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Abstract

Generalized Procrustes Analysis (GPA), a popular tool in sensory science, is generally carried out on panelist data matrices
averaged over replicates. This paper addresses the problem of missing values arising when panelists miss sessions. Because this does
not necessarily result in missing values in the ®nal averaged data matrices, a weighted analysis is proposed with weights set pro-

portional to the number of replicates for each panelist product combination. In a simulation study the weighted analysis gives a
better match of the rotated panelist matrices (a lower loss) than the unweighted analysis although the resulting average con®gura-
tion is not signi®cantly closer to the true con®guration. The weighted analysis is a straightforward extension to GPA for dealing

with missing sessions and o�ers an improved basis on which to evaluate panelist performance. # 1999 Elsevier Science Ltd. All
rights reserved.

1. Introduction

Generalized Procrustes Analysis (GPA) is an increas-
ingly popular tool in sensometrics and is primarily used
for dealing with individual di�erences between panelists.
In GPA the data matrices of individual panelists are
subjected to rotation and, optionally, transformation
and stretching/shrinking to maximize the agreement
between the panelists. It uses an iterative algorithm to
®nd rotation and transformation matrices and scaling
factors which minimize some measure of the distance
between the matrices, the loss function. Details of the
algorithm are given in Gower (1975) and, with minor
improvements, in ten Berge (1977). The ®nal con®gura-
tions (the rotated matrices) can then be averaged over
panelists to obtain an average, or ``consensus'' con®g-
uration. Consideration of the ``distance'' of individual
panelists from the average con®guration leads to infor-
mation about possible non-conforming panelists. Also
the average con®guration can be considered an estimate
of the unknown ``true'' con®guration.
GPA is a useful method for correcting for certain

kinds of di�erences between panelists, in particular
where panelists use di�erent sets of terms to describe the

same sensory stimuli. It has the advantage of being a
multivariate method, thus dealing with all descriptors
and all panelists at once.
The problem of how to deal with missing values in

GPA has been considered by several authors in the past.
Initially speci®c patterns of missing values (missing col-
umns or missing rows) were considered. The special case
of missing columns is of particular interest to sensory
scientists as this situation appears to arise in Free
Choice Pro®ling (FCP). Using this technique, each
individual is free to choose which and how many terms
he uses, leading to panelist data matrices with unequal
numbers of columns. As GPA cannot be directly
applied to such matrices, it is useful to consider pane-
lists using fewer than the maximum number of terms as
having missing columns. To deal with this situation,
Gower (1975) has advocated padding out the matrices
with zeroes to achieve equal numbers of columns. With
this approach the lower dimensionality of the padded
out matrices is preserved (Dijksterhuis & Gower, 1991;
Gower, 1995). Alternatively the missing columns are
replaced with arbitrary columns which are updated in
the course of the algorithm (ten Berge & Knol, 1984).
For the general case of randomly dispersed missing
values in the data matrices, ten Berge, Kiers, and Com-
mandeur (1993) have recently developed a method.
Basically the missing values are imputed, where the
imputed value is chosen to minimize a least squares
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criterion. This leads to an iterative algorithm where for
each panelist in turn the rotation matrix is updated and
the missing values imputed until convergence is reached.
The methods described above all deal with situations

where there are missing values in the ®nal data set.
However in sensory analysis usually the data matrix for
each panelist used in GPA is the average of the scores
for individual replicates. Thus a missing value for GPA
would imply missing values for all replicates. One of the
most common causes of missing values in sensory ana-
lysis is when a panelist fails to turn up for a session.
This leads to a missing replicate for some or all pro-
ducts. However, as long as at least one replicate is pre-
sent for all products, there will be no missing values for
the data matrix used by GPA for that panelist and so
the loss of information is hidden.
In this paper a weighted analysis is proposed which

takes account of unequal replication. In this way it can
deal with the problem of panelists missing sessions. A
simulation study is presented which compares the
weighted analysis with an unweighted analysis under
di�erent experimental circumstances.

2. Method

We consider the case where only rotations are
involved (for example, because di�erences in location
and dispersion have been corrected for using a uni-
variate method). Furthermore, we assume missing
values can only arise as a result of missing sessions.
Let Xj be the q� s data matrix for the jth panelist,

j � 1 . . . p, containing the scores for the s attributes and
q products, averaged over the r replicates. Let Wj be the
diagonal q� q matrix of weights for the jth panelist.
The kth element of this matrix, w�j�k, k � 1 . . . q, is set
equal to rjk, where rjk is the number of replicates pro-
duced by panelist j for product k. We wish to ®nd s� s
orthogonal matrices Aj, the rotation matrices, which
minimize the loss function, which now incorporates the
weights matrices:

trace
X
i<j

XiAi ÿ XjAj

ÿ �T
WiWj

X
i<j

WiWj

 !ÿ1
XiAi ÿ XjAj

ÿ �8<:
9=;

8<:
9=;
�1�

Thus distances between points based on many replicates
receive more weight than distances between points
based on few replicates.
Minimization of the loss function with respect to the

rotation matrices is achieved by an iterative algorithm,
whereby the rotation matrix for each panelist is updated
in turn. For panelist i, the new value for the rotation
matrix Ai is obtained from the singular value decom-
position of

Xi
TWi

X
j6�i

WjXjAj � U�VT �2�

with Ai � UVT.
Further details are given in the Appendix.
The method is illustrated with an example (see Fig. 1).

Suppose there are three panelists who each evaluate
three products (A, B and C) with respect to two
descriptors. Panelists 1 and 2 each have four replicates
for the three products. Panelist 3 has four replicates for
products A and B but only 1 replicate for product C.
The averaged data matrices for the three panelists are

0 0
ÿ5 ÿ10
�5 ÿ10

24 35; 0 0
�10 ÿ5
�10 �5

24 35; 0 0
ÿ 10 0
0 0

24 35
and the weights matrices, as de®ned by the method in
this paper, respectively

4 0 0
0 4 0
0 0 4

24 35; 4 0 0
0 4 0
0 0 4

24 35; 4 0 0
0 4 0
0 0 1

24 35:
The data matrices are shown in Fig. 1. Here a1 is the
point representing the averaged values for panelist 1
given to product A for the two descriptors, b1 the point
for panelist 1 and product B and so on. It can be seen
that for panelist 3, in contrast to panelists 1 and 2, the
average values for product C (based on one replicate)
are identical to those for product A with respect to the
two descriptors.
For GPA, rotation matrices need to be found which

minimize the sum of the distances between the pairs of
points a1; a2f g, a1; a3f g, a2; a3f g, b1; b2f g and so on. In
the weighted analysis the distances c1; c3f g and c2; c3f g
receive less weight than the distance c1; c2f g, whereas in
the unweighted analysis all three distances have equal
in¯uence. This leads to di�erent solutions, as can be
seen in Fig. 2. Here are shown the average, or ``con-
sensus'', con®gurations after GPA for the weighted
analysis � a�w; b�w; c�wf g� and the unweighted analysis
� a�; b�; c�f g�. The position of product C in the
unweighted analysis has moved closer to product A
compared to the weighted analysis. This re¯ects the
greater in¯uence of panelist 3 in the unweighted analy-
sis, whose single replicate score for product C is iden-
tical to their average score for product A.

3. Simulations

It can be expected that the added bene®t of using a
weighted analysis will vary depending on the severity of
the impact of the missing values. In order to investigate
this further, a small simulation study was carried out.
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For this study, 10 ``underlying structures'' are gener-
ated, each consisting of a known ``consensus'' con®g-
uration C0 of six products for three descriptors, and of
known rotation matrices for the panelists Ri. The 6�3

matrix C0 is constructed by sampling from the uniform
[ÿ1,+1] distribution. The matrices Ri are random
orthonormal matrices. From each underlying structure 16
data sets are constructed re¯ecting di�erent experimental

Fig. 2. The agreement or average con®guration after GPA on the data matrices shown in Fig. 1, with weights (a�w, b�w, c�w) and without weights

(a�, b�, c�).

Fig. 1. A representation of the averaged data matrices (arti®cial data) for three panelists (1, 2 and 3) and three products (a, b and c) for two

descriptors (creamy and lumpy).
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scenarios. Speci®cally the following parameters are var-
ied according to a full factorial design:

. the number of products per session; 6 or 3,

. the number of panelists; 3 or 6,

. the number of replicates: 2 or 4

. the probability for each panelist of missing a ses-
sion: 10 or 40%.

For each data set random error is added, sampled
from the normal distribution N(0,0.05). The data sets
are then averaged over replicates and GPA is applied,
both with and without weights.
To compare the performance, the values for loss and

inaccuracy are measured analogous to ten Berge et al.
(1993). Loss is simply the ®nal value of the loss func-
tion. To measure inaccuracy, the estimated average
``consensus'' con®guration after GPA is rotated to a
matched space with the true con®guration C0 (this is
because a GPA solution is unique except for a common
rotation factor) and the distance between the two con-
®gurations is calculated.
The simulation data on loss and inaccuracy were

analysed using an ANOVA. Some of the results are
presented in Tables 1±3. In Table 1 the average value of
the loss function and the inaccuracy after weighted
analysis is compared with the values after unweighted
analysis. In Table 2 the average e�ects can be seen of

the di�erent experimental parameters on the loss func-
tion, both overall and when a weighted as opposed to an
unweighted analysis is used. Table 3 shows the average
value for inaccuracy from a weighted and unweighted
analysis and for di�erent values of the experimental
parameters (regardless of weighting).
It can be seen that a weighted analysis leads on aver-

age to a lower value for the loss function (Table 1).
Also, Table 2 shows that the relative bene®t of the
weighted analysis is greater (if not signi®cantly so) when
there are fewer replicates, when the probability of miss-
ing a session is higher, and when the number of products
evaluated in a session is higher (thus increasing the loss
of information when a session is missed). The relative
bene®t of the weighted analysis is also greater when
there are six panelists instead of three. A comparison of
the mean values for inaccuracy after a weighted or an
unweighted analysis (Table 1) shows a negligible e�ect
of using weights. In other words, in this simulation

Table 1

The overall e�ect of using a weighted analysis on loss and inaccuracy

in the simulation study

Mean loss

function value

Mean

inaccuracy

GPA with weights 1.27 0.54

GPA without weights 1.63 0.55

Signi®cance value of e�ect p=0.031 p=0.920

Table 2

The mean ®nal value for the loss function from the simulation study under di�erent experimental conditions and the e�ect on this value of using a

weighted analysis

Experimental condition

parameter

Parameter

value

Mean

loss

Signi®cance of

main e�ect

Mean loss after

GPA with weights

Mean loss after

GPA without weights

Signi®cance of

interaction

Number of replicates 2 2.03
p<0.001

1.72 2.35
p=0.11

4 0.86 0.81 0.91

Number of products 3 1.21
p=0.006

1.15 1.28
p=0.17

per session 6 1.68 1.38 1.98

Probability of missing 10% 0.94
p<0.001

0.89 1.00
p=0.14

a session 40% 1.95 1.65 2.26

Number of panelists 3 1.62
p=0.046

1.54 1.69
p=0.20

6 1.28 1.00 1.57

Table 3

The mean inaccuracy (distance of estimated mean con®guration from

true mean con®guration C0) under di�erent experimental conditions

Experimental condition

parameter

Parameter

value

Mean

inaccuracy

Signi®cance

of e�ect

Number of replicates 2 0.80
p<0.001

4 0.28

Number of products 3 0.45
p=0.104

per session 6 0.63

Probability of missing 10% 0.42
p=0.023

a session 40% 0.66

Number of panelists 3 0.81
p<0.001

6 0.27
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study the weighted analysis appears to be better at
matching the individual panelists' data matrices,
however the estimated mean con®guration obtained
after a weighted analysis is not on average any closer
to the true con®guration than after an unweighted
analysis.
Tables 2 and 3 also show the in¯uence of the experi-

mental parameters on loss and inaccuracy in the simu-
lation study. Clearly the number of replicates has a big
in¯uence on both loss and inaccuracy. The probability
of missing a session a�ects the loss a great deal but has
much less e�ect on the inaccuracy. This is consistent
with the greater improvement shown by the weighted
analysis for loss than for inaccuracy. Increasing the
number of panelists has relatively more e�ect on inac-
curacy than on loss.

4. Conclusions

The addition of weights is a straightforward extension
to GPA which gives a means of taking into account
missing replicates arising from panelists missing ses-
sions. In fact the weights can be seen as an allowance
for di�erences in variance of the panelist mean data
points. The kth row in the data matrix for panelist j is
the mean of rjk replications and so has variance equal to
rjk
ÿ1 times the variance of the original data points. Set-

ting the weight w�j�k equal to the number of replicates rjk
therefore allocates weight proportional to the variance
of the mean data points, under the assumption that the
variance of the original data points is constant for all
panelists, products and descriptors.
The results of the simulation study suggest that a

weighted analysis o�ers a clear advantage over an
unweighted analysis with regard to loss but not with
regard to inaccuracy. This suggests that a weighted ana-
lysis is particularly useful when the main aim of the GPA
is to evaluate individual panelists, for example during
panel training. When product testing is carried out with
a fully trained panel, the primary aim of GPA is to obtain
an estimate of the true but unknown average con®g-
uration of the products in the sensory space. Here the
emphasis is on a lower inaccuracy, and the simulation
study indicates that the in¯uence of experimental para-
meters such as the number of replicates and panelists may
be much greater than the use of an unweighted analysis.
In this paper it is assumed that missing values only

arise from missing sessions. Further work needs to be
done to also incorporate missing values arising from
other causes. In particular, as GPA is most often used
for FCP data, there is a need for a method which can
deal both with unequal numbers of replicates and with
the unequal numbers of columns of FCP data. The use
of weights as described in this paper in combination
with the method for unequal column numbers proposed

by Gower (1975) or that proposed by ten Berge and
Knol (1984) needs to be further investigated.
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Appendix

We wish to ®nd s� s orthogonal matrices Aj (the
rotation matrices) which minimize the loss function

trace
X
i<j

XiAi ÿ XjAj

ÿ �T
WiWj

X
i<j

WiWj

 !ÿ1
XiAi ÿ XjAj

ÿ �8<:
9=;

8<:
9=;
�3�

To estimate Ai, assuming all other Aj are ®xed, we can
write the criterion as

trace
Xp
i6�j

n
XiAi� �TWiWj XiAi� � � XjAj

ÿ �T
WiWj XjAj

ÿ �
ÿ 2 XiAi� �TWiWj XjAj

ÿ �o �4�

We therefore need to ®nd Ai such that this criterion is
minimized. Now because Aj

TAj � I, we can write

tr XiAi� �TWiWj XiAi� � � tr XiAi� � XiAi� �TWiWj

� trXiAiA
T

iX
T

iWiWj

� trXiXi
TWiWj �5�

Now Ai only appears in the third term. So to minimize
the criterion we need to ®nd the Ai which maximizes the
third term. Rewriting this as

tr Ai
TXi

TWi

X
j6�i

WjXjAj

( )
�6�

then Ai is obtained from the singular value decomposi-
tion of

Xi
TWi

X
j6�i

WjXjAj � U�VT �7�

with Ai � UVT.
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Thus the algorithm is as follows:

1. Initialize Ai for all i (e.g. Ai �identity matrix).
2. For each panelist i, i � 1 . . . p, calculate new Ai.
3. Calculate loss function. If it has reduced more

than a set tolerance, repeat step 2, otherwise
stop.

The average con®guration or ``consensus'' con®gura-
tion is equal to

Xp
i�1

Wi

 !ÿ1Xp
i�1

WiXiAi �8�
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