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Abstract. Common principal components (CPC) analysis is a new tool for the comparison of phenotypic and genetic
variance-covariance matrices. CPC was developed as a method of data summarization, but frequently biologists would
like to use the method to detect analogous patterns of trait correlation in multiple populations or species. To investigate
the properties of CPC, we simulated data that reflect a set of causal factors. The CPC method performs as expected
from a statistical point of view, but often gives results that are contrary to biological intuition. In general, CPC tends
to underestimate the degree of structure that matrices share. Differences of trait variances and covariances due to a
difference in a single causal factor in two otherwise identically structured datasets often cause CPC to declare the
two datasets unrelated. Conversely, CPC could identify datasets as having the same structure when causal factors are
different. Reordering of vectors before analysis can aid in the detection of patterns. We urge caution in the biological
interpretation of CPC analysis results.
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Comparisons of two or more covariance matrices are used
in many areas of evolutionary biology. Recently, Steppan
(1997a,b) examined the macroevolution of phenotypic co-
variance matrices, Arnold and Phillips (1999) genetic co-
variance matrix evolution, and Klingenberg and McIntyre
(Klingenberg and McIntyre 1998) the developmental origins
of fluctuating asymmetry as revealed in covariance matrices.
These examples are only some of the most recent (see Roff
2000).

The comparison of two or more variances or variance com-
ponents is a relatively straightforward statistical procedure
for which numerous methods are available (Van Valen 1978;
Shaw 1987; Mitchell-Olds and Bergelson 1991). The mul-
tivariate analog, the comparison of two or more variance-
covariance matrices, is a complex task, and the statistical
toolbox for such comparisons is poorly developed. Matrix
correlations have been widely used (Lofsvold 1986; Kohn
and Atchley 1988), despite the fact that they test the relatively
uninteresting null hypothesis that matrices are completely
dissimilar (Cowley and Atchley 1992), and have a dubious
statistical basis (Shaw 1992). Nevertheless the correlation
coefficient is a familiar and therefore heuristic measure of
similarity, even if one not well suited to hypothesis testing.
Roff et al. (1999) proposed a regression-based version of this
approach that shares the problems of matrix correlations, as

well as a resampling test for matrix equality. The converse
null hypothesis of equal covariance matrices has been tested
both with element-by-element comparisons and with maxi-
mum-likelihood procedures on whole matrices (Shaw 1991).

In addition to testing the extreme hypotheses of complete
dissimilarity or equality, we would like to describe the ways
in which matrices are similar or different. Two approaches
have been proposed. First, Shaw’s (1991) maximum-likeli-
hood method can be used to test more complex hypotheses,
although it has rarely been used in this way (Podolsky et al.
1997). Recently, common principal components (CPC) anal-
ysis has been suggested for this purpose (Flury 1984, 1988;
Phillips and Arnold 1999). The CPC method can be used for
the comparison of an arbitrary number of variance-covariance
matrices (‘‘covariance matrices’’ in our shorthand) and has
recently been extended to covariance component matrices
(Arnold and Phillips 1999; Phillips and Arnold 1999). The
CPC approach has become the most widely used method for
comparing phenotypic (Steppan 1997a; Ackermann and
Cheverud 2000; Badyaev and Hill 2000; Dodd et al. 2000)
and genotypic (Arnold and Phillips 1999; Phillips and Arnold
1999) covariance matrices and for the study of ontogenetic
morphological integration (Klingenberg and Zimmermann
1992; Klingenberg and Spence 1993; Klingenberg et al. 1996;
Badyaev and Martin 2000).
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An integral part of the CPC method is the Flury hierarchy
of hypothesis tests, a set of algorithms for determining which
eigenvectors differ significantly between covariance matrices
(Flury 1988; Phillips and Arnold 1999). For example, using
the jump-up algorithm, we accept the null hypothesis of ma-
trix ‘‘equality’’ if the matrices cannot be shown to differ.
Other levels in the hierarchy are ‘‘proportional,’’ in which
matrices differ significantly, but a model where all elements
are multiplied by a single constant cannot be rejected;
‘‘CPC,’’ in which eigenvalues differ from proportional but
common eigenvectors are not rejected; and a variety of partial
CPC models, in which some eigenvectors can be shown to
differ, but others cannot. If the number of traits is p, the
‘‘partial CPC cases’’ include matrices sharing from 1 to p 2
2 common vectors. (Matrices cannot differ in only one vector,
because all vectors must be orthogonal. When p 2 1 vectors
have been determined, only one orthogonal direction re-
mains.) In Phillips and Arnold’s (1999) terminology these
are PCPC(p 2 2), PCPC(p 2 3), . . . PCPC(1). Finally, the
results indicate unrelated structure when the model with only
one eigenvector in common is rejected. Thus, use of the Flury
hierarchy permits the degree of similarity among matrices to
be categorized at many levels.

Principal components analysis (PCA), the parent technique
on which CPC depends, transforms the data from the space
of the original variables, which are correlated, to a set of
vectors that are uncorrelated. It captures all of the variation
in the original data, while concentrating the variation ex-
plained in a few vectors. The forte of PCA is therefore sum-
marization of high-dimensional data. Flury, in developing
CPC, similarly emphasized the goal of summarizing multi-
group data in as few vectors as possible (Flury 1984, 1987,
1988; Airoldi and Flury 1988; Klingenberg et al. 1996).

This data-summarization function of CPC is not the pri-
mary reason that biologists are attracted to the method. We
would like to be able to interpret the level of difference found
in the Flury hierarchy, rather than simply reduce the number
of parameters. Unfortunately, the rationale for such inter-
pretations has never been developed. For example, a partic-
ularly important potential application of CPC is in comparing
additive genetic covariance matrices (G). Constancy of G
would allow reconstruction of the historical pattern of se-
lection (Lande 1979), which is the rationale for much of the
focus on testing the equality of G between populations. Ar-
nold and Phillips (1999, p. 1516) argue that CPC is useful
when G matrices are not equal because it may allow us to
address the question of when changes in G ‘‘might be so
minor that reconstruction of selection is unaffected, or so
profound that reconstruction is pointless.’’ However, they
offer no criteria for linking such questions to the results of
a CPC analysis. At present, the appeal of CPC analysis is
simply a general conviction that more-detailed hypothesis
testing will be more informative than less-detailed testing.

Here, we use simulation to investigate the behavior of the
CPC analysis on pairs of matrices that either have equal
expectations or that differ in one aspect of their structure.
We find that CPC frequently detects no similarity between
two matrices that share considerable causal structure. This is
an expected, if unfortunate, feature of any analysis based on
PCA.

What Are Matrices Made of?

To generate simulated covariance matrices, we necessarily
assume models for the causes of covariance structure. Our
conception of variation is that it results from a complex set
of causal factors. Each of these causal factors leaves a char-
acteristic pattern of covariation among the units being ana-
lyzed. Some of these causes affect only one trait, including
most forms of measurement error. Other sources of variation
may cause whole suites of traits to covary. We assume that
variation in each trait is determined by one or more under-
lying causal factors. Causal factors affect one or more traits,
and more than one factor can affect the same trait. Factors
that affect multiple traits lead to covariance structure in a
sample of individuals. If a pair of factors affects at least one
trait in common, we say that the factors overlap.

The model can be represented algebraically as follows. Any
p traits may be affected by any q factors. The p 3 1 vector
of trait values (t) is determined by q 3 1 vector of scores
on each factor (s) and the p 3 q factor/trait loadings matrix
(F), plus a p 3 1 vector of deviations (d) to simulate trait-
specific variation and measurement error:

t 5 Fs 1 d (1)

Both s and d are assumed to be normally distributed with a
mean of zero and no covariances between elements. The co-
variance structure of a dataset is determined by the F matrix
of factor loadings.

The reader may recognize that this is a conception of matrix
structure that bears no relation to that embodied in PCA. Two
features of PCA are responsible for the difference. First, the
vectors identified in PCA are constrained to be orthogonal
to each other, whereas causal factors need not have orthog-
onal effects on the phenotype. Second, PCA may be thought
of as sequentially determining the location of vectors in such
a way as to maximize the variance explained by each suc-
cessive vector. Thus, the first vector explains the most var-
iance, the second the second most, etcetera. The causal factors
themselves are not constrained to lie in directions of maximal
variance.

We have chosen this representation of causation of matrix
structure because it is one that seems both simple and bio-
logically reasonable. We can readily imagine more complex
models of causation, for example, nonlinear relationships be-
tween factor scores and phenotypic effects, or interactions
between different causal factors. We have difficulty imag-
ining that the causes of variation in real organisms act or-
thogonally. The results of our simulations follow directly
from this assumption about causation.

To take a hypothetical example, morphometric variation
might reflect variation in q 5 2 factors. The first factor rep-
resents genetic variation in a developmental pathway that
affects the relative lengths of limbs and indirectly affects the
overall size of the organism through its impact on feeding
efficiency. The second factor might represent variation in
developmental temperature and affect limb dimensions as
well as the overall shape and size of the body. Both tem-
perature and genetic variation in development affect overall
size and shape, but in slightly different ways. The result is
vectors of effects that are not orthogonal. PCA would spread
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TABLE 1. Parameter values used to create simulated data from equation (1). Population is indexed by the superscript. S is a vector containing
the variances of the corresponding factor (the transposed diagonal of the factor variance-covariance matrix of s). D is a vector containing the
trait-specific variances (the transposed diagonal of the variance-covariance matrix of d). Except in cases 1.1 and 1.2 in population 2, D 5
[0.25 0.25 0.25 0.25 0.25 0.25]. Bold entries reflect elements in which populations 1 and 2 differ.

Case: 1.1,† 1.2‡ 2.1 2.2 3.1 3.2 3.3 3.4 4.1 4.2

Population 1:

F1

1 0 0
1 0 0 0 1 0

 
0 1 0

0 0 1 
0 0 1 

1 0 0
1 0 0 0 1 0

 
0 1 0

0 0 1 
0 0 1 

1 0 0
1 1 0 1 1 1

 
0 1 1

0 0 1 
0 0 0 

1 0
1 0 0 1

 
0 1

0 0 
0 0 

1 0
1 0 0 1

 
0 1

0 0 
0 0 

1 0
1 0 0 0

 
0 1

0 1 
0 0 

1 0
0 1 0 0

 
0 0

0 0 
0 0 

1 1 1 1 1 0
1 1 1 1 0 1 1 1 1 0 1 1

 
1 1 0 1 1 1

1 0 1 1 1 1 
0 1 1 1 1 1 

1 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0

 
0 0 0 1 0 0

0 0 0 0 1 0 
0 0 0 0 0 1 

S1 [3 2 1] [3 2 1] [3 2 1] [3 2] [3 2] [4 1] [3 3] [1 1 1 1 1 1] [6 5 4 3 2 1]

Population 2:

F2

1 0 0
1 0 0 0 1 0

 
0 1 0

0 0 1 
0 0 1 

1 0 0
1 0 0 0 1 0

 
0 1 0

0 0 1 
0 0 1 

1 0 0
1 1 0 1 1 1

 
0 1 1

0 0 1 
0 0 0 

1 0 1 0
1 0 1 0   0 1 0 0

to   
0 1 0 0
0 0 0 1   
0 0 0 1   

1 0 1 1
1 0 1 1   0 1 0 0

to   
0 1 0 0
0 0 0 0   
0 0 0 0   

1 0
1 0 1 0

 
0 1

0 1 
0 0 

1 1 
1 21 0 0

 
0 0

0 0 
0 0 

1 1 1 1 1 0
1 1 1 1 0 1 1 1 1 0 1 1

 
1 1 0 1 1 1

1 0 1 1 1 1 
0 1 1 1 1 1 

1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 1 0 0 0 1

 
0 0 0 1 0 0 1
0 0 0 0 1 0 0 
0 0 0 0 0 1 0 

S2 [3 2 1] [3k 2 1] [3k 2 1] [3 2] [3 2] [4 1] [1.5 1.5] [k 1 1 1 1 1] [6 5 4 3 2 1 3]

† Case 1.1: D2 5 [0.25k 0.25 0.25 0.25 0.25 0.25].
‡ Case 1.2: D2 5 kD1.

the effects of each cause over multiple orthogonal vectors—
first into a ‘‘size’’ vector that all traits load positively onto,
and then onto other vectors that express changes in the rel-
ative sizes of parts. The interpretational difficulty that arises
from this situation is that a change in only one of the two
causal vectors, for example, a change in the variance in tem-
perature that individuals experience during development, af-
fects all of the eigenvectors in a PCA. We present examples
of this effect in our simulations below.

METHODS

To investigate the behavior of CPC analysis, we simulated
phenotypic covariance matrices with a known underlying
causal structure corresponding to the model in equation (1).
We restricted our attention to phenotypic matrices because
we are interested in the interpretation of matrix structure that
CPC potentially allows. Comparisons of variance component
matrices, such as G, pose additional uncertainties and dif-
ficulties (Phillips and Arnold 1999) that we do not address.

We analyzed variation in two simulated populations that
differed in a single parameter of the causal model. For each
set of parameter combinations, 100 datasets were created,
each with a sample size of 300 individuals, unless otherwise
noted. The parameters used for each simulation are sum-
marized in Table 1. The top section of Table 1 gives the
parameter values in population 1; the lower section gives
those in population 2. Results of most cases considered are
shown in Figure 1. In some of the cases, we obtained some
parameters in population 2 by multiplying those in population
1 by a factor k that we varied from one to some larger value.
The x-axis of the corresponding panels in Figure 1 express

CPC results as k varies. CPC analyses were performed with
software written by Phillips (1998).

We investigated the use of two criteria for choosing the
best-fitting level of similarity in the CPC, the jump-up and
Akaike information criterion (AIC). Phillips and Arnold
(1999) argue that the most useful indicator of matrix rela-
tionships is found by means of the jump-up approach, because
it is least sensitive to small differences in covariance structure.
In the jump-up approach, an alternative hypothesis of unrelated
structure is tested against a null hypothesis from each level
of the Flury hierarchy. If the test at a lower level is nonsig-
nificant, the next higher level is tested. If a test is significant,
indicating a departure from shared covariance structure at that
level, the next lowest level provides the best explanation of
matrix relationships. Flury (1988, pp. 151–152) favored the
use of the ‘‘model-fitting’’ approach, where the best-fitting
model is chosen according to the AIC. This approach maxi-
mizes the variance in the data explained for each parameter
fit.

By default, the Phillips implementation of CPC analysis
constrains the two matrices to share the vectors with the
largest eigenvalues from a common model fit to the pooled
data. It also allows the user to change the order in which the
shared vectors are considered. In a few cases we explored
the consequences of this reordering of vectors.

Testing the Common Principal Components Method

We contrast two sets of criteria for judging the performance
of the CPC method. From the statistical point of view, the
outcome of CPC analysis is determined by the known dif-
ferences in eigenstructure of our pairs of simulated matrices
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FIG. 1. Results of common principal components (CPC) analyses of pairs of covariance matrices that differ in their structure. Each bar
gives the proportion of results in each of the eight categories of the Flury hierarchy for six traits (equality, proportionality, CPC[all],
CPC[4], CPC[3], CPC[2], CPC[1], and no similarity; see introduction for explanation). Covariance matrices were generated according
to equation (1) with the parameter values in Table 1. In some cases, parameters in population 1 were multiplied by a factor k to yield
those in population 2, and the results are graphed as a function of k. Upper panels show the results of a jump-up analysis; lower panels
show the results with Akaike information criterion (AIC).

and by the statistical power of the tests. The result corre-
sponding to the known differences in structure, leaving aside
power issues, is referred to as the ‘‘expected result.’’ Alter-
natively, knowing what differences exist in the causal struc-
ture of the two matrices, we can ask whether CPC reflects
the changes in this structure in an interpretable way. We refer
to this as the ‘‘biological’’ point of view. The discrepancy
between the expected and biological interpretations is the
major theme of our results.

Case 1: Differences in error variance

In these cases, we considered two populations that shared
an orthogonal causal structure to their trait covariances but
differed in their error or trait specific variances. Biologically,
this case could correspond to one in which population sam-
ples are analyzed at different times or by different observers
or in which trait-specific variances differed for genetic or

environmental reasons. In these cases we assumed a causal
structure with three factors, where two different traits load
on each factor, as shown in the F matrix in Table 1.

Case 1.1. Trait-specific variance of a single trait differs.
In this set of simulations, the trait-specific variance associated
with trait 1 in population 2 was k times as large as that in
population 1, where k was varied between 1 and 5. When
trait-specific variances are equal, the expectations of the ma-
trices compared are equal. As shown in Figure 1, the CPC
consistently returned equality in this case. However, when k
. 1, the expected result is no similarity, because the added
variance in one trait affects the directions of all the resulting
eigenvectors. Biologically, we might hope to find a method
that ignores the trait-specific differences and recognizes the
common structure of the two datasets. Alternatively, we
might hope that the added variance would affect only one
vector and still allow the recognition of shared structure. As
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expected from statistical reasoning, CPC tended to return a
result of no similarity when the difference in error variance
was large, rather than limiting the differences to a few vec-
tors, as the naive biological expectation suggests. The jump-
up approach appears to have higher power to detect the ex-
pected outcome. Note that at intermediate k values CPC tend-
ed to return CPC(all) and only rarely returned intermediate-
level CPC models. This is a common result. When the
statistically expected result was no similarity, but the dif-
ferences between the populations were subtle, the outcome
was often CPC(all). With larger differences, CPC jumped to
the expected result of no similarity.

Case 1.2. Error variance associated with all traits. In this
set of simulations, the trait-specific variance for all traits in
population 2 was multiplied by a factor k between 1 and 3.
When k . 1, the expected result becomes CPC(all), as ei-
genvalues but not eigenvectors are affected. Both AIC and
jump-up methods returned CPC(all) with high probability
when k was large, but AIC appeared to have greater power
when k was modest. In this case, biological and expected
statistical outcomes coincided.

Case 2: Changes of factor variance

In these cases, we assumed the same three causal factors
acted in each population, but the variance associated with the
first factor (the factor with the most variance) differed be-
tween the two populations by a factor k. Differences in causal
variances arise if the populations differ in genetic or envi-
ronmental variance of factors, or if one population is more
canalized than another.

Case 2.1. Orthogonal factors. If causal factors are or-
thogonal, changing the variance of a factor leaves the prin-
cipal component orientation unchanged, and the expected re-
sult is therefore CPC(all). Both jump-up and AIC converged
on the expected result as the differences between the popu-
lations increased, but AIC converged faster. The factor k must
be fairly large for the CPC method to report the expected
answer at an appreciable rate. In this case, the naive biological
interpretation of the CPC result is correct. Examination of
the eigenvalues associated with each component correctly
revealed the source of the departure from matrix equality.

Case 2.2. Nonorthogonal factors. When factors are not
orthogonal and factor variances differ, the expected statistical
result is no similarity. The jump-up test converged on the
expected result much faster than AIC as k was increased, but
when k was modest, CPC(all) was the most common result.
From the biological perspective, these outcomes are disap-
pointing. The factor structures of the populations were iden-
tical, so the CPC result of no similarity did not match bio-
logical reality. The result CPC(all) appears to match biolog-
ical reality, but this agreement with biological interpretation
is fortuitous. The CPC(all) result was returned only because
of a lack of statistical power.

Case 3: Different factor orientation

In these cases, the two populations differed in the orien-
tation of one of the two factors. Biologically, this difference
might correspond to changes in the regulation of develop-
mental pathways involved in trait construction.

Case 3.1. Orthogonal factors. In this case, the factors
were always orthogonal within populations, but the orien-
tation of factor 2 in population 2 was rotated between 08 and
908 relative to factor 2 in population 1. Vectors at these two
extreme angles are shown in Table 1; between 08 and 908
traits 3 to 6 all load on factor 2, with the additional constraint
that traits 3 and 4 and traits 5 and 6 always have identical
loadings. For example, we used [0, 0, 0.866, 0.866, 0.5, 0.5]T

as factor 2 in population 2 (the second column of the F2

matrix) to generate an angle of 308 relative to factor 2 in
population 1. The expected result changes from equality when
the factors are equal, to PCPC(1) when they are not. CPC is
extremely sensitive to small changes in angle and readily
returns the expected result. As in case 2.1, the naive biolog-
ical interpretation is correct when factors within populations
are orthogonal. Jump-up performed better than AIC in this
case.

Case 3.2. Nonorthogonal factors. In this case, the factor
structure in population 1 was orthogonal, whereas factor 2
in population 2 was rotated from 908 (orthogonal to factor
1) to 08 (identical to factor 1) relative to factor 1 in an anal-
ogous manner to the rotation in case 3.1. At 908 the expected
result is equality, at 08 the expected result is CPC(all). At
intermediate angles, however, the expected result is no sim-
ilarity. The no-similarity result was returned with low fre-
quency by the jump-up approach between 208 and 808, and
was essentially never returned by the AIC approach. Above
608, most of the results were equality, and below 408, most
were CPC(all). This case is problematic for the CPC method.
The expected result was only returned at a low rate, even for
intermediate angles, where the differences would be easiest
to identify. Biologically, these two populations had a single
factor in common, and the statistically expected result was
clearly in conflict with this. With the sample sizes considered
here, CPC tended to miss the differences between populations
altogether.

Case 3.3. Different orientation of the first factor. In this
case, factors in both populations were orthogonal, but the
populations differed in factor 1. This case was therefore sim-
ilar to case 3.1, except that in this case it was the primary
factor that differed between the two populations. Clearly, the
statistically and biologically expected result was PCPC(1),
but the similarity was in the vector with the second largest
eigenvalue.

Without reordering, both jump-up and AIC tended to return
no similarity, and even when PCPC(1) resulted, the eigen-
vector found to be in common did not correspond to the
shared factor; it actually represented a composite of the dif-
ferent first factors in the two populations. When the reor-
dering option was used, however, both methods recovered
the expected result PCPC(1) at a rate greater than 90% for
sample sizes of 50 or 300 (results not shown).

Case 3.4. All factors are different. In this case, we con-
structed an example in which the causal factors differ between
the two populations, but the covariance matrices they gen-
erated were equal. The CPC method returned the expected
statistical result of equality for these two populations at a
rate greater than 95% by the jump-up method (results not
shown). This case illustrates that, even when PCs are found
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to be in common, they may not correspond to common bi-
ological factors.

Case 4: Overdetermined system

In our last two cases, we assumed there are at least as many
factors as traits. A large number of genetic loci are capable
of influencing phenotypes, and each may have a unique pat-
tern of effects. Systems with more causal factors than char-
acters may therefore be biologically realistic.

Case 4.1. Factors affect most traits. One interpretation of
the size factor often found in morphological datasets is that
many aspects of variation affect the overall growth of or-
ganisms, although each causal factor does so in a slightly
different way. To model this situation, we assumed that each
population was affected by six factors, each affecting all but
one of the six traits. In population 2, the variance in factor
1 was multiplied by k between 1 and 4. When k . 1, the
expected result is no similarity, and the jump-up method
correctly returned this answer when k was large. However,
from a biological point of view, we would like to know that
these populations share a considerable number of causal fac-
tors. The CPC method seems particularly unlikely to indicate
shared causal structure when factors overlap a great deal.
When the difference in variance was not great, AIC tended
to return CPC(all), which can be interpreted as shared factor
structure, the correct biological interpretation, although again
only because of lack of statistical power, as in case 2.2.

Case 4.2. One population has an extra factor. In this case,
population 1 had six factors, and each affected only one trait.
Population 2 had these same six factors, plus a seventh factor
that affected traits 3 and 4. With no reordering, both jump-
up and AIC converged on the expected result PCPC(2) as
sample size increased (not shown), although for smaller sam-
ple sizes, CPC(all) is the most frequent finding. Factor 7 in
population 2 obscured identification of further similarity be-
yond PCPC(2). The last panel in Figure 1 shows the results
when manual reordering was used to solve this problem. With
reordering, CPC converged on the expected result of PCPC(4)
as sample size increased.

DISCUSSION

The CPC method is an unquestioned advance over previous
methods of covariance matrix comparison. Under the as-
sumption of multivariate normality, it allows a simple test
for matrix equality, proportionality, or common structure. It
also allows matrix structure to be decomposed and inter-
mediate levels of similarity to be assessed. Our results sug-
gest, however, that these intermediate levels of similarity are
unlikely to have a useful biological interpretation. We discuss
the implications of our results first for the general use of the
method then for biological interpretation of the results.

General Use of Common Principal Components Analysis

Our results provide some useful general indications of the
behavior of the CPC method. Even under the ideal conditions
of our simulations, the power of CPC tests is limited. Large
sample sizes were necessary for CPC to return the expected
principal components model at an appreciable rate. For ex-

ample, in case 4.2, even though the expected statistical result
is PCPC(4), CPC returns a considerable number of results as
CPC(all) or less difference when sample sizes are less than
700. These results suggest that differences between covari-
ance matrices are difficult to interpret. For example, Arnold
and Phillips (1999) found that comparisons of P matrices
(using individual estimates) between sexes and between two
populations resulted in PCPC(2)–PCPC(4), depending on the
comparison. Comparisons of covariance-component-based G
matrices returned CPC(all). This difference may simply fol-
low from the higher sampling variance of G matrices than
of P matrices. Examination of confidence limits on eigen-
values and eigenvectors (e.g., Airoldi and Flury 1988) would
be helpful in interpreting failures to reject particular null
hypotheses.

The Flury hierarchy specifies a restricted set of hypotheses
to test, thus simplifying the CPC analysis. The disadvantage
of this simplification is that a finding of unrelated matrices
means only that the lowest-level model tested can be rejected,
not that all models of similarity have been rejected. Differ-
ences in vectors associated with large eigenvalues often pre-
vent recognition of shared structure lower in the hierarchy,
as shown in cases 3.3 and 4.2. Manual reordering can help
to reveal shared vectors lower in the hierarchy. Cases in
which manual reordering is helpful can be identified from a
search for similar eigenvectors in the full CPC model and
the PCA analyses on each population. However, reordering
may not prove to be helpful in more realistic cases with
nonorthogonal, overlapping causal factors. In general, a
change in any one causal vector can alter all of the resulting
eigenvectors detected by PCA, as shown in many of our
simulations. The cases we used to demonstrate reordering
were both structured to prevent this problem.

These simulations also indicate differences in outcome be-
tween the jump-up and AIC methods for determining the
proper level in the Flury hierarchy. When covariance struc-
tures are equal, the jump-up approach returns a greater pro-
portion of matrix equality than AIC. When the expected
large-sample statistical result is no similarity, but the dif-
ferences are fairly subtle, jump-up also returns a higher pro-
portion of expected results than AIC. However, when the
expected statistical result is an intermediate level of shared
structure, such as CPC(all) or a partial CPC model, AIC
returns a greater proportion of expected results. These dif-
ferences in performance disappear as sample sizes and power
become large, but for the sample sizes likely to be employed
in biological studies, this result should be of some concern.

When two matrices with equal expectations were compared
in our simulations, the jump-up method usually rejected
equality at a rate closer to 10% than the desired 5%. This
result is expected because the jump-up approach requires that
a large number of null hypotheses must be accepted to reach
the highest levels of similarity. A more conservative P-value
could be chosen to compensate for this.

Biological Interpretation of Common Principal
Components Results

CPC analysis is based on PCA and therefore shares its
advantages and disadvantages. CPC was originally proposed
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as a method for summarizing the variation in two or more
matrices simultaneously (e.g., Airoldi and Flury 1988; Klin-
genberg et al. 1996). We see no problems in its use in this
context.

However, some evolutionary biologists are turning to CPC
with the more complex goal of diagnosing and understanding
the nature of the changes that underlie a difference between
covariance matrices. For example, Phillips and Arnold (1999,
p. 1507) note that the ‘‘structure of G . . . may reflect the
underlying pattern of developmental interactions and asso-
ciations’’ and present the CPC method as a tool for inves-
tigating such structure. As discussed above, we expect that
the actual causes of covariance structure in real populations
are not likely to correspond to the notions of structure em-
bodied in PCA or CPC analysis. Conversely, different causal
relationships may result in the appearance of similarity, as
in case 3.4. It is clear, therefore, that no simple relationship
exists between the level of relationship found in a CPC anal-
ysis and other conceptions of matrix similarity. CPC tends
to spread any differences over many of the vectors it extracts
and often over all of them.

When testing for differences among covariance patterns
between populations, we would like the results to reflect our
notions of the causes of covariance structure. For example,
we might expect that a difference between two populations
in the nature of one causal factor would result in the detection
of one vector as different between populations. We might
expect that if there are only quantitative changes in the
amount of variation contributed by each causal factor, that
the resulting matrices would still retain the same set of com-
ponent vectors, resulting in a CPC(all) result. Finally, we
might expect that uncorrelated differences in any one trait
would not affect the overall pattern of vectors uncovered in
the analysis. The chief value of the simulations reported here
is to disabuse biologists of these simple expectations. Neither
the CPC nor the departures from a CPC model seem likely
to be informative. Inferences from CPC about biological cau-
sation are likely to be wrong.

If our conception of the cause of matrix structure is so
alien to that of CPC, is there an alternative notion of causation
that is more appropriate to use? We do not know of any. We
can readily conceive of models for covariance structures that
are more complex—for example, those with nonlinear rela-
tionships between causes and effects or in which different
causal factors interact—but we do not believe that causal
factors have orthogonal effects on the phenotype. Thus, the
notion of causation that we believe to be biologically rea-
sonable is, a priori, inconsistent with the procedure of CPC.

When causal factors are not orthogonal, single changes in
the causal structure of covariation often lead to a diagnosis
that two matrices are completely dissimilar. This tendency
is increased by the default inclusion of the first eigenvector
in all hypotheses tested with the Flury hierarchy. Thus, a
difference in the first eigenvector of two matrices will cause
a finding of unrelated matrices, regardless of any other sim-
ilarities between them. The performance of the CPC method
in recent studies is consistent with the presence of such ef-
fects. For example, Steppan’s (1997a) CPC analysis found
that populations within the same subspecies sometimes had
very similar covariance matrices (CPC[all]), although in oth-

er cases they showed no similarity. CPC comparisons among
species usually resulted in a finding of no similarity. In con-
trast, matrix correlations at these two levels are extremely
high, ranging from an average of 0.96 among different pop-
ulations within the same subspecies to 0.93 among species
groups. Steppan’s (1997a) CPC results are thus consistent
with simulations showing that relatively restricted changes
in causal structure can result in a finding of no similarity.
Another interpretation of these results is that power is only
sufficient to detect differences in the first few eigenvectors,
so effectively no tests are being made of the intermediate
hypotheses.

The model of covariance matrix structure that we have
adopted here is formally equivalent to that of factor analysis,
suggesting that factor analysis may be more suitable for bi-
ologically interpretable matrix comparisons. Usually factor
analysis is carried out with no a priori constraints on the
nature of the vectors that underlie the data, in which case the
analysis is called ‘‘exploratory factor analysis.’’ A few evo-
lutionary biologists have used ad hoc exploratory factor anal-
ysis to compare covariance matrices (Gale and Eaves 1972;
Arnold 1981; Goodin and Johnson 1992; Paulsen and Nijhout
1993). Unfortunately, exploratory factor analysis assumes
that the covariance matrix can be summarized by a small
number of factors, much less than the number of traits, and
that each cause only affects a subset of traits. Both of these
simplifying assumptions are likely to be wrong.

Confirmatory factor analysis, in which hypotheses about
the nature of covariance structure are formulated prior to
analysis, is more promising. Confirmatory analyses have been
applied to two morphometric datasets (Zelditch 1988; Zeld-
itch and Carmichael 1989) to test simple models concerning
the nature of development. A factor-analytic analog of CPC
analysis has been outlined by statisticians (Jöreskog 1971;
Tisak and Meredith 1989) but has not to our knowledge been
used for biological analyses. More generally, structural equa-
tion modeling, which includes confirmatory factor analysis
as a special case, can be used to accommodate a wider variety
of prior information and certain kinds of interactions between
causal factors (Kline 1998). Development and experimental
verification of causal models for covariance structure, cou-
pled with these modeling techniques, may prove a fruitful
approach to matrix comparisons in the future.
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