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1 .  I n t r o d u c t i o n  

We consider situations where individuals in a sample are divided a 
priori into a number of groups and the objective of the statistical analysis is 
to highlight differences between the groups. Suppose that the p variables 
X1 . . . . .  Xp are recorded for each of n individuals, and that the a priori divi- 
sion of these individuals is into g groups with ni individuals in the i-th group 

g 
(so that ~: ni = n). Write X r = ( X 1 , . . .  ,Xe), and let the p observations for 

i=l  
the j-th individual of the i-th group be contained in the vector 
xrij = (xijl ,xij2 . . . . .  xijp) where i = 1 . . . . .  g and j - 1 . . . . .  hi. 

The classical approach to the problem is via canonical variate analysis. 
The canonical variates Yk associated with the g groups of individuals are 
linear combinations of the original variates, i.e., Yk = a r X for k = 1 . . . . .  s 
where s = r a i n ( g - 1 , p ) .  The coefficient vector a~ = ( a k l , a / ~ 2  . . . . .  a k p )  is 
the eigenvector corresponding to the k-th largest eigenvalue ~,k of the equa- 
tion I B - ~, W I = 0 in which 

B _ m 
1 g 

g - 1  E ni (xi - x) (xi - x) r 
i=1 

is the between-groups covariance matrix and 
n~ 

w - ~ ~ g (xiy - ~i) (x~j- ~)r  
n - g  i=1j=1  

is the (pooled) within-groups covariance matrix. The vectors ~i and ~ denote 
the mean vectors in the i-th group and over the whole sample of individuals 
respectively. Thus the (~k, at) pairs satisfy the equation 01 - ~ k  W)ak = 0, 
and these pairs are ranked in descending order of the ~.k. The values of the 
canonical variates for each individual are known as the canonical variate 
scores for that individual. The canonical variate scores for the n individuals 
can be represented as a set of n points in s-dimensional Euclidean space (the 
canonical variate space), and the first r dimensions of this space provide the 
optimal r-dimensional configuration of sample points in which to highlight 
th.e differences between the groups. The group mean vector ~i transforms to 
Y~'= ~ i l  . . . .  ,Y/s) in the canonical variate space (where Y/k = atr xi for 
k = 1 . . . . .  s), and the squared Euclidean distance between Yi and yj in this 
space is equal to the Mahalanobis D 2 value (x l -  xj) r W "1 (x i -x j )  between 
the i-th and j-th groups in the original data space. We will assume throughout 
that n - g  __.p, so that W is positive-definite and symmetric hence non- 
singular. 
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A full development of the above ideas is given in most standard texts 
on multivariate analysis (e.g., Mardia, Kent and Bibby 1979; Krzanowski 
1988), and most statistical package computer implementations of the tech- 
nique (e.g., BMDP, SAS, GENSTAT, etc.) are based on solution of the gen- 
eralized eigensystem (B - 7~ W) a = 0. However, there are some alternative 
formulations which prove useful and which we exploit below. It has long 
been known that canonical variate analysis earl be viewed geometrically as a 
two-stage rotation. In the first stage the rotation is on the original variables, 
while in the second stage it is on the group means after transformation to the 
variables formed at the first stage. Campbell and Atchley (1981) set out the 
details of this approach. On the other hand, if the intermediate canonical 
variate coefficients ak are not of intrinsic interest but the main objective of the 
analysis is to obtain the plot of group means in the canonical variate space, 
then Gower (1966) shows that this objective can be met by a principal co- 
ordinate analysis (metric scaling) of the (g x g) matrix containing the 
Mahalanobis D2 values between every pair of groups. 

Whichever approach to between-group analysis is adopted, however, a 
number of assumptions must be satisfied for the analysis to be valid. The 
individuals in the i-th group are assumed to be a random sample from a popu- 
lation which has mean ~ti and dispersion matrix 12i (i = 1 . . . .  ,p). For some 
aspects of the analysis these populations must be normal, but this assumption 
will not concern us here and we will take it as true when necessary. What we 
focus on is the assumption that all population dispersion matrices are equal, 
i.e., f~i = 12 for all i. This assumption must be satisfied if the analysis is to 
make sense, as W is then an estimate of the common dispersion matrix 12. A 
preliminary test of the null hypothesis Ho : 12i = 12 for all i can be conducted 
using a likelihood-ratio test (see e.g., Krzanowski 1988, p.370), and if the 
result is not significant then a canonical variate analysis can be effected 
without qualms. If H0 is rejected, however, then computation of W involves 
a pooling of heterogeneous covariance matrices and the results of the subse- 
quent canonical variate analysis will not be reliable. Relatively little gui- 
dance is available in the literature for dealing with such circumstances. A 
computationally iterative generalization of canonical variate analysis to the 
case of heterogeneous covariance matrices has been given by Campbell 
(1984), while a graphical technique has recently been proposed by Young, 
Marco and Odell (1987). In both cases no assumptions are made about the 
structure of the f~i. 

In many cases where the null hypothesis of equality of dispersion 
matrices is rejected, there may nevertheless be some additional structure link- 
ing these matrices. Assuming them to be completely disparate will thus be 
unsatisfactory from a statistical point of view, as not only is potentially useful 
information ignored but also relatively few degrees of freedom are available 
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for estimation of each separate dispersion matrix. It is better to embody 
available information in a model, and thereby to improve precision of estima- 
tion. Recently, Flury (1988, Chapter 7) has outlined a hierarchical set of 
models for a collection of dispersion matrices and has studied one of these 
models, the common principal component model, in some depth. This model 
appears to be a good intermediate stage between the extremes of equal 
dispersion matrices or completely disparate dispersion matrices, and seems to 
be applicable in a range of practical situations. We briefly review the model 
in Section 2, and show its relevance for a particular set of data. Using this 
model we then generalize the two-stage canonical variate method in Section 
3, and provide a suitable distance measure between populations in Section 4. 
This distance function can be used as a basis for the metric scaling approach 
to between-group analysis. The two approaches are then compared in Section 
5 with each other and with the standard canonical variate analysis, for the 
previously introduced data. Apart from questions of parsimony and increased 
degrees of freedom for estimation, an attractive feature of the common princi- 
pal component model is that it leads to direct rather than iterative computa- 
tional techniques. 

2. The Common Principal Component Model 

Suppose that we reject the null hypothesis Ho: f l i  = f~ for all 
i = 1 . . . .  ,g when it is tested against the general alternative Ha : at least one 
I'~/differs from the rest. Flury (1988) argues that there may nevertheless be 
some similarity among all the f2i, which should be exploited in any subse- 
quent analysis. He proposes various possible models, the most generally 
applicable of which is the common principal component model. This model 
states that the tai share the same principal axes, but these axes may be of 
different sizes and rankings in the different populations. It is thus equivalent 
to the hypothesis that the ~i  are all diagonalizable by the same orthogonal 
matrix, i.e., He :Lr  f~i L = Di for i = 1, . . . .  g where L is a p  x p  orthogonal 
matrix and the ])/,are alldiagonal matrices. Note that H0 c Hc c Ha. 

Estimates L and Di for this model can be obtained using either max- 
imum likelihood (if normality of populations is assumed) or least squares (if 
no distributional assumptions are made); FORTRAN routines have been pro- 
vided for the former case by Flnry and Constantine (1985), with an amend- 
ment by Clarkson (1988a), and for the latter case by Clarkson (1988b). The 
advantage of the normality assumption, if it is appropriate, is that a 
likelihood-ratio test of the model is then possible. In fact it is possible to test 
any of the three hypotheses Ho, Hc and Ha against each other if normality can 
be assumed. Maximum likelihood estimates of the lai under each of these 
hypotheses are given by 
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and 

fit = L fit f r 
ni 

s t  = 1 E (xtj - ~t) (xij - ~ 0  r 
rti j = l  

(for H~) 

(for Ho) 

m g~ nl 
W = 1 E E (xtj - xt) (xtj - ~i)r (for H0) 

II i=1 j = l  

Appropriate L - R  test statistics and asymptotic null distributions are then as 
follows (Flury 1988, p.70; Krzanowski 1988, p.370): 

ForHo v .Ha 

g 
T1 =nloge IWl-~niloge ISil, 

i= I  

asymptotically Z 2 on ½p(p + 1)(g-  1)d.f. under Ho. 

ForHo v.H. 

g g 
T2 = ~ ni loge I h i l - ~ n i l o g e  I S i l ,  

i=l  i=l  

asymptotically %~ on ½p(p - 1)(g - 1) d.f. under He. 

ForH0 v.Hc 

g 

T 3 = n loge I W I - ~ ni loge I h i  I , 
i=1 

asymptotically X 2 onp(g - 1)d.f. under Ho. 

Thus T2 and T 3, and their associated degrees of freedom, are additive com- 
ponents of the test of Ho v. Ha. (An alternative decomposition of this test has 
been given by Manly and Rayner 1987.) 

To illustrate the usefulness of the common principal component model, 
consider the following set of data (kindly provided by Mr. B. Carroll of the 
British Council). One hundred and sixty Venezuelan students came to Britain 
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in 1975 to learn English, and were distributed among ten colleges in the 
North of England. The British Council was interested in determining whether 
there were differences in performances of these students between the different 
colleges. The students were given eentrally-administered English tests in 
November 1975 (on arrival), in February 1976 and in June 1976 (on depar- 
ture). Each test had six constituents: Comprehension, Essay, Cloze (exact), 
Cloze (acceptable), Structure and Dictation, each of which resulted in a score 
out of 25. Analysis of the November test results suggested that there were no 
systematic between-college differences and hence that random allocation of 
students to colleges had been successful. To investigate whether the colleges 
exhibited any differential teaching effects, therefore, canonical variate 
analysis of the June data was considered. Examination of plots and histo- 
grams of the data indicated that normality assumptions were reasonable, but 
in testing homogeneity of dispersions it was found that T1 = 255.97 on 189 
degrees of freedom. This value is significant at the 0-1% level (Pearson and 
Hartley 1966, p.137), indicating that the hypothesis of equal dispersion 
matrices had to be rejected and that standard canonical variate analysis was 
thus inappropriate. 

Consideration of the nature of the data, however, suggests that the com- 
mon principal component model might be reasonable in the present cir- 
cumstances. The difr~ulties encountered by Spanish-speaking students learn- 
ing English should be fairly universal, irrespective of college attended, and 
the major sources of variation among students should be similar from college 
to college. However, each college will have its own teaching strengths, 
weaknesses and emphases (for example, some colleges may stress formal 
grammar leaming while others may concentrate on aural aspects such as dic- 
tation or on creative skills such as essay writing). Variation in performance 
among students will tend to be reduced in those areas in which a college spe- 
cializes, at the expense of the other major sources of variation. Thus the 
dispersion matrices in each college would be expected to have the same prin- 
cipal axes, but the sizes and rankings of these axes might vary from college to 
college. A decomposition of the likelihood-ratio test statistic T1 in fact 
yielded the non-significant value T2 = 139.39 on 135 degrees of freedom and 
the significant (p < 0.001) value T 3 = 116.58 on 54 degrees of freedom. It 
was therefore concluded that the common principal model provides the best 
summary of this set of data. 

3. Generalization of Two-stage Canonical Variate Analysis 

Canonical variate analysis requires determination of the 
eigenvalue/eigenvector pairs Q-k, aD satisfying 0B - ~. W) a = 0. These 
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eigenvalues and eigenvectors can be obtained equivalently in the following 
stages (see Campbell and Atchley 1981). 

(i) Find the eigenvalues/eigenvectors (0tc,uk) of W. Write 
e = diag(01, . . . .  0t,) and U = (Ul u2, • . .  ,up) so that W = U O U r. 
Since W is assumed to be positive definite then 0k > 0 for all k and 
hence O -~ = diag(0i '~, . . .  ,0t, ). 

(ii) Transform the original data vectors xij to wij----0 - ~  UTxij for 
i = 1 . . . . .  g and j = 1 . . . . .  hi. Hence wi = e ' '~ u r x l  
(i = 1 . . . .  ,g) and w = O -'~ Urn.  Thus the (weighted) eovariance 
matrix of the wi is 

c = ni(W  - W)(Wi-  w)r = o -  u r B u o- 
g-I i=l 

(iii) Find the eigenvalues and eigenvectors of C. Then the eigenvalues 
are the required canonical roots ~1 . . . .  , ~  of the original data, and 
the eigenvectors el . . . . .  ep yield the canonical variate coefficients 
ak from ak - U O -'~ ek (k = 1 . . . . .  s). Canonical variate group 
means are just the principal component scores of the wi in this 
second-stage principal component analysis. 

There is a useful geometrical interpretation of the above algebraic 
steps. The original data form g groups of points in the p-dimensional space in 
which the original variates X1 . . . .  ,Xt, are the reference axes. Stage (i) 
identifies the principal axes uk of the common within-group scatter of the 
points, and the within-group spread 0k of points along each axis. Stage (ii) 
first rotates the axes of the p-dimensional configuration to line up with these 
principal axes uk, and then stretches or shrinks the configuration along each 
axis so that the within-group variance is equalized along all axes (thus con- 
verting the within-group-scatter hyperellipsoids into hyperspheres). Group 
mean vectors are identified as points wi in this new space. Stage (iii) then 
effects a principal component analysis of the g points ~i where each point is 
weighted by the square root of the number of individuals in its corresponding 
group. These two sequential principal component analyses yield a canonical 
variate analysis of the original data. 

Now suppose that the dispersion matrices are heterogenous, but the 
data (perhaps after suitable transformation) satisfy the common principal 
component model. For this model we have f~i = L Di L r (i = 1, . . . .  g). If 
we write L = (ii, . . . .  It,) then the Ik play the role of the uk in the above pro- 
cedure: we by-pass stage (i), and first rotate the axes of the p-dimensional 
data configuration to line up with the principal axes lb. However, since the Di 
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differ between groups it is no longer possible to carry out a uniform stretching 
or shrinking of the configuration along each axis to transform all within-group 
scatter hyperellipsoids to hyperspheres. Instead, if dlj is the j-th diagonal ele- 
ment of Di (i = 1 , . . .  ,g; j = 1 . . . .  ,p), it is necessary to stretch or shrink the 
j-th axis by the factor E//j ~ in the i-th group to produce hyperspheres. Since 
the configuration is referred to principal axes, which are statistically indepen- 
dent, in place of explicit stretching or shRnking of the configuration in stage 
(ii) we can view the di/as weights in the principal component analysis of the 
- stage (iii). Where previously each point Wi was weighted by the factor 

now each element of wi must additionally be weighted by the inverse of 
its standard deviation. Thus the three corresponding stages to the ones above 
for the common principal component model are as follows. 

(i) Find the estimates I.,, I}i in the model ~i  = L D i L r (i = 1, . . . .  g), 
using either maximum likelihood or least squares as discussed in 
Section 2. Use these estimates in place of the parameter values 
below. 

- D -~ L r xij for (ii) Transform the original data vectors xij to w l / -  i 
i = 1 . . . . .  g and j = 1 . . . . .  hi. Hence wi = Di "~ Lr  ~i 
(i = 1 . . . . .  g). Let 

and 

W -- ~ n i  Wi 
n i=1 

g - 1  i=1 

(iii) Find eigenvahes ~t and eigenvectors ct of C as before. Group 
means on generalized canonical variates are again the principal 
component scores of the Wi in this second-stage principal com- 
ponent analysis. From the multiple-transformation problem dis- 
cussed above, however, it is evident that the co-ordinates in this 
final space do not have a simple relationship with the original vari- 
ables across the whole set of data. 

Note that this procedure reduces to the earlier version when all disper- 
sion matrices arc equal. In this case Di = @ for all i, L = U and C reduces to 
0 -~ U r B U 0 -~ as before. 
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4. Distance Between Two Groups 

It was pointed out in Section 1 that the squared Euclidean distance 
between two group mean points in the standard canonical variate space is 
equal to the (sample) Mahalanobis D 2 between the corresponding groups in 
terms of the original variates. Consequently a metric sealing of the matrix 
containing Mahalanobis D 2 values between all pairs of groups will recover 
the canonical variate configuration of group means (Gower 1966). In this 
matrix, all D 2 values use the pooled within-group covariance matrix W in 
their calculation. 

Assuming the observed groups to be random samples from given parent 
populations, the calculated Mahalanobis D 2 values can be viewed as esti- 
mates of the squared distances A 2 between corresponding populations. For 
these estimates to be valid ones, the assumptions of normality and common 
dispersion matrices in all populations (i.e., hypothesis Ho above) must again 
be made. These assumptions were made in the original definition of the dis- 
tanee function (Mahalanobis 1931). Subsequently, there have been many 
general definitions of distance between two populations (e.g., Bhattacharyya 
1943; Jeffreys 1948; Kullback and Leibler 1951; Matusita 1956; All and Sil- 
vey 1966; Rao 1982) and all these definitions yield a monotonic function of 
A2 = 0h  - ~t2) r f2-+ (It+. - g2) in the case of two multivariate normal popula- 
tions with different means IX 1 and Ix2 but the same dispersion matrix f~. 
Relaxing the assumption of normality is possible, and the Mahalanobis A 2 
remains appropriate if the distributions belong to the same family within the 
class of elliptic distributions (Mitchell and Krzanowski 1985). However, 
once hypothesis Ho is violated then the measure A 2 is no longer valid. A 
number of authors have proposed data-based definitions of distance between 
two groups when their dispersion matrices are heterogeneous (Anderson and 
Bahadur 1962; Reyment 1962; Chaddha and Marcus 1968; Chemoff 1973). 
Others have applied one of the formal definitions to derive the theoretical dis- 
tance between two multivariate normal populations which have different 
means IX1, I.t2 and dispersion matrices £h, f~2, replacing unknown parameters 
in the resulting expression by their estimates from the observed data CKull- 
back 1959; Matusita 1967). If there are similarities among the t2i for a set of 
populations, however, then the same objections can be raised to the applica- 
tion of these distance measures as were raised to existing generalizations of 
canonical variate analysis: dispersion matrices are only considered in pair- 
wise fashion, so that any similarities linking all g matrices are not exploited, 
and relatively few degrees of freedom are used for estimation of each dis- 
tance. In particular, if the common principal component hypothesis is 
appropriate, then considerable structure among the dispersion matrices is 
ignored. We therefore consider the calculation of distance between groups 
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under this model. 
First, note that if a generalized canonical variate analysis has been 

done as indicated in Section 3 above, then the Euclidean distance between a 
pair of group means in the final derived s-dimensional space is a possible 
measure of distance between the corresponding groups. However, in general 
we seek a definition of distance that earl be applied to the original data and 
for this purpose we will use Matusita's (1956) definition. Although in princi- 
ple we could have used any of the previously suggested definitions, our 
choice was motivated by the successful application that has been made of this 
particular definition in a range of statistical problems as well as by the attrac- 
tive metric properties established under its alternative name of Hellinger dis- 
tance (Le Cam 1970). A referee has pointed out some conceptual diffaculties 
in defining distance for g > 2 groups. However, for the purpose of principal 
co-ordinate analysis we merely need pairwise distances between groups, so in 
the following we only have to establish a measure of distance between any 
two of the g groups. 

Suppose that ~1, ~2, . . . .  xg are populations, and X is a vector-valued 
random variable defined over a p-dimensional space R such that Pi is the den- 
sity function of X in xi with respect to a suitable measure Ix (i = 1 . . . . .  g). 
Then the distance between ~i and ~j is defined by 

A0 = { ~ ( p4~/-- ~)2dix} '~ 

= - 4 2 ( 1  - p~j )  

where 

is the affrtity between gi and rcj. 
If gi denotes the multivariate normal distribution with mean vector Ixi 

and dispersion matrix ~i  (i = 1 . . . . .  g), then Matusita (1967) shows that 

1 taT~ ) t_~ pq = I GF 1 ~ f l  i'/, I ~- (l'~F 1 + 

1 
x exp- T {ixTa~~ix~ + rqnT~ixJ 

- (ta?IIxi + ta71ixj) r (tar I + ta71)-~ (fa?~l~i + ~71ixj)} 

If ~i  = f~ for all i, then this expression 

(1) 

1 simplifies to Pij = exp ( -  ~- A 2) 
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where A 2 = (IX/- IJ,j)rf2-1 (ttl - ttj). 
Under the common principal component model we have f2i = L Di L T 

(i = 1 . . . . .  g), where Di = diag (di i . . . . .  dip). It readily follows that: 

~71 = L D? 1 L T 

f~71 f~]l = L D71 D) q L r 

and 

where 

i~.~ 1 L,2fl i = f i  1 
,=1 di, ej, 

f~-I + f~)-I = L (DT I + D~ 1) L r 

InT1 +af11=fi Lt=l ditdjt 

(~-~1 + L-~1)-1 = L ~Pij Lr 

Oij = diag 
d .  + d~, . . . . .  d ,  + aj~ " 

Using these results in (1) and simplifying leads to: 

{,.q {,:q 
X e x p - ~ -  g r L m r ~ - D r  I o ~ l ] L r l x i  

+ ~t r L[D~ 1 - D ~  1 r~ij D~ 1 ] L T IXj 

- 2IX r L D710/j Df  1 L T ~j (2) 

Further algebra establishes that 

D? 1 - D~ 1 0 i j  D? I = (Di + D j)  -I , 

Dy -1 - V ~  1 Oij D~ 1 = (Di + D j) -1 , 

and 
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D71 Oij Dj "I = (Di + D j) "-1 

Hence if we write vi = L r gl then (2) reduces finally to 

Pij = 2p/2 I Di Dj I ~ 
I D i + D j  I 'A 

x exp { - ¾  ( v i -  vj)r  (D, + Dj) -1 ( v , - v j ) ]  . (3) 

which is easily computed given L, D i and lXl for i = 1, . . . .  g. 
In a practical application we would use either maximum likelihood or 

least squares, as in Section 2, to estimate L and D (i = 1 . . . . .  g) from the 
observed data, use the estimates in (3) to obtain affinities between all pairs of 
populations and finally convert these affnities to distances Aij = ~/2(1 - Pij). 
The matrix of inter-group distances could then be used in a metric scaling 
construction of a configuration which highlights the relationships among the 
g populations. This approach is illustrated in the next section and is com- 
pared with both the generalized canonical variate analysis of Section 3 and 
the standard canonical variate analysis assuming homogeneous dispersion 
matrices. 

5. Example 

We return to the Venezuelan students example introduced in Section 2, 
and now look at the question of differences between the colleges in June. 
Standard canonical variate analysis and each of the two methods outlined 
above were applied in turn to the data. Co-ordinates of group means on each 
of the (generalized) canonical axes are shown for each technique in Table 1, 
and the canonical roots corresponding to each axis are also given. 

Note first that there are six variables and ten colleges in the data set. 
Thus for both standard canonical variate analysis and the generalization of 
the two-stage approach the maximum dimensionality is s = 6. On the other 
hand, for metric scaling of the Matusita distance matrix the maximum poten- 
tial dimensionality is 1 0 -  1 = 9 and in this ease we actually have a solution 
in seven dimensions. However, the eigenvalue corresponding to the seventh 
dimension is so small (0.9% of the total of the eigenvalues) that we incur 
negligible distortion by ignoring it. Thus to compare the full solutions from 
the three analyses we can use Procrustes analysis (Gower 1971; Sibson 1978) 
on three six-dimensional configurations. Each configuration is first normal- 
ized so that the sum of squares of all its co-ordinates is unity. The three 
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Group 

Table 1 

Co-ordinates of Group Means on (Generalize) Canonical Axes, 
plus Canonical Roots 

Dimension 
1 2 3 4 5 6 

(a) Ordinary Canonical Variates 

1 -1.656 -0.143 0,127 0.359 -0.030 0,012 
2 --0.140 -0.121 -0.131 -0.038 0.034 -0.072 
3 -0.284 0.385 0.259 -0.393 0.261 -0.134 
4 -0.321 0.009 0.266 -0.275 -0.188 -0.038 
5 0.835 -0.892 0.132 -0.117 -0.019 -0.631 
6 0.790 --0.205 -0,033 0.520 0.105 -0.010 
7 0.589 0,520 -0.441 0.114 -0.313 -0.085 
8 0.779 0,564 0.429 0,193 0.098 0.073 
9 -0.016 0.001 -0.003 -0.323 -0.081 0,242 

I0 -0.231 0.017 -0.799 -0.131 0.197 0.041 
Canonical 

Roots 0.639 0.179 0.128 0.086 0.027 0.009 

(b) Two-Stage Generalization 

1 0.526 0.002 -0.026 0.036 -0.049 -0.006 -0.016 
2 0.104 -0.100 -0.115 -0.039 0.016 -0.025 --0.008 
3 0.072 0.117 0.034 -0.051 0.019 0.051 0.012 
4 0.098 -0.093 0.133 -0.083 0.082 -0.021 -0.007 
5 -0.136 -0.114 -0.094 0.099 0.065 0.043 0.008 
6 -0.273 -0.091 0.058 0.050 -0.052 -0.051 -0.029 
7 -0.126 0.060 -0.068 -0.082 -0.022 -0.058 0.045 
8 -0.200 0.019 -0.021 -0.095 -0.052 0.067 -0.029 
9 0.610 -0.047 0.097 0.081 -0.047 0.027 0.044 

10 -0.674 0.246 0.003 0.084 0.040 -0.027 -0.019 
Canonical 

Roots 0.457 0.121 0.059 0.054 0.024 0.018 0.007 

(c) Metric Scaling 

1 9.716 -0.589 -0.721 -0,472 0.005 0,013 
2 0.731 -0.283 -0.326 0,182 0.379 -0,248 
3 1,180 1,907 1.334 -0,707 0,693 -0,510 
4 1,390 0.345 1.857 0,917 -0.575 -0.085 
5 -2.975 -3.477 1.269 0,166 0.350 -0.427 
6 -4.037 -1.041 -1.620 -1,010 -0.222 0.232 
7 -2.333 1.820 -1.327 1.661 -0.146 -0.271 
8 -3,326 2.088 0.655 -1,176 0.314 0.080 
9 0.255 -0.112 0.881 1,018 1.012 0,712 

10 0,510 -0.135 -1.491 0.506 1.123 -0.402 
Canonical 

Roots 140.10 25.03 15.25 7.96 2.67 1.23 



94 W.J. Krzanowski 

configurations are then compared in pairwise fashion, by rotating the 
configurations of each pair to positions of best fit (in the least squares sense) 
with respect to each other. The residual sums of squares among the ten pairs 
of points in the resulting rotated configurations were as follows: 0.0781 for 
the standard analysis versus the two-stage generalization; 0.2362 for the stan- 
dard analysis versus metric sealing;, and 0.2109 for two-stage versus metric 
scaling. These three rotations show that the standard analysis and the two- 
stage analysis are much more similar to each other than each is to metric seal- 
hag. 

Next we consider the results of each analysis in terms of the 
configurations of points representing colleges. The first two canonical vari- 
ates accounted for 76.5% of the between-college relative to within-college 
differences in the standard analysis, and the corresponding percentages were 
85.8% for the two-stage analysis and 80.1% for metric scaling. Consequently 
a plot of the group means on the first two (generalized) canonical variates as 
axes will give an adequate approximation to the full configuration in each 
analysis; Figure 1 gives the first two dimensions for the standard analysis, 
Figure 2 that for the two-stage version and Figure 3 that for the metric scal- 
ing. Where necessary, directions of axes have been reversed so that the 
resulting configurations have the same orientations. 

It is evident that the configurations from the standard analysis and from 
the two-stage generalization are very similar, the only minor differences 
being a greater contraction of the central group (colleges 2, 4, 9, 10) and a 
slight displacement of college 6 in the latter ease. By contrast, the 
configuration in the metric scaling shows an overall contraction, and addi- 
tionally college 10 shows considerable displacement from its position in the 
other two configurations. 

A reason was sought for the relative similarity between the 
configuration of the standard analysis and that of the two-stage generaliza- 
tion. Table 2 shows the common principal components (by columns), and the 
variances on these components for each of the ten colleges. The patterns of 
these variances appear to be relatively similar for all colleges except colleges 
2, 10 and (perhaps) 8. Omitting these three colleges from the data and re- 
testing the hypothesis of equal dispersion matrices in the remaining seven 
colleges yielded a Z 2 statistic of 158.8 on 126 degrees of freedom. This 
represents a rise in significance level from 0.1% to just under 5%, and while 
there is still some evidence of heterogeneity the practitioner would now be 
much happier with a standard analysis. Thus the relative similarity between 
Figures 1 and 2 could be attributed to relatively small differences between the 
common principal component and the equal dispersion models. Furthermore, 
the patterns of variances in Table 2 suggest a possible extension to the com- 
mon component model, in which some of the groups are constrained to have 
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Axis 2 

104. 
"Axi, 1 

Figure 1. Plot of college means on first two csnonical variate axes, standard analysis. 

Axis 2 

4. 
)~ o~ Axis' 1 

Figure 2. Plot of college means on first two generalized canonical var;.at¢ axes, two-stage gcn- 
cralizadon. 
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Axis 2 
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4 

Figu~ 3. Plot of college means on first two generalized canonical variate axes, medic scaling. 

Table 2 

Common Principal Components and Variances on these Components 
for Each College, for June Set of Venezudan Students ~ Data 

(a) Common Principal Comuonents (by columns) 

Component 
Test 1 2 3 4 5 6 

Comprehension 0.285 0.413 -0.776 -0.080 -0.374 -0.005 
Essay 0.432 -0.835 -0.307 -0.109 0.068 0.071 
Cloze (exact) 0.439 0.165 0.276 -0.617 0.082 -0.563 
Cloze (acceptable) 0.298 0.190 0.234 -0.379 0.022 0.822 
Structure 0.416 0.263 -0.115 0.420 0.754 -0.005 
Dictation 0.527 0.010 0.399 0.530 -0.529 -0.048 

(b) Variances on These Components for Each College 

College 

1 16.15 7.28 4.22 3.78 0.99 1.57 
2 23.05 12.63 3.08 13.11 2.70 0.92 
3 31.11 7.56 8.38 3.83 4.62 0.45 
4 33.31 5.32 1.29 3.95 3.39 0.38 
5 46.07 6.51 5.08 6.99 4.34 0.80 
6 19.16 1.66 4.18 5.07 4.27 0.51 
7 30.38 6.72 5.38 4.26 5.85 1.04 
8 36.41 3.29 4.57 6.34 9.51 I. i0 
9 58.59 2.53 6.65 6.00 2.06 0.49 

10 40.33 5.71 15.91 4.10 14.83 0.35 
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equal covariance matrices while the remainder merely have common princi- 
pal axes. Such a possibility remains to be investigated. 

As a final comment, it seems that the differing variance patterns along 
the common principal components for colleges 2 and 10 versus the rest have 
been emphasized more in the metric scaling of Figure 3 than in the two-stage 
generalization of Figure 2, but no further explanation for the discrepancies 
between these two configurations has yet been found. 

6. Conclusion 

Two possible methods of between-group analysis have been proposed, 
for the case where the data follow the common principal component model. 
Both methods have been applied to some real data and shown to be viable. 
Also, both methods reduce to standard canonical variate analysis when 
covariance matrices are homogeneous. However, differences in results 
between the two methods do exist, and further investigation is necessary 
before any definite recommendations can be made about their relative merits. 
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