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Controller design, and the resulting control system performance, is frequently limited by the
capabilities of the available control system hardware. When the control system hardware provides
only a small set of fixed controller structures (e.g., proportional-integral-derivative, PID) or
limited programming capabilities, it may be desirable to use the available functional elements
in a manner such that the implemented fixed structure controller matches the performance of
some reference advanced controller as closely as possible. This paper presents a systematic
method for approximating the performance of an advanced controller with simpler fixed structure
controllers using semidefinite programming. Tuning of the simple, fixed structure controller is
obtained by matching a specific desired behavior of the advanced controller. The proposed method
is illustrated using two case studies: the approximation of a linear quadratic regulator for a
distillation column by a multiloop PID controller and cross-direction profile control for a paper
machine.

1. Introduction

Control applications engineers are presented with a
broad spectrum of controller structures and design
methods ranging from multiloop proportional-integral-
derivative (PID) controllers to sophisticated multivari-
able designs such as model predictive controllers. Many
existing plants have an installed base of older control
system equipment, and the control engineer must
consider the functionality available within these sys-
tems when selecting a control approach. These older (or
“legacy”) control systems may not have sufficient pro-
gramming capabilities to support the implementation
of complex multivariable controllers. Faced with such
limitations, the engineer can either seek to justify new
hardware or attempt to incorporate the performance
advantages of a desired complex controller design into
a simpler configuration, which is available within the
plant control system.

When faced with control system limitations, the
control application development effort can be enhanced
by the use of a systematic, rigorous method for controller
approximation. Ideally, the approach should ensure that
the approximation matches the performance of the
advanced controller as closely as possible, while pre-
serving the stability and robustness properties of the
advanced controller to the fullest extent possible. Fur-
ther, tuning rules for simple controllers and control
structures can be developed based on such a systematic
controller approximation method. Such an approach will
augment existing tuning approaches for multiloop prob-
lems in which specific cases must be considered depend-

ing on the relative speeds of the loop responses (e.g.,
Marlin1). Finally, the proposed method may provide
insight into when a complex advanced control system
can be justified for a specific process application.

The objective of this paper is to present a rigorous
approach for approximating high-dimensional multi-
variable controllers with fixed, simple structures using
semidefinite programming (SDP) to solve a matrix norm
minimization problem. It should be noted that the
proposed approach is not dependent on the advanced
multivariable controller employed as a reference con-
troller. The paper begins by discussing existing methods
for controller approximation. Subsequently, the SDP
formulation of the controller output approximation
problem is presented and investigated using a simple
distillation control case study. Insights provided by the
controller output matching case study serve as a moti-
vation for the development of a sensitivity matching
approach. The proposed sensitivity matching method is
illustrated using a cross-direction basis weight profile
control example for a paper machine. The paper con-
cludes with some brief remarks about the potential for
further development of the proposed method.

2. Controller Approximation Methods

Approximation of a given controller design by some
simpler fixed structure controller belongs to a broader
class of controller reduction problems. Anderson and
Liu2 provide a valuable discussion of the entire scope
of the controller approximation problem, in which
controller approximation is classified into two catego-
ries: direct and indirect methods. Figure 1 illustrates
their classification scheme.

The direct methods of controller reduction (or ap-
proximation) attempt to produce a low-order controller
directly from the high-order process model. Typically,
the tuning parameters of the low-order controller are
determined by minimizing some performance index
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(usually quadratic) subject to constraints on the control-
ler structure, stability, and, in some instances, robust-
ness. A number of researchers are pursuing this ap-
proach (e.g., Vasil’eva and Dombrovskii3 and Astrom et
al.4). As Anderson and Liu2 point out, these methods
suffer from two primary limitations. First, the numer-
ical solution of these problems can be difficult because
of issues such as nonconvexity. Second, although these
methods produce the “optimal” tuning parameters for
a controller of specified order, they do not provide a
means of determining the performance loss associated
with the assumed simple fixed controller structure. This
is a key issue because the plant control engineer is often
faced with determining whether the existing control
system hardware is adequate to meet the closed-loop
performance objectives or whether the hardware should
be updated to current technology. Thus, these direct
design methods cannot serve as the sole basis for
making control systems technology decisions.

Indirect methods can be classified into two subcat-
egories: model reduction and controller approximation.
Model reduction techniques approximate the high-order
plant model with a low-order approximate model. The
approximate model is subsequently used for the design
of a reduced-order controller. Anderson and Liu2 make
two criticisms of this approach. First, the approximation
is performed at an early stage in the method (i.e., plant
approximation) and results in the approximation error
propagating through to the low-order controller design
in some unknown manner. The second, and more
important, criticism is that the model reduction methods
focus on approximating the open-loop process model,
whereas it is the closed-loop system that must be
approximated to ensure satisfactory closed-loop perfor-
mance. This implies that advance knowledge of the
controller is needed prior to model reduction. A similar
sentiment has been expressed by Aguirre,5 who has
investigated model order reduction techniques for con-
troller design. In this work, a distinction is made
between open-loop model reduction. Open-loop model
reduction attempts to match the process transfer func-
tions, while closed-loop model reduction attempts to
match the closed-loop system response for a prespecified
controller. Aguirre5 states that an excellent open-loop
approximation will not necessarily guarantee a reduced-
order model which produces an accurate simplified
closed-loop system.

The second type of indirect method shown in Figure
1 is controller approximation. This approach considers
the approximation of a high-order controller (designed
using the high-order plant model) by a low-order
controller. Anderson and Liu2 emphasize that any
controller approximation method must not only preserve
the controller performance as much as possible but also

ensure closed-loop stability and robustness. Further,
these authors state that convenient algorithms to solve
the resulting frequency-weighted approximation prob-
lems are not available. The use of “brute force” optimi-
zation is generally difficult because of the inherent high
dimensionality of the problems. As a result, state-space
model reduction methods (e.g., optimal Hankel norm
approximation) have been used to give suboptimal
solutions. Goddard and Glover6 provide an approach to
controller order reduction that attempts to preserve the
stability and robustness properties of the higher-order
controller; however, it is worth noting that, in general,
none of the current techniques deals effectively with
fixed controller structures.

The purpose of the work presented in this paper is to
address the problem of approximating a complex, ad-
vanced controller design with a fixed controller struc-
ture. Although the focus of this paper is on multi-input,
multi-output processes, the methods presented here
could also be applied to the single-input, single-output
case.

3. Approximation via Controller Output
Matching

In this section the controller approximation problem
is formulated to match the control actions calculated by
a reference advanced controller as closely as possible
with those calculated by a simpler fixed structure
controller. Many multivariable feedback controller de-
sign methods are available to control applications
engineers (e.g., constrained minimum variance designs,7
linear quadratic regulator (LQR) designs,8 model pre-
dictive controller (MPC) designs,9 and robust process
control designs10). For linear time-invariant (LTI) pro-
cesses, these controller designs typically produce a
feedback controller of the form:

where the input vector u0 ∈ Rn at time k is determined
by the feedback gain matrix K0 ∈ Rn×m acting on the
error vector e ∈ Rm. When the number of process inputs
n and/or the process outputs m are large, it may not be
possible to implement this feedback matrix within the
existing process control hardware. The problem ad-
dressed in this paper is to approximate the advanced
controller design given in equation 3.1 with a fixed
structure controller that can be implemented within
existing control system hardware.

Consider that the approximate controller may be
represented as a feedback matrix Ka(x) which has some
restricted structure (e.g., band-diagonal or dependent
feedback matrix elements). In this work, the fixed
structure of Ka is known; however, the tuning param-
eters x ∈ Rp of the fixed structure controller will be
calculated to match the performance of the advanced
multivariable controller in some manner. The feedback
control law for the approximate controller can be
represented as

where ua ∈ Rn is the set of control moves determined
by the approximate controller feedback matrix (Ka)
acting on the same error vector as in eq 3.1. Note that

Figure 1. Controller approximation classification scheme.2

u0(k) ) K0e(k) (3.1)

ua(k) ) Ka(x) e(k) (3.2)
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the dimensions of the feedback gain matrices K0 and
Ka are necessarily the same, as dictated by the number
of manipulated variables and process outputs. The key
difference is that the approximate feedback gain matrix
Ka can be implemented within the available control
system hardware by specifying the values of the tuning
parameters x, whereas the advanced design represented
by the feedback gain matrix K0 cannot.

One possible objective for controller approximation is
to minimize some measure of the difference between u0-
(k) and ua(k). Note that the difference between the
computed control actions can be rewritten as

If the objective is to match the advanced controller
output in a least-squares sense, then the tuning pa-
rameter vector x can be determined by minimizing |ua-
(k) - u0(k)|2. This optimization can be accomplished
analytically for a set of specified error directions;11

however, if the goal is to match the advanced controller
output, as closely as possible for any error vector e, then
a numerical approach is required to solve the resulting
matrix norm minimization problem:

where the spectral norm of the difference between the
two feedback matrices is used to quantify the magnitude
of largest mismatch in the worst-case direction. Because
σj(Ka - K0) is the gain of the mismatch between the
advanced controller and its approximation in the direc-
tion of worst mismatch, the controller mismatch in any
other direction will be less severe. Optimization prob-
lems of the form given in problem (3.4) are termed
eigenvalue optimization problems12 and are typically
solved using SDP.

3.1. Approximation and Semidefinite Program-
ming. In SDP, a linear function of the vector x ∈ Rm is
minimized subject to a matrix constraint:

where

where the p + 1 matrices F0, ..., Fp ∈ Rq×q are each
symmetric. The constraint in Problem (3.5) is termed a
linear matrix inequality (LMI) and is used to ensure
that the matrix function F(x) is positive semidefinite.13

For the purposes of this paper, the use of the g (or e)
symbol in a matrix inequality is meant to indicate the
Loewner partial ordering. The common theme in the use
of SDP methods for controller design is the need to
obtain an appropriate problem formulation so that
solution using SDP is possible. In the case of controller
approximation, the problem is cast as a matrix norm
minimization problem, subject to constraints that reflect
both the controller structure and the quantity being
matched (controller output or sensitivity equation).

Vandenberghe and Boyd14 state that the problem of
minimizing the spectral norm of a matrix A(x) can be

cast in SDP form as

For problem (3.4), the matrix function in the LMI can
be represented as

where the structures of the Ai matrices are dictated by
the functionality of the process control platform in which
the approximate controller will be implemented. Thus,
the controller output matching problem can be written
as

and can be solved as an SDP problem, using a variety
of current algorithms. The controller approximation
formulation in problem (3.8) has a number of advan-
tages including global convexity, and solution methods
for such problems are an active research area. The
controller output matching approach will be illustrated
using a small distillation control example, which will
highlight several key issues that must be considered
when employing this method.

3.2. Distillation Control Example. Application of
the proposed controller output matching approach is
illustrated with a control example for a high-purity
methanol-ethanol distillation column (cf. p 81315) using
simple multiloop controllers with no decoupling. Such
scenarios might arise with older control hardware that
provides only PID control loops and no computational
blocks. Figure 2 shows a schematic of the distillation
column used for this case study.

In this example, a multivariable LQR is approximated
using a multiloop proportional-integral (PI) control
structure, which is usually available within any plant
distributed control system (DCS). The transfer function
model identified from plant tests given in the work by
Ogunnaike and Ray15 is

where y1 and y2 are normalized temperatures for trays

ua(k) - u0(k) ) [Ka(x) - K0]e(k) (3.3)

min
x

|Ka(x) - K0|2 (3.4)

min
x

cTx

subject to

F(x) g 0 (3.5)

F(x) ) F0 + ∑
i)1

m

xiFi

min
x

t

subject to

[tI A(x)
A(x)T tI ]g 0 (3.6)

A(x) ) Ka(x) - K0 (3.7)

) -K0 + ∑
i)1

p

xiAi

min
x

t

subject to

[tI -K0 + ∑
i)1

p

xiAi

[-K0 + ∑
i)1

p

xiAi]
T tI ]g 0 (3.8)

[y1(s)
y2(s) ])

[ -33.89
(98.02s+1)(0.42s+1)

32.63
(99.6s+1)(0.35s+1)

-18.85
(75.43s+1)(0.30s+1)

34.84
(110.5s+1)(0.03s+1)

][u1(s)
u2(s) ]

(3.9)
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21 and 7, respectively, and u1 and u2 are the normalized
liquid reflux and vapor boil-up flow rates, respectively.
For the purposes of this case study, the process model
is discretized assuming a sampling period of 8 s. As
indicated in Figure 2, the multiloop control structure
available to the engineer consists of two PI controllers.
In the first, the tray 21 temperature and the reflux rate
constitute the output-input variable pairing. The sec-
ond control loop has the tray 7 and vapor boil-up as the
output-input variable pairing.

As can be seen in eq 3.9, there is a significant amount
of interaction between the input and output variables.
Note that the steady-state gains and dominant process
dynamics are comparable between all possible pairings
of the input and output variables. The relative gain
array (RGA) for the model given in eq 3.9 is

and indicates significant closed-loop gain attenuation
in the 1-1 and 2-2 loop pairings. For such interactive
processes, conventional single-input, single-output PID
tuning rules may prove to be unsatisfactory. One
possible approach to tuning the multiloop controllers is
to try to match, as closely as possible, some desirable
multivariable controller design. In this case study, the
reference multivariable controller was chosen to be an
LQR that was designed to control the tray 21 and tray
7 column temperatures by manipulating liquid reflux
and vapor boil-up rates. The LQR control law was
developed based on a discrete-time state-space realiza-
tion of the process model given in eq 3.9. A standard
controllable realization was used and was computed
using routines from the Control Toolbox available with
Matlab. The LQR design used equally weighted outputs
with a weighting of 0.05 each, and the inputs were
penalized with weighting factors of 1 and 5, respectively.
These weighting factors were chosen to give a desirable
closed-loop response and represent only one tuning
possibility. Integral states were included in the control-
ler formulation to reflect the fact that nonstationary

disturbances, such as steps, can occur. This leads to
integral action in the final LQR controller. These
integral states were weighted at 0.05 (tray 21 temper-
ature) and 0.025 (tray 7 temperature), respectively.
Because the discrete state-space realization contained
18 states, the resulting feedback gain matrix contains
36 controller parameters (i.e., KLQR ∈ R2×18). The LQR
problem was solved using a solution routine for discrete
LQR problems contained in the Control Toolbox avail-
able with Matlab. Finally, time delays could also have
been incorporated into the problem formulation by
introducing delay states in the discrete time state-space
realization.

Assuming the plant DCS system has only PID-type
controller functionality, the desired LQR control law
was approximated using two single-loop PI controllers
expressed in position form

where subscripts i and j indicate the input-output
pairing for the specific control loop, Kc,i is the propor-
tional gain, and Ri is the reset rate for the ith control
loop. In order to perform the approximation, the two PI
controllers must be placed in feedback gain matrix form
(see problem (3.8)). For the regulatory problem (i.e., the
reference trajectories are identically zero), the outputs
can be related to the states using the output matrix C
from the discrete state-space model:

where Ci denotes the ith row of the matrix C; the
parameters ki1 represent the proportional gains for
control loops 1 and 2, and the parameters ki2 represent
the product of the proportional gain and the reset rate
for loops 1 and 2. Note that the first constant in each
loop premultiplies the output matrix in order to relate
the states to the PI action calculated in terms of the
outputs.

In the formulation of the controller approximation,
several points should be noted. First, the two tuning
constants for a specific PI loop should have the same
sign, and the sign will depend upon the steady-state
gain of the transfer function relating the input-output
pair for the control loop. This sign restriction represents
an additional set of inequality constraints in the con-
troller approximation problem. The specific input-
output pairings can be chosen in a number of ways. One
approach uses the RGA of the process model [e.g.,
Marlin1]. For the distillation control example, the RGA
analysis suggested that the selected control loop pair-
ings should be the overhead reflux rate with tray 21
temperature and the vapor boil-up rate with tray 7
temperature. The selected loop pairings are shown in
Figure 2. For this control loop configuration, the optimal
values for the PI controller coefficients were obtained
by solving the SDP:

Figure 2. High-purity distillation column.

Λ ) [2.09 -1.09
-1.09 2.09 ] (3.10)

ui(k) ) Kc,i(ej(k) + Ri∑
k

ej(k)) (3.11)

u(k) ) -KPIe ) - [k11C1 k12 0
k21C2 0 k22 ]e (3.12)

min
x

t

subject to

[tI A(x)
A(x)T tI ]g 0 (3.13)

x g 0
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where

The controller tuning parameters obtained by solving
problem (3.13) using the LMI Toolbox16 in MATLAB are
summarized in Table 1. These tuning parameters reflect
the effects of both the LQR tuning parameters (specif-
ically, input and output weights used in the design of
the reference controller) and the controller approxima-
tion technique.

Figures 3 and 4 compare the closed-loop performance
of the LQR and multiloop controllers in rejecting a step
disturbance in the reboiler steam pressure, which led
to a step change in vapor boil-up of 1.5 mol/min from
its nominal value of 3.384 mol/min. The disturbance
chosen for this example is particularly challenging
because it is aligned with the direction associated with
the smallest singular value of KLQR (i.e., the smallest
controller gain). Figure 3 shows the closed-loop response
of the two output variables, and Figure 4 illustrates the
associated manipulated variable actions. Note that the
process output (tray temperature) change is very small
(approximately 0.2 K); this is due to the aggressive
control actions. Figure 4 shows that the steady-state
boil-up rate changes by approximately 40%.

Figures 3 and 4 clearly show that the LQR controller
provides a much smoother response, whereas the PI

controllers provide a more rapid rejection of the distur-
bance using more aggressive control actions. It is
interesting to note that for the reflux flow rate the initial
control actions taken by the two controllers are opposite;
however, both outputs return to setpoint, and the
disturbance is ultimately rejected by a decrease in vapor
boil-up rate alone. This is expected as the disturbance
was aligned with the boil-up control input direction.
Although it is tempting to draw the conclusion that the
multiloop PI controller outperformed the reference LQR
controller, this is not the case. Recall that the LQR was
designed to minimize a quadratic cost function that
penalizes both deviations between the output variables
and setpoints and the control actions. The objective for
PI controller tuning was to match the control actions of
the reference LQR as closely as possible, as opposed to
some direct performance criterion. Thus, the multiloop
PI controller approximates the desired reference per-
formance in a two-norm sense. In this case study, this
approximation resulted in more aggressive control, not
necessarily better control, on behalf of the multiloop PI
controller.

The controller output matching method has several
positive attributes. It is intuitively appealing and
requires a relatively simple set of calculations. Also, this
approach does not require access to either a process
model or the plant to perform the controller tuning
calculations; however, a process model was required for
the reference LQR design. The distillation example
highlighted two key issues which should be addressed.
The first is that, although controller output matching
may be intuitively attractive, matching the closed-loop
behavior of the controlled process may be more desir-
able. The second major issue is that the closed-loop
stability of the approximate controller was not explicitly
addressed in the controller output matching method and
the approximation appeared to produce a more aggres-
sive controller that is likely to have a smaller stability
margin.

Figure 3. Response to a step boil-up disturbance (-‚-, LQR; s,
PI).

Table 1. Optimal PI Tuning Values

loop proportional gain reset time (min)

1 -18.93 4617
2 37.64 3.85

x ) [k11
k12
k21
k22

]
A(x) ) [k11C1 k12 0

k21C2 0 k22 ]- KLQR

Figure 4. Manipulated variable action following step boil-up
disturbance (-‚-, LQR; s, PI).

Ind. Eng. Chem. Res., Vol. 38, No. 7, 1999 2703



4. Approximation via Sensitivity Matching

The previous section discussed approximation by
matching controller outputs. Because controller perfor-
mance is often evaluated in terms of the closed-loop
behavior of the process outputs y in response to setpoint
changes or disturbances, it may be desirable to formu-
late the controller approximation problem in terms of
minimizing some difference between the closed-loop
process output behavior based on the reference control-
ler and that arising from the approximate controller.
Anderson and Liu2 clearly state their belief that match-
ing closed-loop characteristics is desirable in controller
approximation or reduction. Figure 5 illustrates the
closed-loop behavior matching problem, where two
closed-loop systems are operated in parallel and their
process outputs are compared. The closed-loop system
containing the advanced controller K0 is the reference
against which the performance of the closed-loop system
containing the approximate controller Ka is compared.

One possible formulation for the controller approxi-
mation problem is

where the process outputs could be driven by distur-
bances and/or by setpoint changes. The particular vector
norm used for a given approximation problem will
depend upon the performance objectives under consid-
eration. For disturbance rejection, the closed-loop output
responses are governed by the sensitivity function and
the discrete form of problem (4.1) becomes

Problem (4.2) can be interpreted and solved in a
variety of ways (e.g., in the time domain over some
specified interval of time or in the frequency domain
over some frequency range). For the steady-state control
problem, which is important in a number of industrial
applications (e.g., papermaking, gasoline blending, and
sheet coating), and assuming approximation in a least-
squares sense, problem (4.2) can be simplified to

when the two closed-loop systems are stable.
The spectral norm is chosen in problem (4.3), as it

was in problem (3.4), to minimize the approximation
error in the worst-case disturbance direction. Also,
notice that because a specific evaluation time is specified
(i.e., steady-state), problem (4.3) is an eigenvalue opti-
mization problem.12 The key difference between the

controller output matching problem (3.4) and the sen-
sitivity matching problem (4.3) is that the latter is
nonlinear in the decision variables, which are the
approximate controller tuning parameters. Conven-
tional SDP methods require that the matrix function
in problem (4.3) be linear in the decision variables x.

A possible iterative approach to solving nonlinear
SDP problems is analogous to the sequential linear
programming (SLP) and sequential quadratic program-
ming (SQP) approaches used for solving constrained
nonlinear programming problems.17 A simple algorithm
for such a sequential SDP (SSDP) method is

A detailed study of the convergence and robustness
properties of, as well as the implementation issues
pertaining to, the proposed SSDP method is beyond the
scope of the current paper; however, the proposed
method proved effective in solving problem (4.3) for the
paper machine control case study that follows. Linear-
ization of the steady-state matrix sensitivity function
is discussed in the appendix. Recent research in the area
of successive semidefinite programming can be found
in Kojima and Tunçel.18,19

4.1. Paper Machine Control Example. Figure 6
illustrates a typical paper machine and the associated
control problems. As in all sheet-forming processes,
paper qualities such as basis weight vary both spatially
across the sheet and in time. As a result, control of sheet
properties on a paper machine is typically decomposed
into two separate control problems. Machine direction
(MD) control attempts to eliminate disturbances that
affect the average paper qualities, while cross-direction
(CD) control attempts to eliminate variation across the
strip. There has been a considerable amount of research
devoted to both control problems.20,21 The following case
study focuses on the CD control problem for paper
machines.

Figure 5. Closed-loop approximation problem.

min
x

|ya(x) - yo| (4.1)

min
x

|[I + GpKa(x,z)]-1 - [I + GpK0(z)]-1| (4.2)

min
x

|[I + GpKa(x,1)]-1 - [I + GpK0(1)]-1|2 (4.3)

Figure 6. Typical paper machine.

initialize tuning parameters x0

initialize counter j ) 1

repeat,

linearize the matrix sensitivity function
about xj-1 (4.4)

solve linearized SDP

increment counter, j ) j + 1

until convergence
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The CD control problem is often treated as a steady-
state control problem, and the linear, steady-state
process model used to represent many paper machines
for the purposes of CD control is often assumed to have
the form22

where y is the deviation of the controlled paper quality
profile from some desired value, ∆u is the incremental
control action, d is the disturbance, H is the model
matrix, and k is the time index. Typically, the paper
sheet is discretized spatially, so the vectors y, ∆u, and
d contain the paper qualities, control actions, and
disturbances at specific locations across the sheet. For
the purposes of this case study, the feedback control law
is assumed to have the form

Then, the closed-loop disturbance response is given by

and the sensitivity function matrix is

There exists a considerable CD control literature from
which to choose a reference controller.23-25 The reference
controller adopted for this case study is a one-step-ahead
optimal controller that is a variant of the work of Boyle23

and Wilhelm and Fjeld.25 The optimal control problem
has the form

where y* is the desired property profile, ŷ is the
predicted property profile, yk is the CD profile returned
by the scanning sensor, γ and λ are suitably chosen,
positive scalars, and D is defined as

The objective function of problem (4.9) contains terms
that penalize the one-step-ahead error in the paper
quality profile, the changes in control action, and
differences between adjacent actuator moves. Penaliza-
tion of adjacent actuator moves is required to limit the
amount of wear caused by aggressive actuation. A more
detailed discussion of CD control issues can be found
in Thake.11 The solution of problem (4.9) yields the
feedback control law:

where

The fixed-structure controller chosen for this case
study is a spatial filter, which is available in some
commercial CD control systems for paper machines.22

Such spatial filtering can be represented in matrix
control law form as

where

and xi are the elements of a symmetric spatial filter.
The controller approximation problem for regulatory

control can then be cast in either the controller output
matching form

or in the sensitivity matching form

Note that the matrix function in problem (4.16) is
nonlinear in the decision variables x and, as a result,
was solved using the SSDP algorithm (4.4). Following
the methods described in the appendix, the matrix
function can be linearized about the nominal tuning
parameters xj to yield:

Note that the right-hand side of eq 4.17 is linear in the
tuning parameters x.

Preliminary experience with the spatial filters tuned
by solving either problems (4.15) or (4.16) showed that
some form of stability constraint was required to ensure
a stable result. The simple approach of constraining the
closed-loop poles of I - HX to lie within the unit disk
in the complex plane was adopted for this case study.
When the matrix product HX is symmetric, the stability
constraints are easily constructed for the SDP problem;
however, the product HX is not usually symmetric even
though both the model matrix H and the filter matrix
X are symmetric. For this case study, the matrix product
HX was approximated using the symmetric form

Thake11 provides a detailed analysis of the quality of
this approximation and shows that it is adequate for
the iterative solution of the CD control approximation
problem in this case study.

yk+1 ) yk + H∆uk + dk (4.5)

∆uk ) -Kyk (4.6)

y(z) ) [I - (I - HK)z-1]-1z-1d(z) (4.7)

SK(z) ) [I - (I - HK)z-1]-1z-1 (4.8)

min
∆uk

(yk+1
/ - ŷk+1)

T(yk+1
/ - ŷk+1) + γ∆uk

T∆uk +

λ(D∆uk)
T(D∆uk) (4.9)

subject to

ŷk+1 ) yk + H∆uk

D ) [1 -1 0 · · · 0 0

0 1 -1 · · · 0 0
·
·
·

·
·
·

·
·
·

· · ·
0 0

0 0 0 · · · 1 -1
] (4.10)

∆uk ) K(yk+1
/ - yk) (4.11)

K ) (HTH + γI + λDTD)-1HT (4.12)

∆uk ) X(yk+1
/ - yk) (4.13)

X t [x0 x1 x2 · · · 0

x1 x0 x1 · · · 0

x2 x1 x0 · · · 0
·
·
·

·
·
·

·
·
·

· · ·
·
·
·

0 · · · x2 x1 x0

] (4.14)

min
x

|X(x) - K|2 (4.15)

min
x

|[HK]-1 - [HX(x)]-1|2 (4.16)

[HX(x)]-1 ≈ 2[HX(xj)]
-1 -

[HX(xj)]
-1[HX(x)][HX(xj)]

-1 (4.17)

H̃X̃ ≈ 1
2
(HX + (HX)T) (4.18)
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The LMI formulation to constrain the approximated
closed-loop poles to lie within the unit disk is as follows:

where æmax and æmin are the maximum and minimum
allowable values for poles of V ) I - H̃X̃, respectively.
The constraints given in inequality (4.19) do not guar-
antee that the poles of I - HX lie within the unit circle;
however, both æmin and æmax can be chosen to help
ensure stability of the approximate controller. The final
SDP formulation for the controller output and sensitiv-
ity matching problems are problems (4.15) and (4.16)
with the addition of the stability constraints given in
inequality (4.19), respectively. The SSDP approach for
solving the sensitivity matching problem required the
addition of trust-region constraints on xj+1. These had
the form |xj+1 - xj|2 e ε to ensure the stable conver-
gence of the SSDP algorithm. Finally, the convergence
criteria for the SSDP algorithm was chosen to be

The paper machine chosen for the case study had 100
actuators equally spaced across the paper sheet, and the
strip was divided spatially into 100 sections (i.e., there
was one actuator per output variable and the resulting
control problem was 100 × 100). The same actuator
response model was used for each actuator, and the
model matrix for the case study was

The reference controller was tuned using the sup-
pression parameters λ ) 5 and γ ) 7.5. Preliminary
studies showed that there were negligible performance
improvements for spatial filters beyond 13-15 weights
in length.11 Because the spatial filter was constrained
to be symmetric in this study, the fixed structure
controller had only seven or eight tuning parameters
to be stored in computer memory.

The performances of the three controllers (reference,
output matching filter, and sensitivity matching filter)
were compared using the objective function used for
designing the reference controller. Figure 7 shows the
objective function trajectory for a paper quality distur-
bance of unit height added to the center of the paper
sheet. As expected, the reference controller outper-
formed the other two controllers for the first few control
intervals. (Recall that the reference controller was the
optimal one-step-ahead controller). The spatial filter
designed by controller output matching provided a very
similar performance, initially. Beyond the initial time

steps, the output matching filter proved to be much
more aggressive than the other two controllers, leading
to reduced values of the objective function as shown in
Figure 7. The closed-loop performance of the sensitivity
matching filter was very close to that of the reference
controller. For this case study, the fixed-structure
controller (i.e., the spatial filter), which required only
eight tuning parameters be saved in memory, performed
almost identically to the reference controller, which
required the storage of 10 000 controller parameters.

5. Summary and Conclusions

This paper provides a systematic, structured approach
to controller approximation using semidefinite program-
ming. The approximation of complex advanced control-
lers with simpler fixed controller structures was moti-
vated by functionality limitations inherent in many
existing plant control systems. Two direct methods of
fixed structure controller approximation were presented.
In the first approach, the tuning parameters of the fixed
structure controller were calculated to match the ma-
nipulated variable moves (i.e., controller output) calcu-
lated by some reference controller. This output matching
controller approximation problem was naturally formu-
lated as a SDP problem and solved using conventional
SDP algorithms. Although convenient in terms of solu-
tion, the controller output matching approach does not
incorporate closed-loop specifications on performance or
stability and, as a result, may not prove suitable for
implementation in some situations. In the second ap-
proach presented in this paper, the tuning parameters
of the fixed structure controller were calculated to match
the closed-loop sensitivity function of the reference
controller. This approach resulted in a nonconvex SDP
problem and was solved using a simple sequential SDP
algorithm. In the case study, the sensitivity matching
approach yielded a fixed structure controller whose
closed-loop performance closely matched the reference
controller, despite the simplicity and storage require-
ments of the former. In both examples presented here,
the resulting approximate controller was somewhat
more aggressive than the full controller. It is important
to note that this will not necessarily be the case in
general.

The work presented in this paper suggests a number
of important extensions. The problem of approximating
the closed-loop performance of the reference controller
was framed in terms of the sensitivity function. Should

æmaxI - V g 0

æmax < 1 (4.19)

æminI + V e 0

æmin < 1

||[HK]-1 - [HX(xj+1)]
-1|2 - |[HK]-1 -

[HX(xj)]
-1|2| e δ (4.20)

H ) [1 1 0.5 0.4 0.2 0 0 0 0 ... 0
1 1 1 0.5 0.4 0.2 0 0 0 ... 0
0.5 1 1 1 0.5 0.4 0.2 0 0 ... 0
0.4 0.5 1 1 1 0.5 0.4 0.2 0 ... 0
0.2 0.4 0.5 1 1 1 0.5 0.4 0.2 ... 0
l l l l l l l l l l l
0 ... 0 0 0 0 0.2 0.4 0.5 1 1

]
(4.21)

Figure 7. CD controller performance comparison.
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setpoint tracking be a more important design criterion
than disturbance rejection for a given application, it
would be preferable to pose the controller approximation
problem in terms of the transmission (complementary
sensitivity) function. A hybrid approach that “trades-
off” between setpoint tracking and disturbance rejection
could also be investigated. Development of general forms
for stability and robustness constraints within the
structure of the SDP formulation of the approximation
problem would improve the proposed approach. Further,
incorporation of both stability and robustness con-
straints would provide a more comprehensive means for
evaluating the relative merits of the simpler fixed
structure controller versus those of the reference con-
troller. This would provide the plant control engineer
with more information for decision-making. Other issues
that should be addressed include plant nonlinearity,
controller approximation over a desired frequency range
or time horizone, and development of commercial algo-
rithms for solving nonconvex SDP problems.

Finally, the discussion in this paper has focused on
controller tuning; however, the proposed methods are
also applicable as a basis for making capital investment
decisions about process control systems. As such, the
methods presented in this work may provide the means
to develop a structured approach to benefits analysis
for such investment decisions.
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Nomenclature

A ) approximation residual matrix in SDP formulation
B ) three-way array

D ) bending moment constraint matrix
e ) feedback error vector ∈ Rm

F ) LMI constraint matrix
Gp ) process operator
H ) paper machine CD model matrix
i ) index
j ) index
K ) feedback gain matrix ∈ Rn×m

k ) time index
m ) number of controlled variables
n ) number of manipulated variables
p ) number of tuning parameters in approximate controller
R ) reset rate for PI controller
S ) sensitivity function matrix
t ) objective function for eignevalue optimization problem
u ) manipulated variables (controller output) ∈ Rn

V ) approximate characteristic matrix in papermachine
example

X ) filter matrix for CD control example
x ) tuning parameters for the approximate controller ∈

Rp

y ) process output variables ∈ Rm

γ ) penalty parameter for input rate of change
δ ) convergence tolerance for SSDP algorithm
λ ) penalty parameter for bending moment
σj ) maximum singular value
æ ) allowable pole value

Subscripts

a ) approximate
0 ) reference
* ) setpoint

Appendix

In order to solve the nonlinear SDP problem (4.3) by
the sequential SDP approach proposed in algorithm
(4.4), the first-order Taylor series expansion of the
matrix function in problem (4.3) is required. The deriva-
tive of the matrix function with respect to the decision
variables x (the tuning parameters of the approximate
controller) can be developed as follows. To simplify these
derivations, the variable z has been dropped from the
notation but is assumed to have the value 1. (Recall that
these developments are for the steady-state control
problem.) Because by definition

then

Equation A.2 can be simplified to yield

or

Then, the derivative at the point of linearization, xj, is
given by

On the right-hand side of eq A.5, there is only one
nonconstant quantity, and as shown in eq 3.7, it can be
expressed as follows:

[I + GpKa(x)]-1[I + GpKa(x)] ) I (A.1)

d[I + GpKa(x)]-1

dx
[I + GpKa(x)] +

[I + GpKa(x)]-1 d[I + GpKa(x)]
dx

) 0 (A.2)

d[I + GpKa(x)]-1

dx
)

-[I + GpKa(x)]-1 d[I + GpKa(x)]
dx

[I + GpKa(x)]-1

(A.3)

d[I + GpKa(x)]-1

dx
)

-[I + GpKa(x)]-1 dGpKa(x)
dx

[I + GpKa(x)]-1 (A.4)

d[I + GpKa(x)]-1

dx
|xj

)

-[I + GpKa(xj)]
-1 dGpKa(x)

dx
|xj

[I + GpKa(xj)]
-1 (A.5)

dGpKa(x)

dx
|xj

[I + GpKa(xj)]
-1 )

Gp

d∑
i)1

p

xiAi[I + GpKa(xj)]
-1

dx
(A.6)
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This can be rewritten in terms of three-way arrays26 as

or

where the quantity B is a three-way array. The first-

order Taylor series expansion about the point xj for the
steady-state sensitivity function is

As defined in eqs A.5-A.7:

then eq A.9 can be simplified to

or more simply
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dGpKa(x)
dx

|xj
[I + GpKa(xj)]

-1 ) Gp

dBx

dx
(A.7)

dGpKa(x)
dx

|xj
[I + GpKa(xj)]

-1 ) GpB (A.8)

[I + GpKa(x)]-1 ≈ [I + GpKa(xj)]
-1 -

[I + GpKa(xj)]
-1GpB(x - xj) (A.9)

Bx ) GpKa(x)[I + GpKa(xj)]
-1 (A.10)

[I + GpKa(x)]-1 ≈ [I + GpKa(xj)]
-1 -

[I + GpKa(xj)]
-1GpKa(x)[I + GpKa(xj)]

-1 +

[I + GpKa(xj)]
-1GpKa(xj)[I + GpKa(xj)]

-1 (A.11)

[I + GpKa(x)]-1 ≈ [I + GpKa(xj)]
-1{I + 2GpKa(xj) -

GpKa(x)}[I + GpKa(xj)]
-1 (A.12)
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