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Abstract: PARAFACZ is a method for analyzing three-way data consisting of symmetric frontal 
slices. Three-way DEDICOM can be considered a generalization of PARAFACZ in that it fits 
essentially the same model to three-way data consisting of square frontal slices that may be 
asymmetric. In the present paper, an alternating least squares algorithm is developed for 
three-way DEDICOM, and an algorithm for PARAFACZ is derived from it. The performance of 
the algorithms is studied for some empirical and synthetical data sets. 

Keywords: Three-way data; Longitudinal; Factor analysis. 

PARAFAC is an interesting generalization of principal components analysis 
for the situation that the same variables have been observed on the same 
observation units a number of times (Harshman, 1970; Harshman and Lundy, 
1984). One of the main features of the PARAFAC method is that it gives 
dimensions that (under mild conditions) are unique up to scaling and permuta- 
tion. The standard PARAFAC method (also denoted as PARAFACl) cannot be 
used for cross-sectional data. That is, PARAFACl cannot be used for analyzing 
data that have been observed on different samples of observation units. For an 
exploratory analysis of such cross-sectional data, taking into account that the 
same variables have been observed, Harshman (1972; see also Carroll and Wish, 
1974, p. 94-96; Harshman and Lundy, 1984, p. 187) proposed to fit the 
PARAFAC2 model to the covariance matrices obtained in the different sam- 
ples. If C, denotes the (m x m) covariance matrix at occasion k, then the 
PARAFAC2 model can be described as 

C,=AD,HD,A’+E,, (1) 

k = l,... , K, where A denotes an m X Y matrix of ‘loadings’ for the m variables 
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on a set of Y ‘latent factors’, D, denotes an r x Y diagonal matrix containing 
‘saliences’ for the different dimensions, H denotes a symmetric (and usually 
positive semi-definite) matrix with relations between the factors, and E, is a 
matrix with error terms. For details on the interpretation of the various 
parameter sets the reader is referred to Harshman (1972), Carroll and Wish 
(1974, p. 94-961, Dunn and Harshman (1982), or Kroonenberg (1983), among 
others. 

The PARAFAC2 model was proposed as an alternative for the PARAFACI 
model. As mentioned, the latter model is (under mild conditions) unique. 
Harshman (1972, p. 36) has found in analyses of synthetic data that PARAFAC2 
has “unique solutions, if the number of factors extracted is not greater than the 
number ‘actually in the data’ (used to create the synthetic data), and if there are 
a sufficient number of independent C, matrices” (Harshman, 1972, p. 36). 
Carroll and Wish (1974, p. 95-96) give some further results regarding unique- 
ness of the PARAFAC2 solution, among which the statement that dimensions 
are not unique in case K = 2. Neither of these have given sufficient conditions 
for uniqueness of the PARAFAC2 solution, but current research by Harshman 
and Lundy (in preparation1 will probably fill this gap. 

The PARAFAC2 model is 
squares sense by minimizing 

fitted to a set of covariance matrices in the least 

(~~(4, H, D ,,..., DK) = 5 /lC,, -AD,HD,A’Il’. 
h-l 

(2) 

Harshman ( 1972, p. 40-41) briefly sketches an algorithm by Jennrich for 
minimizing this function. Carroll and Wish (1974, p. 95) mention that “it takes 
into account asymmetries in data and solutions in ways that may not be 
optimal”, and that Carroll and Chang have developed an algorithm that seems 
to have some advantage over Jennrich’s method. The status of these algorithms 
is unclear, and apparently a PARAFAC2 algorithm with good convergence 
properties has not yet been developed. One purpose of the present paper is to 
fill this gap, and propose an algorithm for minimizing (2) that converges 
monotonically to a stable function value. 

As noted by Harshman and Lundy (1984), if the PARAFAC2 model is 
applied to a set of square matrices describing asymmetric relationships among rz 
things (e.g., confusion data, or transition data), then we obtain the three-way 
DEDICOM model proposed by Harshman (1978; see also Harshman, Green, 
Wind and Lundy, 1982). That is, the three-way DEDICOM model (DEDICOM3) 
can be written as 

X, =AD,RD,A’i- E,, (3) 

k = l,..., K, where A is an m x Y matrix of coordinates of objects (persons, 
stimuli) on basic aspects (‘factors’), R is a matrix with asymmetric relations 
between the factors, and the diagonal matrices D,, . . . , D, contain weights for 
the ‘factors’ to allow for different saliences of factors at different occasions. 
Clearly, the only difference between (1) and (3) is that H (in (1)) is symmetric, 
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or even p.s.d., whereas R (in (3)) can be any square (generally asymmetric) 
matrix. In fact, PARAFAC2 can be considered a constrained variant of DEDI- 
COM3. 

In order to fit the DEDICOM3 model we have to minimize the function 

&I, R, Dl,..., DK) = ; 11 X, -AD,RD,A’ I1 2. (4) 
k=l 

To the author’s knowledge, an algorithm for this method is not available yet. 
The main purpose of the present paper is to propose an algorithm for minimiz- 
ing (4). An algorithm for PARAFAC:! will later be derived by adjusting the 
DEDICOM3 algorithm. 

An alternating least squares algorithm for DEDICOM3 

The DEDICOM3 function cr2 has to be minimized over the three parameter 
sets A, R, and {O,, . . . , DK). It is proposed here to decrease (T* alternatingly 
over A while R and D1,..., D, are fixed, over R while A and D,, . . . , D, are 
fixed, and over D,, . . . , D, while A and R are fixed. In this way, (To decreases 
monotonically, and because (TV is bounded below, this procedure will converge 
to a stable function value of (TV. We will now discuss how (T* is decreased over 
the three different parameter sets. 

Updating A 

The most straightforward way to decrease (TV over A would be to minimize it 
over A (while R and D,,..., D, are considered fixed). However, there does not 
seem to be a closed from solution for this minimization problem. In the context 
of a related problem, Kiers (1989) proposed to minimize his function over A 
columnwise. A similar approach is taken here. That is, writing u2 in terms of the 
columns a,, . . . , a,. of A, we find 

q(A)= 5 )1X,-AD,RD,A’))’ 
k=l 

= F II X, II2 - 2 f tr A’X,AD,R’D, 
k=l k=l 

+ 5 tr A’AD,RD, A’AD,R’D, 
k=l 

= fi: iI xk 11 2 - 2 ; i i: abXka,dk,rp,dk,, 

k=l k=l p=l q=l 

K r r r r 

+ c c c c c abaydk,r,,dk,a~~,d,,r,,dk,, 
k=l p=l q=l s=l t=l 

(5) 
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where dkp denotes the pth diagonal element of D,, and I-~,, denotes the 
element (g, h) of R. Expression (5) can be simplified by constraining the colums 
of A to have unit length. This constraint can be imposed without loss of 
generality, because any scaling of the columns of A can be compensated for by 
an inverse scaling of the matrices D,. Using this constraint, and isolating one 
column of A, say a,, we can write p2 as a function of this single column as 

a,(~,) = c + a;Ca, - 2z’a,, 

where the matrix C and the vector z are defined as 

(6) 

C = 2 k 
‘i 

h id,,,d,,di,(r,,sr,,, + r,,r,\.,,)a,a: - d,‘,r,, X, (7) 
x= I p+l .\#I 

and 

z = F i d&,, (r,$$ + r,,,&)a,, 
i 

- d&i-&-,,, + r&,, 
k=l pzi 

- i i dx.qdx,k,.,r,,, + r,qr,,Ja;,aqa, 3 I q’l \#I 
(8) 

as derived in the Appendix. The matrix C is generally asymmetric. However, C’ 
can be replaced by the symmetric matrix S = i<C + C’), without affecting the 
function value. Hence minimizing V, over a, reduces to minimizing the function 

f( a,) = a;sa, - 2z’a, (9) 

over a,, subject to a;a, = 1. The solution for a similar type of problem has been 
given by Ten Berge and Nevels (1977). In their problem S is a diagonal matrix. 
Our problem can be transformed into a special case of their problem by 
substituting the eigendecomposition S = UDU’ for S (where D has elements in 
weakly descending order, and U is an orthonormal matrix). If we define 
6, = U’a,, and x = U’z, then it is readily verified that 

.f’(a,) =,+J =&Da, - 2x5,. (10) 

It follows that minimizing f over a, subject to a;a, = 1 is equivalent to 
minimizing g over &, subject to a;a, = 1. Ten Berge and Nevels (1977) have 
described a procedure for obtaining the global minimum of g. Having found the 
a, that minimizes g, the a, that minimizes f can be derived as a, = Uti,. 
Minimizing .f’, and hence uZ over each of the colums of A successively, we 
decrease uz monotonically (or at least, we do ‘not increase’ ul, which for 
convenience will be denoted as ‘decrease’ in the sequel). Hence one complete 
cycle of updating all colums of A decreases D-?. 

Updating R 

The next problem is that of decreasing u2 over R while A, and D,, . . . , D, are 
fixed. For this problem there is a closed form solution for R that minimizes (7:. 
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This solution is closely related to the one obtained by Kiers and Ten Berge 
(1989) for a similar problem. That is, first the matrices X, and AD,RD, A’ in 
function (TV are strung out row-wise into column vectors. The resulting vectors 
are denoted as Vec(X,> and Vec(AD,RD, A’). Next, Vec( AD,RD, A’) is 
further elaborated as Vec( AD, RD, A’) = (AD, @ AD,)Vec(R), where @ de- 
notes the Kronecker-product (see Henderson and Searle, 1981; Kiers and Ten 
Berge, 1989). Finally, stacking all vectorized matrices below each other we find 

/ w Xl) 
a,(R)= : 

\V4XK) 

’ wx, > 
zz 

\ WXK > 

I (AD, @AD,) Vet(R) 

- 
I 

\ (AD,@AD,) Vet(R) I 

2 

(AD, @AD,) 
\ 

- ((AD, LOAD,) J Vet(R) ’ 

2 

(11) 

Clearly, minimizing (11) over Vet(R) is a multiple regression problem. Hence 
the solution for Vec( R) is 

Vet(R) = t (D,A’AD,) 8 (D,A’AD,) 
-’ K 

c (D,A’CoDD,A’) Vec(Xk) 
k=l k=l 

= 5 (D,A’AD,) @ (D,A’AD,) 
-’ K 

c Vec(D,A'XkADk). 

k=l k=l 

(12) 

If <C,“= ,( D, A’AD,) 63 (D, A’AD,)) is singular, then the generalized Moore- 
Penrose inverse is taken instead of the regular inverse. The solution for R can 
be obtained from (12) by ‘unstacking’ Vec( R). Because this solution for R 
minimizes (TV over R, given A and D,, . . . , D,, it decreases u2. 

Updating D,, . . . , D, 

The final step in the algorithm is that of decreasing u2 by updating D,, . . . , D,, 
for given A and R. Again, the most straight-forward way would be to minimize 
u2 over D,,..., D,. In order to do so, it is useful to note that the problem 
consists of K independent minimization problems. That is, for each k we have 
to minimize a function of the form 

a,(D,) = 11 x, -AD&I, A’ 11 2. (13) 

Because a closed form solution for minimizing this function over D, is not 
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available, we propose the following elementwise procedure. Writing g3 in terms 
of the elements dk,, . . . , d,, of D, we find analogous to (5): 

a3(Dk) = II Xk II 2 - 2 i i dkpdkqrpqaJ,Xkaq 
p=l q=l 

+CCCCdddd kp kq ks krry.&~a;a,a:~a,. 
p=l q=l s=l t=1 

(14) 

Writing (TV as a function of just one element of D,, say dkl, and writing f for 
the terms independent of dk,, we find, in a similar way as in deriving (6) 

a,(d,,) = ad:, + bdi, + cd:, + ed,, +f, (15) 

where 

a 5 r,:, (16) 

b = 2 c dkprI,( rp, + rlp)a+,, 
P#l 

(17) 

b i dkpdkq(( r,,fyl + rI,,r&J,a, + 2(r~,~ + hr&+w&aJ 
p+l qzl 

- 2r,,a;X,a, (18) 

and 

(19) 

To determine the minimum of the fourth degree polynomial (15) in dkl, we have 
to solve the normal equation 

4adi, + 3bdi, + 2cd,, + e = 0. (20) 

This equation has three roots in general (of which at least one is real). These 
can be determined by standard procedures (e.g., Abramowitz and Stegun, 1964, 
p. 17). The minimum of u3 is attained for that root that gives the smallest 
function value. This procedure for updating d,, can be used to update all 
elements of D,, which will decrease the overall function u2 monotonically. In 
this way each matrix D, can be updated. 

Setting up the complete algorithm, 

Alternating the above described three procedures for updating A, R, and 

D,, . . . , D,, we can decrease function cr2 monotonically. This iterative proce- 
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dure can be considered an ALS algorithm because it alternates between least 
squares updates for the columns of A, for the matrix R and for the elements of 

D,,..., D,. Because u2 is bounded from below, this algorithm will converge to a 
stable function value. 

Some of the parameter sets in the algorithm have to be initialized before the 
iterative procedure can start. It is suggested here to initialize the matrices D, as 
D,=I,, k=l,..., K, and to initialize A as the matrix containing the r domi- 
nant eigenvectors of C,<X, +X,‘>. This intialization will be called the ‘default 
start’ henceforth. 

The complete algorithm can be summarized as follows: 

Step 1. 
la. Initialize A, and D,, . . . , D,; 
lb. Compute starting values for R according to (12); 
lc. Evaluate (TV for these starting values. 

Step 2. 
2a. For I= 1,. . . , r, update column a, of A by 

1. Computing C and z according to (7) and (81, respectively, and comput- 
ing the eigendecomposition of S = i<C + C’) = UDU ‘; 

2. Minimizing g(a,) according to the procedure by Ten Berge and Nevels 
(1977) and deriving the solution of a, as a, = UZ,; 

3. Replace a, by its update. 
2b. For k = 1,. . . , K, I = 1,. . . , r, update d,, by 

1. Identifying the coefficients a, b, c and e ((16)-(19)); 
2. Finding the roots of the normal equation (20); 
3. Choosing the root that gives the smallest value of u2 as the update for 

a! ; 
4. R:place d,, by its update. 

2c. Update R according to (12). 
2d. Evaluate the function value of (T*. 
If (afid - a?“‘) > ~(~20’~ and aTew > E * C,trX,‘X,, for small values E and E * 
(determined by the user), then repeat Step 2. 

An alternating least squares algorithm for PARAF’AC2 

As has been mentioned above, PARAFAC2 can be seen as a variant of 
DEDICOM3 in which H is constrained to be symmetric or even p.s.d. If H is 
merely constrained to be symmetric, then one may use the DEDICOM3 algo- 
rithm because if X, is symmetric, then the solution for R will be symmetric too. 
This can be proven as follows. It has been shown above that the minimum of u2 
over R given A and D,, . . . , D, is attained for 

Vet(R) = E (D,A’AD,) 8 (D,A’AD,) 
-’ K 

c Vec(D,A’X,AD,). 
k=l k=l 

(12) 
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By a slightly different derivation for the (unique) minimizing 
transposing left and right hand terms in (TV, we find 

1 K \--I R 

R, that is after first 

Vec(R’) = c (D,A%D,) @ (D,A’AD,) C Vec( D,A’X,‘AD,). 
k=l k- I 

(21) 

Clearly, when X, is symmetric, the right hand sides of (12) and (21) coincide, 
hence Vec( R) = Vec( R’), or equivalently, R is symmetric. 

Although the texts that introduce PARAFAC2 do not explicitate that H 
should be p.s.d., both the fact that H is seen as a matrix with cosines of angles 
between the factors and that it is derived as TT’ where T is a certain oblique 
transformation matrix (Harshman, 1972, p. 36; Carroll and Wish, 1974, p. 9.5) 
suggest that H should be p.s.d. For that reason, we have adjusted the DEDI- 
COM3 algorithm such that it handles the constraint that R (denoted as H now) 
be p.s.d. For that purpose, we only need to develop a procedure for updating H 
subject to the constraint that H be p.s.d. The procedures for updating A, and 

D,,..., D, do not need to be adjusted, but will be simplified slightly by using 
the symmetry of R. 

To find an update for H subject to the constraint that H be p.s.d. we first 
expand the function c, as 

a,(H)= t )IC,II’-2tr f D,A’C,AD, 
X=1 i k=l 

K 

+ c tr D,A’AD, HD,A’AD, H. 
X=l 

(22) 

This function can be recognized as a member of the general class of matrix 
functions for which Kiers (1990) has given a minimization procedure. His 
procedure can be used to minimize 

f(H)=tr kH+ 2 trj,Hc,H’, 
r:=l 

(23) 

for given matrices k, Bk, 6,, k = 1,. . . , K, over H subject to a variety of 
constraints. Basically, his procedure comes down to an iterative procedure that 
monotonically decreases f( HI by updating H as the matrix that minimizes 
(I F + H” - H 11 2, where 

(24) 

with a,_chosen such that ak is at least as large as the largest eigenvalue of 
(+B, @ C, + iL?L 8 CL>, and H” denotes the previous value of H (Kiers, 1990, 
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pp. 420-421). For the present case, A’ = -2C,D,A’C,AD,, and tik = c’, = 
D, A’AD,, hence ak can be taken as A;( D,A’AD,), where hk( 0) denotes the 
largest eigenvalue of the matrix between parentheses, and 

f A2,(DkA’ADk) 

-1 

k=l 

I K K \ 

X kFI D, AT, AD, - c D, A’AD, HOD, A’AD, (25) 
k=l 

Although Kiers has not worked out the case where H is constrained to be 
p.s.d., he mentions (p. 428) that constraints other than the ones explicitly 
worked out can be imposed easily by updating H by the H that minimizes 
)IF+H’-HII subject to the constraint at hand. Hence, in the present case, 

we have to minimize II F + Ho - H 1) 2 subject to the constraint that H be p.s.d. 
The solution for this problem has been given by Keller (1962). That is, let 
(F + Ho> = KAK’ be an eigendecomposition, let q be the number of positive 
eigenvalues, let A4 be the q X q diagonal matrix containing these positive 
eigenvalues, and let K, (r x q) be the columnwise orthonormal matrix contain- 
ing the corresponding eigenvectors. Then G = K,A,Ki minimizes )I F + Ho - 
H II 2. Hence by updating H as fi, the function f(H) and hence the function c, 
is decreased. 

If we combine the above procedure for updating H with the procedures for 
updating A and D1,..., D, in the DEDICOM3 algorithm, we have an algo- 
rithm that monotonically decreases the PARAFAC2 loss function (TV. The 
procedures for updating A and D,, . . . , D, can be simplified slightly by using 
the symmetry of xk (called C, in PARAFAC21, k = 1,. . . , K, and R (called H 
in PARAFAC2). That is, for the update of column a, of A, it remains to 
minimize function 

f(q) = a;su, - 2Z’UI, (9) 

where 

s = 2 t i i dkpdksd,2,(hlshp, + h,,hs,)u,u:. - d,2,h,,Ck Y 

k=l p#l s#l 
(26) 

and 

z = 2 5 2 dkpdk, 
k=l p#l 

- di,hllh,lu, - i i dkqdkshqshp,u;uqus * 
q+l S#l I 

(27) 

The update for the element d,, of D,, k = 1, , . . , K, 1 = 1,. . . , r is again 
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obtained from solving the normal equation (201, but now h, c, and e can be 
simplified as 

h = 4 i d,,,h,,h,,af,a,, (28) 
p #I 

c = 2 
i 

i: i dk~d,,jh,,h,,aba, + (hlph,, + h,,h,pJa;a,a;p) - H,,a;C,a, 
p # 1 q + I 

(29) 
and 

The complete PARAFAC2 algorithm consists of the updating of R as 
described at the beginning of this section (with key formula (2511, and updating 
A and D,,..., D, in essentially the same way as in the DEDICOM3 algorithm, 
but with the simplifications offered by (261 through (30) incorporated. 

Performance of the DEDICOM3 and PARAF’AC2 algorithms 

The DEDICOM3 algorithm has been programmed (in PASCAL) and subse- 
quently tested on a number of data that were constructed according to model 
(31, with zero error terms. For these data, we know that a perfect fit can be 
attained. We constructed 480 data sets by crossing the following characteristics 
of the data. First of all we chose m = 6 for the first 240 sets, and m = 10 for the 
next 240 sets. In both cases we took k = 3 for the first 120 sets, and k = 6 for 
the next 120 sets. All data sets were constructed according to (31, half of these 
were based on dimensionality Y = 2, half on Y = 3. Finally, in one third of the 
cases the matrix R used in the construction of the data was taken completely at 
random, in one third it was taken at random but symmetric, and in the final 
third it was constructed as a random p.s.d. matrix. This complicated design was 
used to ensure that a broad range of possible data sets was covered, and to be 
able to single out possible irregularities in any of the ‘cells’ of this design. In 
some pilot analyses we found that the procedure tended to converge rapidly at 
the beginning, yielding a function value which is relatively close to zero in a 
reasonable number of iterations, but then continues very slowly. Because of this, 
we aborted the iterative process after 100 iterations, even if the convergence 
criterion (E = E* = 0.0000001) was not yet met. Our main interest is in seeing if 
the DEDICOM3 algorithm approximates the perfect solution closely enough. 
Therefore, we checked in how many instances the solution gave a fit value 
(expressed as percentage of explained sum of squares) smaller than 99%. In the 
first three columns of Table 1, for each cell (pertaining to 20 analyses) the 
number of cases with a fit less than 99% within 100 iterations is reported (with 
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Table 1 
Number of cases (out of 20) where the fit is less than 99% (and less than 99.9% parenthesized), 
and average time per iteration 

m 

6 
6 
6 
6 

10 
10 
10 
10 

k r Completely Random Random Time per Random 
Random R Symmetric R p.s.d. R Iteration p.s.d. R 

(in sec.) PARAFAC2 

3 2 3(4) 0 (4) 0 (0) 0.9 0 (0) 
6 2 l(3) 1 (6) 0 (2) 1.5 0 (3) 
3 3 2(9) 1 (8) 0 (2) 2.4 0 (5) 
6 3 S(6) 6(14) 002) 4.2 106) 
3 2 l(3) 1 (1) 0 (01 2.7 0 (0) 
6 2 O(O) 3 (7) 0 (2) 4.4 0 (1) 
3 3 O(6) 3 (8) 0 (2) 6.7 0 (3) 
6 3 S(9) 303) 002) 11.5 007) 

in parentheses the number of cases with a fit less than 99.9%). In only 35 (out of 
480) cases the fit was less than 99% and in 32 of these the procedure had not yet 
converged. So only in the remaining three cases, where the fit was smaller than 
99% and the process had converged, we deal with cases where the algorithm 
converged to a local minimum. In these three cases the fit was 76.2%, 99.4%, 
and 98.2%, respectively. It seems safe to conclude that when started with our 
default starting procedure, the algorithm is not likely to converge to a local 
optimum. To make the chance of hitting local optima even smaller, one should 
use several other (random) starts in addition to the default one, and rerun the 
program. In order to get an idea of the time needed for such reanalyses, the 
fourth column gives the average computation time per iteration, for each of the 
data sizes. These computation times were found for a pc with 80386 processor 
(20 MHz) and 80387 coprocessor. 

The data constructed with R p.s.d. have also been analyzed by the 
PARAFAC2 algorithm (that is, DEDICOM3 with R constrained to be p.s.d.). 
The number of cases with a fit less than 99% within 100 iterations is reported in 
the fifth column of Table 1 (with the number of cases with a fit less than 99.9% 
parenthesized). It should be noted that for these data the DEDICOM3 algo- 
rithm always gave solutions with R p.s.d. (which comes to no surprise because 
the perfect solution with R p.s.d. was almost always recovered). The PARAFAC2 
algorithm converged only 9 times before the maximum of 100 iterations was 
reached, whereas the DEDICOM3 algorithm converged 16 times in less than 
100 iterations. Apparently, at least for the data at hand the DEDICOM3 
algorithm is more efficient, which can be explained by the fact that it updates R 
by minimizing the function over R, whereas the R update in the PARAFAC2 
algorithm merely decreases the function. 

For imperfect data the DEDICOM3 algorithm need not always give solutions 
with R p.s.d. To examine the behavior of DEDICOM3 in this respect, 160 data 
sets with random, but p.s.d. C,, k = 1,. . . , K, were made of the same orders as 
in the previous study. Among the 2- and 3-dimensional solutions R was p.s.d. 
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throughout. Our conjecture that the p.s.d.-ness of C,, . . . , C, is a sufficient 
condition for DEDICOM3 to give solutions with R p.s.d. was disproved by a 
data set consisting of six 3 x 3 matrices where a 3-dimensional solution was 
obtained. It seems that DEDICOM3 gives solutions with R indefinite only in 
cases where the dimensionality is high relative to the size of the data, a situation 
of limited practical relevance. Based on these results, a useful strategy seems to 
be to use the DEDICOM3 algorithm for PARAFAC2 as well, and use the 
PARAFAC2 algorithm only in cases where DEDICOM3 fails to give a proper 
solution (with R p.s.d.). 

From Table 1 it can be observed that the size of the data does not affect the 
number of inadequate solutions (with fit less than 99%) in a consistent way. The 
dimensionality of the data (~1 does seem to affect the number of inadequate 
solutions. For Y = 2 we found 11 and for Y = 3 we found 25 inadequate solutions 
(x’ = 6.93, p < 0.01). As far as the type of the data is concerned, it is interesting 
to note that the p.s.d. data gave no inadequate solution (out of 1601, whereas the 
other types of data gave 17 and 18 inadequate solutions, respectively. 

Apart from these analyses we analyzed three empirical data sets for which it 
was known that the different slabs had quite similar (two-dimensional) factor 
solutions. For a set with two 15 X 1.5 correlation matrices, the DEDICOM3 
algorithm converged (with E = E* = 0.0000001) in 5 iterations when the default 
start (as described in the algorithm section) was taken. The PARAFAC2 
algorithm converged in 7 iterations to the same function value, albeit with 
different values for the parameter matrices. This demonstrates the nonunique- 
ness of PARAFAC2 solutions for data with only two frontal slices. The same 
function value was obtained when two sets of different starting values were used 
by the PARAFAC2 algorithm, but it took more iterations to find the solution; a 
third start yielded a local minimum. 

The second data set consisted of four correlation matrices for 7 variables. We 
took Y = 2 in all analysis. When the default start was used, the DEDICOM3 
algorithm converged in 64 iterations to a local minimum (a, = 9.59). With a 
second start the algorithm yielded (TV = 9.21 (after 183 iterations). Four addi- 
tional random starts yielded values of uZ = 10.01 (aborted after 100 iterations), 
u2 = 9.34 (aborted after 100 iterations), u2 = 9.21 (converged in 30 iterations), 
and (TV = 9.22 (converged in 28 iterations), respectively. In the apparently 
globally minimal solution R was p.s.d., so the PARAFAC:! algorithm did not 
seem necessary here. The PARAFAC2 algorithm has yet been used for testing 
purposes, and we obtained the same local minimum when using the default start 
(after 63 iterations). Using the other starts again we found (T, = 9.21 (36 
iterations), (pi = 9.21 (36 iterations), (T, = 9.35 (88 iterations), and (T, = 9.22 (42 
iterations), respectively. For the present data set PARAFAC2 is more efficient 
than DEDICOM3. It is of interest to mention that the parameter matrices from 
the two solutions corresponding to (T, = 9.21 were equal up to admissible 
permutations and sign reflections, thus sustaining the conjecture of uniqueness 
of the PARAFAC2 solution. 

The third data set consisted of six covariance matrices for six variables. The 
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two-dimensional DEDICOM3 solution based on the default start consisted of a 
matrix R which is p.s.d. Five different random starts gave local minima (all 
quite close to the solution from the default start). The same six starts were used 
with the PARAFAC2 algorithm. The default start resulted in the same solution 
as found with DEDICOM3, both in terms of the function value, and in terms of 
the parameter matrices (sustaining the uniqueness conjecture again). The other 
starts produced results that were clearly better than the ones of DEDICOM3. 
More importantly, three of the five starts resulted in function values which were 
slightly smaller than the one obtained with the default start. Apparently, here 
again the PARAFAC2 algorithm outperformed the DEDICOM3 algorithm. 

Discussion 

The DEDICOM3 algorithm proposed here seems to work reasonably well in 
practice. The problems of local optima can be dealt with by using several 
restarts. Attempts have been made to overcome the slow convergence near the 
solution by using several acceleration procedures (Ramsay, 1975). These did not 
speed up the process considerably, and in some cases even overshot the solution 
in such a way that the minimization process had to start all over again, albeit 
from a different position. 

Harshman (1972, p. 38) has mentioned that it seems reasonable to constrain 
the diagonal matrices D,, . . . , D, to be nonnegative. Such a constraint can be 
implemented in our procedure as follows. Instead of updating each element of 
D, by that root of the normal equation (20) that gives the smallest function 
value, we update d,, by the positive root that gives the smallest function value, 
or by zero if d,, = 0 gives a function value which is yet smaller. This procedure 
has been programmed as well, and performed well in a few test analyses. 

Procedures for assessing the statistical stability of the results, or robustness of 
the method, for instance with respect to sensitivity to outliers, have not been 
studied here. For PARAFAC2, one may deal with these matters by jackknife 
procedures in which observation units are left out one at a time, or bootstrap 
procedures where samples (with replacement) are drawn from the original 
sample of observation units. For DEDICOM3, these procedures can also be 
used if the data in each slab are based on aggregates over observation units. If 
the data consists of judgements of K observers on II stimuli, then a reasonable 
way to assess stability of the results seems to perform a jackknife study by 
leaving out one observer at a time. 
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Appendix 

To derive expression (61, we first isolate all terms in (5) containing Q, (using 
a+, = 1): 

g2(a,) = t 11 Xk 11 2 - 2 f a;X,a,di,r,, - 2 f i aj,X,a,d,,r,,d,, 
k=l k=I k=l p+l 

- 2 5 i a;Xkaqdkqr,qdk, + ? dk4d + f i dk,d:,wp&,a, 
k=l qfl k==l k=l pzl 

k=l qfl 

f t i d,,d,“,rl,r,,aia, f f i dkrdi,rlrr,,aja, 
k=l szl k=l tzl 

+ f i k dkpdkqd~,rqlr~~a;aq + : i idk,dktd:,rlsr,,a:a, 
k=l p#l q+l k=l s#l t+l 

K r r 

+ C C C dk,dk,d~lrlsr,la~~l~ja, 
k= 1 pzl s#l 

+ f i i dkqdkrdi/rltrqia;aqab% 
k=l qzl t+l 

K r r 

+ C C C dkpdktdk21rllrptaba,a;at 
k=l p#l t#l 

+ : i i dkqdk.~d:lrllrq.sa;aqa:al 
k=l qfl szl 

+ 5 I? Ib ~dk,dkqdk,dk,r,,r,,aba,a:a, 
k= 1 pzi qfl s#l 

K r r I 

+CCCCdddd kp kq kt klrqlrpta~aqa;at 
k= 1 pfl qzl tzl 

k= 1 q#l szl til 

+ c c c c Ca;aqdkgrqsdksarardkrr~tdkp. 
k=l pzl qfl szl tzl 

(31) 
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By writing c for the sum of terms independent of a,, sorting and reindexing 
elements, and subsequently collecting terms, we can simplify (31) as 

u2(ul) = c - 2 t u;(d~,rl,Xk)a, - 2 5 i dkldk,rp,ahXka, 
k=l k=l pfl 

- 2 2 i dkldkprlpa&3, + 2 f i dkp&ll~,la;al 
k=l pfl k=l p#l 

+ 2 f k dkpditlrlpv~al + 24 f i 6 dkpdksdk21rlsrpla,a:al 
k=l p#l k=l p#l s#l 

+ 24 5 i i dkpdksd~lr,,rspapa~aI 
k=l p#l s#l 

+25kikd d dd kp kq ks klrqsrpla;aqa:al 
k=l p#l q#l s#l 

+2;kiid kp kq ks klr,qrlpa;aqa:al d dd 
k=l p#l qfl s+l 

= ’ + 2a; : 
( 

i 2 dkpdksdk2drlsrpl + rUrsp)apa~ - d,21r,lXk al 
k=l pflsfl 1 

K r 

- 2 c c dkpdkl a;(rplxk + ‘1~~;) - d&rll(r,l + rl,)a; 
k=l p#l ( 

r r 

- c c dkqdks(rqsrpl + r,qrlp)a;aqa: 
qz1 szl 

(32) 

which is (6) with (7) and (8) substituted for C and z, respectively. 
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