. Fluorescence data

The results of the comparison for the fluorescence
data are shown in Table 5. Each result is given in
terms of a mean and a standard deviation of the val-
ues calculated for all training and test set combina-
tions. Comments are as follows.

v The differences in predictive performance for the
different models are mostly small although, in gen-
eral, not scaling the data leads to the best results. This
corresponds to practical experience within spectro-
scopic analysis, in that scaling is not necessary as all
variables are measured in the same units.

v The stability of the model fit and predictive abil-
ity statistics with respect to the different data subsets
used is revealing. It is clear that the regression statis-
tics are significantly dependent on the actual samples
chosen to train and test the model although it does not
appear that any particular regression method is more
robust than another in this respect. As an example, the
Q2 value for the two-component MCovR modely

using no scaling has a mean of 0.77 and a standard
deviation of 0.06. This indicates that the final estima-
tion of the prediction error for this model is signifi-
cantly dependent on the actual samples chosen to test
the model. In practice, the lack of available samples
means that estimating the error attached to regression
statistics is often difficult although, clearly, this
would be useful in deciding whether new methods
represent a significant improvement in predictive
ability.

v ŽIt is known that four main analytes fluoro-
.phores are present in the sugar samples analysed;

thus, the choice of a four-component model may be
reasonable. The model parameters describing the

Ž .secondary variable fluorescence emission mode us-

ing unscaled data and the four-component N-PLS
Ž .model are shown in Fig. 6 a . Some structure in the

parameters is clearly seen, but interpretation is diffi-
cult as each component appears to be a mixture of
overlapping, positive and negative pure spectra. The
model parameters for the unscaled data and the
four-component MCovR model are shown in Fig.
Ž .6 b . In this plot, a remarkable resolution of the pure

spectra of the four fluorophores is obtained, which
corresponds to the known chemical structure of the

w xdata 28 and provides, therefore, a far more inter-

Fig. 6. Fluorescence data: model parameters using no scaling and
Ž . Ž .four components for a the N-PLS model and b the MCovR

model.
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pretable representation of the data. The subspaces
defined by the two methods, however, are almost the

Žsame regressing one onto the other gives a 98.7%
.fit . The reason for the difference in interpretability

is that PLS-type models are calculated sequentially,
i.e. the most significant component is calculated first
and subtracted from the data, then the second most
significant, etc. All sources of variation inX, which
are useful in predictingy, are, therefore, to some ex-
tent present in the first component. In MCovR, how-
ever, the components are calculated simultaneously
and in no particular order of importance. This allows
a greater resolution of the individual underlying fac-
tors within the data as each component is able to
‘isolate’ a different source of variation. In this partic-
ular case, it seems that MCovR attains a solution
corresponding to a PARAFAC model ofX. This is
possible here because the data is approximately tri-
linear; hence, all important variation inX is con-
tained in the PARAFAC model.

v The model parameters for the two-component
Ž .MCovR model another reasonable choice are shown

in Fig. 7. Here, the first component is seen to de-

scribe the fluorophore at around 300 nm, with the
second component describing a combination of the
other three fluorophores.

7. Conclusions

In this article, three data sets have been used to
compare differences between multiway scaling and
regression models. The general conclusion is that the
predictive ability depends far more on the quality of
the data and the type of scaling used than on the type
of regression method used. The multiway data sets
considered here seemed equally well approximated by

Ž .both multilinear and unfold bilinear models. It may
be that as the subspace ofX defined by the regres-
sion models is actively determined byy, regression
models, in general, are less sensitive to the structure
of the model imposed onX in comparison to compo-
nent models.

The interpretative ability of the model, however, is
dependent on the regression method. N-PLS and
MCovR use separate loadings matrices to describe the

Fig. 7. Fluorescence data: model parameters using no scaling and two components for the MCovR model.
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different directions of the multiway array, whereas
U-PLS uses one large set of loadings to describe all
possible variable interactions. For data sets which
have a multilinear structure underlying the variation
in the data, multilinear regression models, particu-
larly MCovR, were found to give model parameters
which clearly described the underlying factors in the
data.

It is recommended that for multiway data for
which there is a strong reason to believe that a multi-
linear structure does not exist, U-PLS should be used.
Otherwise, N-PLS and MCovR are preferred for their
interpretative properties. MCovR also has the advan-
tage that the architecture of the algorithm makes the
incorporation of external information into the model,
such as non-negativity constraints on the loadings,

w xeasier than the PLS-type models 35,36 . MCovR has
the disadvantage that it is sometimes more difficult to
use, due to the fact that both the number of compo-
nents and the value ofb must be optimised simulta-
neously. However, in this paper setting,bs 0.5
seemed to work well.

If variables are measured in widely different units
or with widely different amount of information, then
some form of scaling is mandatory. For industrial
batch data, slab scaling of the process variables is
recommended; for one data set, this was found to be

Ž .clearly superior to column scaling or autoscaling . A
situation could be envisaged, however, whereby dou-
ble-slab scaling may be useful, e.g. when small dif-
ferences in process conditions at the beginning of a
batch run are as important as larger changes later on.
Finally, the effect of noise magnification has been
observed. One way of minimising this effect could be
to add a small offset to the scaling coefficients al-
though some knowledge of the underlying noise level
would be required to do this.
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