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AT 90 BRI AR R TR THIRI 2 v oK Kvs o, BART

-9 LATRUBSEBE ML LI T-J b h, ZANEES L0






3
v By, BATE ) v HEAT-I 5D, Aokt wans
bbbt EFRRR TR,
WEF-9eBnt, TBIT-9 BB 0154 T 555 E0P %o
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FapThHEeBY g 1T 37 (cateqory) e Eok3h, AFREAR
Lot et (cell)bwn, (0, k)zILEE Lt
FCRELRERARE ALk 1T (L k) IV IcEES T 5 BN
BB (MT 2w B Lin), 15 wasl EA% s 82 Lk

EFIVT o e VEBAIREIE ¢ Sl T FEE (W pBE) L
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B0tk 108 50 5 E BN 0 BRI ARE R, 45 AW SEC4E
ReVhe Bia R 1o B TS, - bETL Y BB LTEA N
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hWHW B B BHF 0 T U MR TARAREL L1 bR 09 ks
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%o, AR TG, ITEE aBRCHE A B af3 L L IFRIAEN
$RT. R AN REFMALRIFZOICAvs Bk e 2R L, 108
HOBIKYE, L0Ba1n3, 1185y NIy o BRI ML R IR QE
TORBAKILERHT. tn, AICOBaSEatul& 10k
Ao Bdhe Uy, 32® Ca, Lok ey $E B 0 HEIA
e WIN g ARFR A G5 kh o L LR, 108 1-0h 380
MNaRIENE D% X550 0% B 15 BHRIEAR 815K e
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FARIWTWA D08 2710 L IT AT 250 © AR n b oo 1R 3]
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ot EFIL IR LA,

¥5®E T, BRIEABR0BTER A LT, HE AR BT
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o 3EARNEK 0 eWR B a #5083 K10 BRIBARE
VEIIRAE v, YEARI R R &I EFIVE BT <
ARTIDNER RS, 55F T 3B v v L1, $X
AN 1321 S RI TR IE R RABFF A TT W o b B £45 2. <K,
FARARE 20 HFRIMR ¥ 00k tAWA T L0 EIR
AR THL LTS,

FeRETIS, ATl IL L 15 ERBLH 0 BEe - L HHA L=
T AN BT AN FE L LT, 4 n BATA B LI
Ao B ARRL. 6B TT 10 B\ BR=IT3y RRIFEALT,
L, 38 0 B RIBART v iFT LR ER W 0 HE Tl % S 15
Th, 62/ T HUEM LT LT AR WY,

MBR Kawin, SEZEoiFE B 1s AR <& T)
kL1, Riewmann TS o BNty ) GER B LR, 1a4E
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E5 A, v AMRABaRBEF S Cian. AR (i, B
by ERRA i) - BFEZ R « 152 Y R L@ K20, %9
AN 09 ABLEASUTI ol 4T2 £ AR TV IL LTS Y cdst
A0 HEIRE L Riemann BB LA Lh. R, ERp@y et
%5 Ui Riemann-Christotfe)l @F 7o v o fLET IR &
Haxts2oWh, 3ohy, 1a0EF 0L n"”/"é;wvv,n", &)
HERRICE TR (covariance stabilizing transformation)
NiftokO A NBTATELILh, W, W10 G5IREB v E
WEZE Ly o Iin, AR EERE aiGR 0TS w43
L1 BIRAH Tt E oGNS EaZRER B Ly,
STaR e EEE T F4E L T5F ¢ Muh Bhattacharya o
BEBE LY. BIAR2 T, - RY LB AV RAGE v H 4
EABH 1T = RLBHEBNIRa2OER 6 vy, Atk
B 0 e RO BB K KER WY e AT R I,
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13 #Enpm AW LAL
Lot A BRI EE AR L LA 12,11 ER T 5
AEEnB e AR ey A8, $EAR KR KITTY IN9A LY

TEET IV 2dh T-983 € BENBR BT ITFIVILT-9 1]

5385 b0 bhwsRER A A0 ATRAT, T s,

FERSIH I 5H 7Y b)) L ETW L Ak b T 9G4 00 2%
B\ (5 & &) 1< 2ag. i< B 3 R AR RN Y mud\i@
(AR R0 Z48ER0E T 0. LA TIYH Thby, (EELE
T7, HE T, BrTW Thy, WHMBH TV w6
U Yule, R.AFisher Wk, MS. Bartlett, T.A.Roy, M.A. Kasten-
baum €§%71, LT Good, S Kullback, M.W.Bivch, L.A. Goodman
T.M. Bishop, S.M.Fienberq, S.T7. Haberman 7 %<agfkA 4"
), ARR TR EALEWLEIY) . AREY 2T R BB TT IV, K.
Pearson, R.A.Fishev % H.0.Lancasley Ewl k35 RNkv"n)
b fE 2TV 2T TE Grizzle, CF Starmer, G.& Koch %o
PR hh, Ao 2TV TN 0 271V 0o nBEL m ERTE T
h", kancaster 2859024 (additive)z=w vin Gy,

I, ARKaFRR 13 190055 %) K. Pearson t G U. Yule 12
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ﬁﬂﬁ%ﬁ'\% LA x" T34, Pearson (19006, b) iz Rl it 1= .5
REREZAIZEE L, 2x2AB|E& 1177355 tetrachoyic corre la-
tion coefficient &k it1wn. Pearson 11 4B\%& s HRLE
A% 150 0B FRA o BEAUC 1e TTRIIMIEALR 20151, 44
’5%\ CLln BERAS kw1 o TRERSH AL L HEE 35 S B\ A% 5
2%k, &k, Pearson (1904) 13, = 20 4B E B E TR E 7|5
RELLT, Pearson, hiniaihc Hellingey a1z 2,1 0% 137"
AR O e 2R k. 103
¢* + | = f lotv)"/o\)k = j(d\)/ok/l.)"a{/u =]/\*o\/&

CERTUA. ST, AV 3= 0adBERIF, N=dv/AN 3 U
855 v a Radon-Nikodym & B8 ChHr. d* i1 No A5 L BR1E
WA, a7 UE BN A" L1 < Hellingey o fo U o¥ T wn oz L,
Cramey (19446)], Hellinger 4~ — A% 2 RZAHEELF(2,Y)

X2l
OCo

s 1 = J[ LaF 6,1/ [a6w aHu)
EEWIATRE Lot b oo, G HU T Flx, o R
R Thh., 2RIEEHANH &, = 203BFFEIX LY K 2wl

PriX=20, Y=13} = by
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LZ<np, Hellinger o 9213 |
¢* =% Pei /i bg) -1
kigh, 1T, by =§’f’c§', Pej=2bef Uhn, 1L, 2o pej ®
2EAYNET-Ia BRI THARBIRE Lorrrt 3, LR oYz,
Wb W5 2E AR K 4B LVE K2 w1 Pearsom o X* ¢ 1RAnK T
INTHL.REOKIECEH Y. 404k 06 abTR 1T Lanws-
fer TR I TR THE Wb,
~7%, Yule (1900, 1912) 13 2x 2 %% K & iph = 1B R B0 d )
N8 31vAIh BB (measure of association) L1, LT LT
Yole n Q Aw Y (honwiw) L321Rb—aa s R E L. Yale
13, Pearson LBy ABE TAIBIKEEEBIT-9 LB L 1w
®KIyThh. tw, LieaRAE « HEMHET Lo hActay,
2 208 % T Cross broduct vatio n B H 155 tw) B h1e
NAEYE L. Loty Bk h, FTEEE 27 WA L w Lk AR
REF I T8 Yule e ~nA R o iR o REE 32y Ulh
(43 217, Fienbw% (14%5)].
R, Fisher (1422, 1924) 13, F-9 475 G-¥ v T 2 T Wk g

nBBRIRE o x* 45T E v Bl Y < XERT 4D e Ko
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TEBRES Ak ITU N, 2ENRE KT EaTE 74" 10
B fha R ikh 1z CnE S e 451 1wh. Fisher 0T K-
Wi, KIalthva, Ro=—2 i8R L 1hr<~xs LBbny ¥
-3, IENRN R R RBIER AR T e T L1 Bavt
lelt (1935) 0 ERGATR LWL Thy. 3SEARE TSR
NRQVER o fRRE a8  ZDUCTH ey MR 2107 %8
APERRETH N7AH) ) B EFLoTE ik Lk bt wih, =
3, Mam\% (1442) K 3 A IR TWHI Y K, Hotel\ivxg (1936) = &
HhEEBAIN0K Ly 2 EARK CBR Lk T B Sk
')vxllxl, BIU 5 24" bAB K R R IWT WS e D3 45 3 4 (47
W3 R (1497) Aee ), 2E By 598 3 Fisheric sy, 105%,
T ARKCHT IR honwT RBEE 75 cabhy 5930k
A h (PSEAR).

ALE L Bartlett (1935) 13 2x2x 242 % ¢ 2 REG4FRA 4T3 12
LIsw e v ) TR ) — 2 a ZAACET LT, And% 2056 WRA LS
1, 14515 N9 T SimPsov\(l‘lSI)ll Bartlett o ZAK 47
cross product vatio 1t M5 L W BI LB ETIUK 270"

HholTeFolie. allth s 1T 4T TF WV A2 474
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=7, Lancaster 1z 3EQRNEKInT, Pearson o X* Hon

ITARC RUE T3 ¢ nMBRYH, 2RARGIERIET o 3]0 12 BUL
Ll 072270 E?E':?E V. And072% 5113, IBARVR N
WARF © Do, 1=t oy, J=15, k=1, T €35 T, 2uatd
A"

Prie = Fejr Protc * Pive g Prie Pier =2 P o oo
bwh Rt M x Tt e LT RIBIRK, 125270 8 w0 Al
2 X aBF VNI 4B CATRA LG o IR T 00D, 5
1<, Lancaster (1960) 11 ZoiE IR0 S RADH Ao 1135 43
2Tvh . ik, Bahaduy (1961) ¢ Lazarsfeld (1961) 13 2™4%
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7 ﬁ(«)miﬁzv*se?avtm“fzb. 15007, 58 0 23D 3,008 A
B s M w

R, (3.22)0 AR RIRCHRTH 560584 2 238 17,3

23139, brokc mEBLI Aafisos, Baiats R

T, X3y wELPE R t’\/z\ﬁﬁ-%’/t)o‘“t‘* B

kR, kR R+l , R+l
AA =g 2.5 5 B B + 5 A
S=2 V€8s ~ (3.3¢)
‘k:ilzl..,/r
‘
Ak A A=A Tnrxs
teel B30 23%9 Bado ol ITLL
R,k
B) B« =0 (3.37)

RO (R# b1t Z 230 s Ry cFEMIns).
kL k
$.1, 3.32) 0k Ao RFL &P L, B() B(P)izanuz (3,

R+
33) ¢ Wa TRICEE TR LT, (3.34) 148 |
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:ﬂﬂzii'o‘fy VK H 1< ’zZﬂ%\E’{gb,
fi21 g, o EFRIZAAENT 515 db:
9: SA A, R=t,2,-y. (33)
0 RLT503, A 4" AeNbv K =@ U cpess]
L3, Ao et <Pl
AE. cofa R34 < HiTs. FEMa (3.36)0 85D
ERTHbh s BR54 U oo T BEdTs
AfomEathiec Ba1 v 1 ons E48B %% 0D <4
L7 <t THA. ARLITLL, AR A~ VBB QY TR
FACRE Ak EtBRE € S L cifhAIT, (3.32) L (3.36)T |
FHF o ehorr e, BANA S 408540 0 BRISHY
MEOS2o0n, 2T, EEr S Lo EBARR{AW i
LT (3.29) & %(o()oi%;mi:f/f\ﬂb §2 o LBV [B) 0‘3 (x) &
ZRUT 20BN RL LK H 1 Fron. FiFamBsors
e@tfacZL, At E\ LEEI TR T € (318) 12851

R-A .
®, V" (3.39)
Rk , ,
L, A4 Bk ETR/T5BI8Y3 13 (3.29) 12 151
m R
®t-| Ux«tt) (3.40)






24
b3h. 2ot, T3 G4y e, TO tﬁf’ 13 (3.30) T5 25K
whtatThh 1,1, At [%(cx).: 78575 BT853-13 (3.39)  (3.40)
015, Slhb,

(@’: 1%,(8(0 )(®Lm.‘%-7“)) (Ux‘:i”kv( )) (3.41)
kigh, 4T vo(o() s SO 45 (3.41) 0 78932 3,1 BB s h
QLABPARBLEETS. DK 6Bk R0 2 Fons.

ZH30. 1Rt W) bvRQY T2 E 1 525 W E10E
R AU - B (viem) konT BB (3.41) THEZ 10
K EPANE [B) w 0 (%) R2T, {48 aaemiz @1

dim (w(d)) =] (r;-k) (3.42)
Le
TrLonh,

$Ea). W) o Zkey, 1o RLE BTBSS (34) o P TS 2

Suh, W25 v
rankf02, (B9 50 L T kB, 99

X (1)
= R R (¢) -
-3, Uy, Vi 3 nietiia 24 (3.30), (3.19) 2
R .
() _ U) (%) .
-5-(-5) wiie _ V’ - Lgl ’ & bEA AL,
i) T T R R 07 -
* 'U'é” =f(¢(°)g”, Lo Akl
(3.43)

Lrsy), 1at5 513
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Yan k (%m %l,m) = (3.44)

Ti-R, 1edacs,
% (V)

{, LfAny3d
THLOWS. 857, (3.42) L4885,

#E. FRUEETILTE W) 0 R s FifnBe B o
B\B/i(degrees of freedom) L o8, Bog( L5 A m #E85
KTBAT59, tamkicl, TR IBY TS E(ii\)wa‘eﬁ)tﬁmt
152 ML GV e XA Ty niBA £2 < 755 A G
B o $KE 69k 428 5 105 % - 90 OB £ 20 2.0

L%\ Vi ~=mk+ | (3.45)
LINIT R, e &%) L 1RI DR oXif0 301y AR L
Itdrta i wih.

Wik, €Y o -HRBIABEA Th) (335) 0 Ao nth o
2%, TEENEE (3.32) 8,1 s ﬁ(m), Vjem @S35
BELELIa 5. ha d=fi), viem e iT15 D) aRL
HeFlo, 1000 F83 34D & 335)0ka k07 5o il
he b, R=1,2,-, Y itoula dim(&)({i})) (Vjeﬁ)mm 13
MUY THIY. 2T E e = V= T Lz b3 0 §5 Bt

T Lla-<. konyt8 $03
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Y-

M

Ligh RRIT IR I Y™ U hY), m=2 o % (1 v B ax
VY, (334) 0 T3 T RIBAREAIB A -ZLTY me Yo

W ntBikawt, 238a e R3IA T L1HL,

i 3. o
m r " mr(r—l)/z %;I)
g r2 ré-r r
3 2 8 3 5
3 5 125 30 95
3 10 1000 135 865
Y 2 16 4 12
4 5 625 40 585







7
4. 5E5BNE AR (L)

MEIT RS E0090 A8E L% E4H2|E F-9 0B8N nkea
Tk Bih ks, 27 YEMH K H Ttk ER e
LT b maeTiv e TEEAHTT VL L) A, Rix F AT
LI .

41{ 10225V HHEGRTI TSV

SEABARB IR T, 10 BAM B RAZEIFR L S0
PETIVTRRT» 00, 13RI, &6< N <73
b, Ao Bl e o Xk BI T EF WL LT, ﬁﬁmﬁ’o%ﬁu(log-
linear model) % 727 1L (additive model) v £1U1n
B, 2oTix, rxsxtﬁ\?'\%azwaw L, ZhHaEFIL L HiBLT
LU 3EHLHNHE L HF O QEE B o Bk s R~ b.

Tx Sx TSR AE, HMiothenrbE, A w 2 /it o BRe

J& € LT W

Xije, Pijk, mijk,
(VieT, vies, VYkhet)
LEC kS nEnBlafus Titax

xi-_‘_ = thjk X.L,‘__r = z x(:‘T, x“_*“,=zx‘}r.‘.
} k ' 3 ) U
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NIRRT BT ALE < + £ 278, CILEE A ELFD Xyar &
CeNeTs WXKFaniz 2ot rst o @b
Af T, etk P (Vie¥, VieS, vhet) v EABIT 4K
LLVUMTaT T astiBic ing, 24851 68 v
Prer = 1 4.1)
Ty, #5404 1 Thy
I, RBECHRUy 0meT v g SR 45As
A = (‘F“Jk) (Vie¥, VjeS, VkeT) (4.2)
Elketn, T340 TT WS A |
A= (Mmk) (Vie¥, Vies, VReT) (4.3)
LR e a i) 2701k 30 o 5n . 2% 3 2 WHRE nPHAY
ERELTHRIIRETIL, Ty
A= ’Fca'k ) (WieF, VieTs, vket) (44)
nimAL IR,

a) MAETW 3R D TR TS KIHVEBQLY, QY g

QYo h VT € RoLICITAGH e mr e 1l 2a0) TR E T4
2(1) = C“D\% (?l‘,«"f)
):(1) = dicu} ('F+}-r) (4'5)
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Zp)-‘- dlaﬁ (P-r-r-k) _}
MT, 238 a1 Faikimiito-1, IT, (25D a%MR R,

Az = hﬂ{ (VieT, VieS, VheT)

k
" [$ies IPeje | Prvk 4. 6)

LH<, oA iTT BINRLRE TN b W) W) )

wi = o (WieT)
jr...z‘f (Vié§) (4.7)
Wg) = JP"""\Q (V‘ké-f)

3y oW w® 4w o TR (250) 122 Rg L )W

)

G
L
!

TG
WS =1 (vie®), uf=1(vjed), uP=1 (Vhe )
(4.8)

lb\..

L, IR 1a%E v { rib’/‘z.)o‘* BT h b,

cotyckkine (R, W w® WY nyna{A=p)
W, u? W TN ER TP L iR s - Bt
(2,2?\’ (2.30) 4 PR ) % TX$x"t/\Q’l%<ﬂﬂU’/"i\%’T‘]vho?‘él‘. %
2T, Aa-BINEE B, Bl)e 4.6) 281 Pejkad

B fintae B) v®nt, 10, ARILLILLH LD,






7%

227, BB Barmi<,

%’b} kR ~ )Pbﬁ )P?Q*' 'Fka (4.9 )
eqx, <=9, (15, h2), D23y vkt ol e w B9,

B, B2y, Bl23) e Z¢. w-R3iNRaZA(2.20) &R

L1 RA L4155

B(o)=( Fiik ) (4.10)
B()=Bl2)=B3)=0 (4.41)
/B(l2)=(Fii*}F“"k/ %.cik ) - @(¢)

/B\ (13) = (Fi‘rh )ﬂif/ ‘zggk ) - % (®) (4.12)

BUed=A-B012)-B03)-B(3)-B(P) @13
22T, (@;h) Sl 3EMLA THLoLETF. (411) T A-
B3 E v /A Lho it Bicanwtin &2 5422 (3.5) 4" (4.9)

ARV WY w® W Ui rrrs et it 4n el

!~ 7
/\

_ W )
9 ..c%k Atakwb Wi w P =1 (4.14)
Ligh. uE (4.10) o E4csE e ins . 2Bk, Bl g B)
£ (2.62)e@w1 T3y Bz B oS%F < F}TR LA

lren, (262) iy B Bl X)) v BRI TH






Aar -2 Ta BB BM) ELTR<. TR 149 4
BIP) = (%)= (Pore Prjr Proke ),
B(12) =((ij+ = Piee g ) Peor),
B U =((Rok ~ Pivm o) P ),
B (22)= (i = Prge Puek) bies)
B(122)= (Pijk = Pijs ek = Piug P
=~ Prik Pixe T i%gjk).
WMEn A 4§

hhwit,

= ('PL“Q) = 2., Bla)

AR AL OTIRE T may

75"

(4.15)

(4.16)

4.17)

(4.1%)

(4.19)

AtAt 107ARTIV I 3EDRR T 3R Y R (2R §2IF

)" 3 o enr ks R T ik Lotk tn T [

Lancaster (1451)), (4.17) o B(123) 0 k0Bt ©'a b &

WG L HETF W T H S, 2oe7iiHo Bk,

H&l /PC'SR = 17135-1- }F-r-rk T 'Pi-rk }P-ré'r +T)-\-i|q PL-\-T -2 %Lgk :

ALY

(4.20)






AR =RKE'A =3, BRE" BK)
T52odhh,. 221, L iz nxn oiFhl ¢
z - z(l)® E(?-)@ £l3)=dikﬁ,(%c'k)
)
Thy (420)1T R By,

?%jk =1+ Z (_Pii«- - Pff-r P"jf)l
R OR) 5 N M+ S Fejs

+ Z LPCHQ - 'FCﬂ Pﬂ'k )1
K Pl:-t't P\-Th

. (Pik= Pris Preg)*
+j/k P*j-\- P"“’R

+ 3 (B - aPiie Y

¢, j,k ?Ch F‘ri-r?‘\"fh

T poe s

a?&jk = 'f’c,} 'f’ﬁh v P&hﬁjt v f’rgh'ﬁﬂ - z%ijk

76

(4.21)

(4.22)

(4.23)

4.24)

LLREnThA, (4.23)0R883, 3<ioWTny Lancaster (/9

Sy X a DB Ee s gwn. RRR (4.23) &0 210 4™ 5 Ao

2 1EINT N (S Xer) B Litois 409 )F’Cg"lz T TEEE

/’f}cjk = Xijk /N

< &7 NLRIE Wb h TRRIEY I 0 IR R BTh XF R IR b
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Pb'k )
X*=N| T, L1 -
bR ’?LTT ?tj* thh |

/\ -
=5 Kije = Mijk) (4.25)
\ Y

Piva ;f\’fjf/\ﬂh T hb
EFWHa 0 1T 01 BEAPSRHBITFIL L H L Tsh 2.257?
NTLAE S, PBAEIY I 2e12/3) (2] f12/23) vea v, Bt
t:la’vt‘r:%’r“&
H,: )Ffjk = Pc"'ﬂj* *+R (4.2¢6)
H. : ‘PcJ‘k = ch* Pk | 4. 27)
Mo Pijk = Pije Pk = Prjk Pror = Proefoje e (4.28)
G 13omy. H s AR MEMETTIL, Hat 39t a7
tv). Hax Hy e [l iﬁ&"in)\dw‘z,tck,l ZXH)aETIVA RS,
Ha 3, Laweddtns, 1057 tn Z0F480 TF 0 Liw 205 v %

&, T8 & o &iFi L7011

'Ff.i + ?C* k
‘FC*-T

otiNatnnny . JEIEAEIETIL L, BU3)=0 LIbiqg

. H3(_: Pca‘k = (424)






7%
tlLhe, (416) o5

)Pf*h = ?Cﬂ' F‘rfk (4.30)
LBy catFive BA4RLE7Iv ew o™ hy. L8 WMEaik

T3 ) 5E 0 AR < FRIE T s K AR LT 8 s 3.
b) IHERMETIV WS ETILG, SEELH A
A= oy st ), (31)
NIHU Y, w? uB e (4.8)add K IR 10BE <l L5 antat
L1, 21, 22 B 030 k8, TR R TN b ThA. 10M240% g
Aog bijie = pr puf P i P TR M+ e

) (4 32)
LRIBING, azF Wiz ZIRITER ARSI HBRR PR Tadix

BT L BN TAL 4 CLAEF 0 fiqun { bod 5189 (41)
YOPMTDoTMAWY . 451, £ %6Y 1< 1R Y Th M3 2o BlE) LiAn

TIHRAN NG,

WEETWTH Ha R 875 3R3MNE BHEnET LG (432) 45

3 - SN
,u‘g}k’ LI wkia ThY), FEABIEFIL TS, 403 E18 L

'&7’3?6&1 = °<ta' + /B‘:k + ij (4.33)
tFnttdn D230 488). 1w, £o5,098 L
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H! 1’631&" ecj Pk ik (4.34)

tity B Tm s [ Darroch (1462, 1974)) | 2e TF W Hm 3

b (432)0kna BFXinE vBS < B EIRLT A0 2 7FILa™

1¢HRL LT 22 B TIE N L) Tl (43 2.5 K88, PR 8997

2 {1238, b, {3t ket @s o H, Ha, Hiyc a 27 0L 4~

Fokh, poRETw T 112/3Y 2 W1 Haa (4.28) 4748 bk & 4
2 lwnh,

NMHETIVa Ha & M5 251V a Hm Lo te 813 Darroch (1an4)
L&, IR TnA. BTV o — #(6Y R N ARATE Y Wk e 4
247 AKBY 1 Ha o” B 117 Hm 07780 k Ty e 47 F 3 1
wh,

MEaETILa R aT-I it L R v FEAER N0 5%
a¥hTea, ARERT I o BRmnL B et i arivs R oL
X, UiTbih. Feva AHA AR WIR T 1« 94X miik a N7y
YRR e H BTV 2T, K1IN o iR Ko RIS Fa4,
L% kb B IRAG 2TV (AN $PA0) 15 5 Lo % 1BAG 270,
RS hHFEFT a7 v EFIL 47 FR) v o be By B r - %

AR ETIL LLUALoA, thin ABEZTIVaLL TG, HEK






$0

P ET L0 TARETE BRI A CACIRR Y 813
THhNr 15 %, 15 [ Birch (1963), Habermann (1974) ]
22U Wit Fa s n 47, BRI TV 0 P A BY EFIL Ua
10 ER? AT T) 2L o R, 2us £k R4
$12,13, 23 e, Xije, Xiek, Aejie 0 $EA"RODIG T
R wny, BEE Mijk o FL2SE “r'v\\.:j ko Blafoe ins k-
MHLWIRIF T 02T W aREHER 5 by, 8 i
s, R

G =2 % Xijk &q%ﬂﬁ (4.35)

1R

AR, BE 0B E T T ot U ANLE Kk XA 1034,
AN i ﬁfgk TEETWaLeTaEE ThY, X0 BdE G
METIVaPARB a R < F Lo, ABEH 50 (FK2.0)1:
VTG 7635 Rlafo e ) < evdB Eo HZE v B ou s
T, Hie e 301

(Xig+/N) - (X /N )
(X-L't‘f/ N )

Pije =

Xijr Xivk (4.34)
N XC«-'\'






&/
VRLILEIE viih, ABRT e 2 FIL L T LT ARATW

Bown RIGHE v BT hh.

WR s, BAs BB TR Cn), 2ETE kiR
BART 9 BRI Len " B . ARE W 55 0 Bkbo 1R ATH
DAL T VL AT R 13 5% nE R0 IR Thh S

T, WATTL o B BoBEvsa NBEE v F5E

TIEAN .






P2

4.2 ¥AtKETIL

HEMBIRNTIV 40 2UARE 1w 2 VL 0 B4 1B 0 2528
EGITHBIEB o T 2E %L w 455 408 27 1v 8 254k
ET WV, A AREITI T IV L0F 380, T25 Vix Yax- x Ym o mB
% 0w LB I, e th e WARE , AW 2 AELnTIEIE € 4uss
Ko T dm, Pangsdm , Maaee A (YR0E T, Y ieR)
L3h, 17 eLBRE L An, $F BN aGEA T

A= ( J PNN."‘ A ) (4317)

Lh<. BRI VERQY cags v w7

W =1 (Vie¥, yiem) (4:38)
Thhin e HBL, AUEI T R Tak-NETH w &), Ard-B
TREB ), AW BiFoeTiL

A e IN) (4.39)
2ERE 55 12U QA a 228 atel ctEn, MapHEA
AT52 K 1tant

RUILI=® Q) (4.40)

Ve K
TH250 s Li229), (230) A88] (438)035k Ry uY

Ehelh S LT v, (437) 2 5B me3| LT IEARR LER T,






£3
LICINTI RETHRET 50
hht8n RIARE R IAZZ4CE AR (variance stabilizing
transformation) Lt LTV # o Ty B3IL5 Rao
(1973) )47 2T RjkETIL e AN Bl o — - 3 SEERIG I
Kb, tnu/{ﬂt 107 v 1 48 9 8 % ”’ii‘chfﬂ T°7Y v EF v
T eV Ko 35 1807 BILE) < AR V4 o EE% 1< 445 or
SURAn T, ARSI Ta 4T L 250 BT T 82K « 884l
TN T A, SRR AT )L RLAEE L1999 3b
AR X540 55 %ThET LT Rad? KIBLONL, =90
Y14 lﬂmm\ii‘@‘lb{' tLl Hell?n%er disTance U3l uy
Rao (1913, p.322) ) 47 mn. 3 EAREKAHA TFiL clras
B g amt & BEERAE { Xy a /Ny £ 0B %

Vs Wit

T EDY E'—"ﬁ"—"—“-’r%w..m (4.41)
TEZOMD, 2T, 39 -HR 1< =0 DB T RE Ty
Bhattacharya d:‘vevgence | Bhattachavya (1946))a—
#rn,tey, (441)t Bhal‘taclnarya HBEHEE Ho et
nh. lAREREaE ok "y TR TE 5L WA =1hAG,
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BEIZLIR 0 -BIC KT Tn A, BAETILOLET, (441) ¢
R G a 2 13, Pearson a X% Neyman o 45 E X* [ Ney-
mom (1949)], Kuwllback-Leiblev #1345 22 [ Kull back (19
] me Bt A EHEAKI T T -y AKX
MRt 525, wi, YEBLH Y ¢
Y = Uy nonm /N) (4.42)

Lh<t, (44113 (437) ¢ (442)1.851

o (Y A) (4 43)
cFur, ‘,l}k‘c%d\l(‘Sb’/‘c,t’l,li’,/\f\\ﬁ\lﬂiim‘l"{fg’v”}, BRY " 1<
)’V/ A kK Tyoiiiss, a3 Pri1, FIHEeTLTah
o WTE N aLh i BB K 1A,

5 Y'Y Aconwtir ewadEafkd0a |l Thb ot ah4d),

Cr=Kp-=1 (444)
ThY, AaTEZIR A icavnt
AR = | (4. 45)

t Rae (1961, 1962, /943) n 5.0k U - RaBEIE3FH . Raoa
BRILLD 2R aBIE kw1l @b T ek 4™ kb4 TBREYAH

TR Iy T b s






s
LdlE) e E<. 2abs
(Y- E)/(I—B)ﬂ— 2YA (4.46)
CAIE0a T, YA ERARTIVD)K, EXesL LRI, T4
o= 25 L1E LD Y.
¥, 710 (4.39) L 818 445)at LT (4.4 Ry
A3, BBy

A= —'7—\ B ) @.47)
Vo ENR
T525hy. 2T, B&)is
™ _ Mmoo i)
E(m a (®L-|U«.<u))\«f/ (4.48)
Thbs, (2.20) 7 2R1h:H Y o &-BINRTaY, NI
A2 Bw) B )’V" (4.49)
V€ -~
TH5ALO5NYG cakiag Hellinger distance (4.41) 13 coo™ A
Liss, =5, H5IBABHETWaR st T3
X* = 4Nloo ' x )" (4 50)

VAN Y K XA < 48 S 4 fo ot wh [ 23 Rao (
173)]0T, TFW (439) o RE 4 TH Chs. 1o 0 Bék
Iz B2 B W AT 5250k

df=m- 3 (T(ri-1)), (4.51)

Yue K YUER






P4
ST, FARKET IV FIMOEN Th Ly, F-1c, AR%0%7 1L
KATH B RIZNEACDBE 0 ER 12T ha, SESE K RV
TR 00 TEVERRK Ay e ) INRRA v U, $E5ARE T
12 WRE o - 50 2o (zevo-cell )icrpy o & 46 gy
P, MEHHETVCLETIV ek LIVARE L R1TE1E
7’L$B;Zl,lbo1?“2’r’fb 'chfé,mﬁ’&m?. tFIwvn 1R,
WoNTREE RINE oS v @5 T hoaciTL, 251k
ETWTILALH0ETVT RINR Tenkifaokt -4 E-1
W, ROWRLAT) LTIy, A, SWaRE Tha
HERE 2TV I 28 (closed form) 2L n ) <,
L, FITBL VL K 2T W0 AEFE by AAER v Rk E ¢
R B FIIRETILE $F, 1 hHiianlntoyg
109 45 U ERIMKETUREWARR 0 EL T L 18
ETWTI0 5y, 580BIKT 908t nE Ry I8 0 — - 15
FLHWR T 9 5 B M B ETIVEFRR T Thohe £500
EIRE TN 1B AT T h b BE LG T,
LY 91, =120 TTIW R FieK *Kihh e, Tl BR 2 4

9T-Fo0NIFR kb 28 BFR T AT,
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5. 3089 %&k~oB (1)
FIFVERSEBLIN 0 BREARR L S EABIRT 9 BRAT <
M35, 37, 2ENBIKCITTHANRICTFA vothn, 3EARITITT
HHTILF AR e BH LT, 405 0B ET WealflR s 3L s, &K,
M FERHR T T IF AL TABL T 450 TU LRI TS
sencikn, B HIRAMRI AR LT v A,

5.1 2%2%%kragsitit

CHEARIR T BERL AR, 1I3FOERRISK, 2B e
Fisher wEX @B A thnk 27 & 28/ B K IQAR Lk~ ¥ 1< IH LR
b vetw) RRIROHEIF A, optimal scaling method
(SBEE) 0 — 75 L ik '/b;; hy. ~aR§rn XAKII® @
(1927) 1< 3% L,

2LEABR AT T Rad) I LW,

BBRS. TxCAFRoen B Py (VIeT, ¥jeT)a S 1hnkes,

&t
2PN =05 % py4=0; (5-1)
" 3 "

T = - Y22
%?bflh b %P“g‘ﬂ;”i (5.2)

T T,
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§ =2 Peyxi Yy (5.3)
ElK 1T x (WieT) $7Vjec) s xKnn .
Lof6afEicoBbyin, ARARRE 7 AAaBN73) 1 XL (VieT)
Ly (VieT) ey BULE TS L, 1737) nABR mowiTec@kess)
sbwhh, R0 BB arnk s Z (1973, 1976 ) 128 b 38 vedinth
Zeh0F B8 hhy, 42T B LR 1727) 6 0 BBAALE 0 EBka
Tbnbhar Iy, BEYS TA=rAB 1< I LT Bl 8T IeT £ 47 iz
%1y, 1na. |
MRS o &3t (5.1)13, A1BBL X (VieF) Y (VjeT) od iE
Lo BERKOI AR LY corlries, X Ya3E 0 a7 nh
by BlEERng, RIFG 2T XY BEFE 1, &)
LBE L X LYo A1 € B FR TG, Lkan 1, (5.3) 03 3
XY oREHILERTH L wlyh,
SO BIRRICITLT RaIH T B3 RIT TR I< k05 T wh (43 i
Kendall © Stuart (1961) A fR). 27, k3127
Z?;j 45 = 9 P, Xi (Vte?),s
2Ppni= g by (vjed)
Thilohs, (54)0BRHEIE S 131 ¢, TATIx ) vz RIS

(5.4)
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RIRL KK THE0 Th. Lo buIn F$GA) 1Ak F2

RRINHHB LTS R RS oBR L i b, 351K, 73143
(k)
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7L Ha KA ThH Pl o 440 (1)

0 — =
Pigk Kz . 88
I qijk 2(r+s+t )-8 rst-2(r+s+t)+7
pi++p+jk st +2r+s+t-7| (r-1)(st-1)-(r+s+t-5)
o P+j+pi+k rt +r+2s+t-7| (s-1) (rt-1)-(r+s+t-5)
p++kPij+ rs +r+s+2t-7[ (t-1) (rs-1)-(r+s+t-5)
p+j+pi+k+p++kpij+-qijk rstrt+s+t-6 | r(s-1)(t-1)-(r+s+t-5)
g pi++p+jk+p++kpij+_qijk rst+st+r+t-6 [ s(r-1)(t-1)-(r+s+t-5)
pi++p+jk+p+j+pi+k—qijk st+rt+r+s-6 |[t(r-1)(s-1)-(r+s+t-5)
IVa pi++p+jk+p+j+pi+k rs+st+rt-5 (r—l)(s—l)(Ezils+t_5)
*PyP1g+7%% 5k
K52 F W He K a7 A P iEA (2)
[\]
Pijk
pij+pi+k/pi++ rs+rt+s+t-6 r(s-1)(t-1)-(r+s+t-5)
I pij+p+jk/p+j+ rs+st+r+t-6 s(r-1)(t-1)-(r+s+t-5)
p+jkpi+k/p++k st+rt+r+s-6 t(r-1)(s-1)-(r+s+t-5)
IV D. rs+st+rt-5 (r-1)(s-1)(t-1)
m | m ijk —(r+s+t-5)
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‘3a‘ ‘73 ‘7Y ‘75 76 +
A 3 3 Y 2 12
B 29 28 31 31 119
C 200 196 125 130 651
D 153 162 195 224 734
E 65 61 95 63 284
+ 450 450 450 450 1800

Ao i

B8 73 ou s 6 ¥
A 12 16 13 5 46
B 104 101 100 86 391
C 371 394 315 287 | 1367
D 363 364 4os 360 1492
E 172 190 146 157 665
+ [1022 1065 979 895 3961

K54 NINT-9 (45041)

/2~ VR
o4 , : :
] 73 74 75 76 +
A 3 2 4 2 11
B 28 25 32 31| 116
C (180 189 130 135 634
D | 176 178 207 219 780
E 63 56 7 63 259
+ | 450 450 450 450 | 1800
UMY
q' ’ ) 4
B¥l ‘73 th cvs ‘76 | 4
A 12 17 13 5 L7
B 105 104 99 86 394
C | 391 401 310 282 | 1384
D 340 348 393 365 1446
E | 174 195 164 157 690
+ [1022 1065 979 895 | 3961
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K55 Freomitk (%5307-9)

0) ¥ AIkAEE

FACTOR DIM S.S. DIM S.S.
0 1 5733.129 1 4.871
1 4 0.0 3 0.0
9 3 0.0 2 0.0
3 1 0.0 0 0.0
12 12 13.533 6 2.443
13 4 5.834 0 0.0
23 3 1.190 0 0.0
123 12 7.314 0 0.0
b) RAMEELE T
FACTOR DIM S.S. DIM S.sS.
0 1 4459.875 1 3.541
1 4 1057.721 3 0.0
2 3 2.799 2 0.0
3 1 195.229 0 0.0
12 12 14.807 6 1.332
13 4 23.288 0 0.0
E 3 2.408 0 0.0
123 12 L4.873 0 0.0
¢) M EEFAN)
FACTOR DIM S.s. DIM *S.S.
0 1  5761. 1 19.732
1 Y 0.0 3 0.0
2 3 0.0 5 0.0
3 1 0.0 0 0.0
12 12 54,427 6 11.266
13 Y 23,70, 0 0.0
23 3 5.093 0 0.0
123 12 30.999 0 0.0
A "0k e 5w (2)
FACTOR DIM S.S. DIM S.S.
0 1 1. 1 0.003
1 y 0.0 3 0.0
2 3 0.0 2 0.0
3 1 0.0 0 0.0
12 12 0.0094475 6 0.002
13 Y 0.0039405 0 0.0
93 3 0.0008840 0 0.0
123 12 0.0053809 0 0.0
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&5b Fr50A %R (k54 07-9)

a) 75 R A

FACTOR DIM S.S. - DIM S:8s

0 1 5732.644 1 1.951
1 T 0.0 3 0.0

2 3 0.0 2 0.0

3 1 0.0 0 0.0
12 12 13.625 6 0.371
13 4 11.210 0 0.0
23 3 1.199 0 0.0
123 12 2.322 0 0.0

b) FARET 7L

FACTOR DIM s.s. DIM  S.S.
0 1 M452.071 1 1.074
1 4 1066.851 3 0.0

2 3 2.572 > 0.0

3 1 200.801 0 0.0
12 12 13.278 6  0.122
13 ] 21.325 0 0.0
23 3 2.907 0 0.0
123 12 1.196 0 0.0
¢) NozkeFui (i)

FACTOR DIM SeS. DIM SS.

0 1 5761. 1 .6.926
1 I 0.0 3 0.0

2 3 0.0 2 0.0

3 1 0.0 0 0.0
12 12 5“.“27 6 1.792
13 I 13.081 0 0.0
23 3 5.093 0 0.0
123 12 8.718 0 0.0

A) B0 A ETW ()

FACTIR DIM S.S. DIM SieS o

0 1 1. 1 0.001
1 I 0.0 3 0.0

2 3 0.0 2 0.0

3 1 0.0 0 0.0
12 12 0.009M75 6 0.000
13 4 0.0074781 0 0.0
23 3 0.0088401 0 0.0
123 12 0.0015132 0 0.0

/29
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%59 TV E IR (K530 7-9)

a

T IV D? yE x 2 G* +DF PROB. AIC
1/2/3 111.67 113.22 113.22 111.94 31 100.0 49.94
1/23 106.89 108.13 1i07.40 106.87 28 100.0 50.87
2/13 88.26 90.52  88.63 88.21 27 100.0 34.21
3/12 57.40 58.79 K6.00 56.84 19 100.0 18.84
12/13 34.04 36.09 33.56 33.10 15 99.6 3.10
12/23 52.64 53,70 50.92 51.77 16 100.0 19.77
13/23 83.49  85.42  83.09 83.13 24 100.0 35.13
12/13/23 29.27 31.00 28.68 28.35 12 99.6 L. 35
o 22 .
K58 riwnolkIR (E5405-9)
£V I w& x 2 G* DF PROB. AIC
1/2/3 113.61 111.32 111.32 112.52 31 100.0 50.52
1/23 108.80 -106.23 105.48 107.45 28 100.0 51.145
2/13 68.65 68.24 67.51 68.14 27 100.0 14.14
3/12 58.98 56.89 54.84 57.43 19 100.0  19.43
12/13 14.09 13.81 12.93 13.05 15 39.2 -16.95
12/23 54.17 51.80 50.14 52.35 16 100.0 20.35
13/23 63.85 63.14 62.53 63.07 24 100.0 15.07
12/13/23 9.29 8.72 8.94 9.01 12 29.2 -14.99
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®5.9 2x2x2x3 2%k

P=1, S=1
U X= 1 g
1 19 57
2 29 63
P=2, S=1

U X= 1 2
1 29 49
2 27 53
P=1, S=2

U X= 1 2
1 23 b
2 33 66
P=2, S=2

U X= 1 2
1 L7 55
2 23 50
P=1, S=3

U X= 1 2
1 24 37
2 ) 68
P=2, S=3

U X= 1 2
1 43 53
2 30 42






K510 FEARARLyv T, 40

FACTOR DIM 3S.s. S.S./DIM
0 1 997.3548

1 1 _—

2 1 —_—

3 1 e

T 2 .

12 1 0.2267  0.2267
13 1 0.9734 0.9734
14 2 1.5349  0.7675
23 1 5.1372  5.1372
2] 2 0.2556  0.1278
34 2 0.0595  0.0298
123 1 0.6570  0.6570
121 2 0.3758  0.1879
134 2 0.0284  0.0142
234 2 1.2594  0.6297
1234 2 0.1375  0.0688
TOTAL 24 1008.
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MODEL D? G* DF AICR
1/2/3/4 42.73  42.93 18 6.73
X128 30F 9.84 9.85 9 -8.16
IX1n3AIME 0.55  0.74 2 _3.45
1/4/23 22.07 22.35 17 -11.93
4/13/23 18.17 17.99 16 -13.83
14/23 15.91  16.25 15 -14.09
2/3/14 36. 55 : 16 I;55
1/234 15.76 * 11 -6.24
bhy123 14.62 % 14 -13.38
14/23Y 9.60 * 9 -8.40
14/123 8.47 * 12 -15.53
2347123 8.31 * 8 -7.69
14/234/123 2.17 * 6 - -9.83

(33
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(16, -13.83) (15, -14.09)

(12, —17 03) (11, -13. 6u)

123\ 124

(L1. -17.66) (10, -14.54)
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(10, -16.69) 9; —15, 17)
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6.1 &Y HHE
CLTE, T vx$xS 0 3EBLA sy " 10BE e
Atik (YieT, vieT, VkeF) (6.1)

LFh. AR jrkiz B-aBBang 1), shwis B - ok 58k
THRE = FARIIE0Th a3 FBELA| A k2nT T2 T34
AT TH ITEMNE, Tmby

Atjk = Atky (Vie?, v, ke¥) (6.2)
LIRRTH. AT, RabBAek Lh,
ME 6. 8%
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2. U =1 (Yie¥);
(6.3)
2. - —_
‘}”]’ =1 (vje¥)
T T, FEBTE) A

¥ = Ataku 'U'J'U”\rz (6.4)

LR

SRR Th Wy (Vie¥) ¢ ’\fi (Vj eS)s Ky,
T38wmn1 M1 es 2783 32 e85, 15w K051 e 125 L1

AT FARR L3EBR LKA, §anek BT L ERTR vxa 1 588 ¢ wd

3EOLH| AnABREIRL 95" Tih, &7, Bo=rnZW LT3 i

BRI 3L LR ThonT Bab s,

EB6.{.  (b4)03BBHAG K21, RoAER A /Y L

P* = 5 AY . (6.5)

X RELTha 3, A.:a’h M SO S UL V5Vl 1 ECA 35 g,

Ay Beh.

23862 [ b0 afiTh, Ik, 10831300 R2IFEA NS

Mg RIBR TR T K9 k1L w=(Wi), a) % (6.3) CEI4L Lk by

Thh:
Z Abak WU = Ut (Vie¥);
(6.6)

%Ayahuu a ?'U—K (Vh€§)
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(6.4) 2 275 £\ 0 BULRG 7413 WHNnAZ L oMb [B1ZB 1 ~1T54
RRIEA B5)E Wb 4 THEThA. —a1hd, (3.5)¢
%Aca'k Viwg = PUi (Ve V),
C%Afjk Wi = ¢¥;  (¥§e3), (6.7)
LE], Atjk Wy VJ = ¢ WL (Ykes)
vE<. Aza-k = €] 1% ﬁﬂx%‘i(é-z)n“) (6.7) 2 A% O1
Vi=wy (V]ed)
L), b aft - e bws, 120, Fogte 1701 R B,
v2h 3.
B2, 1140456.2) o5 38804 (A JR) A5 LHRR TS,
. Aia'k = Atje €35,
¢ L=1,2,- 1L nT T ELERIETS.
'Atjk TN T 0L KRB CIRT T,
1

/'\Lakrvv\l,hwizf\,(e ) LR, tafRike g, it

g
INNEREIOHY =(‘V]'> £3h Kbus (6.3) B KT

SHyr EECT A
Qﬂ 2 T R 2
= Ac Ck = U-»%:Aqk(kwva-%l\cjh\fi
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2 2 { 2 )
Brjk (23) = blc z‘ A“J-k Uc - £, U; V; Ue
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8 t ¢ y
A Ejk <A ra"k = Bca‘k“z) —ijkuz)~ijk(23) = B)[f) (6.10)

B, 3RINE @I THTIRG, 15, 1RINEKES NN b
P BAILLRACT, (69) T 1o v bRl wh -- o

é[jk (12)= éikj (13) (6.11)
il h g, éi;‘h (12) % él,jh (13) 7T 13 JER K2 La FTRIET
Toa. P23 s A ata Thoay, {12)-RI208 « {134-R
Y ERM AW R a4 FTEBEA R o IT R0 kh
R-i-DBELLAC, (b.11) 4 5 {2} - 1BV -RIMNBE o qnnn

FAFAT-FThsemal b0\ T h s,

B8 2 0 1464 (6.2) - 38 9241 < MLEZB1 CRIU LU npy
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b, A3E K wgn2if 55 W NEHR B LN DN Y s h T
CETDATEC Boh 2 bAR TS, RAGHE g v F1hss
29863 Bos o min(y,s) Bak@ciAT1s Tmms

Atje =0 (Vie¥, ¥i keT) (6.12)
Lirh,

MIRE3 wITu, Ml
R L
%B;Qk(iﬂ'u Z‘BlakHZ)v] =0
LahrHic, B;Jk () 12 9m lex g W 1€ Uy , 3earsh

Vi kofifo v gornd e ey, M2 o (315) k5

RatiB1E T v ps

ZR64 E’ﬁ,Z‘L"Z%BMb'\‘")I-W§l},€g)---‘(/ (v, 4
TRk WBIRean 3aby
£ 1’ | S A
Eu We =0, 2L, jvy=0 (L#27)  (413)
i

LaZWR ey Wa KR %\él’ I TNy,

MR T v R, sSRZRIMLER QY « QP ¢ awnn (RS
. o4 14
X35 -1 T axobi (0 W e { o T e sian
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2/ ‘ ’ ll Z .Q/,;\\~ !,, £ L’ ’ L/
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2 ’ I — X J I ) Iy
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ARTOT T g PR T S R,
&/ 2 I T X 2’ ’
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L
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f+¥Y¥-41+$-4 = Y~-5-1{,

]

{ -
WE, Btgk("-) d ijk(lﬂ T (b)) h -Faxmtfrhysy,
tLatan

(r-) (S-1) 1o,

A

Bra‘h(ﬁ) 12 LR KA1 ITINYE L BbY)

LS-1)$/2 4n

!

| . 1

AR Uy B,:sk (\23), Ihby A;Skl'\?\\l\’x
W=D (s-1$/2 in

AL T RA iU, BEN

riz(—sl“) = (r+5-1) + \r-4)(s-1) + ﬂ}-_ﬂ LEDE-0§
2

. 0" (6.2%)
LAt Wlh i), Wb akit Aifk B H T RatbR LBy

£ o - 5 2 L 2 e 2 4

Aito 57 {38, 012) LB, S8 (),
Zéwz(m)l 3V, e BRR e ves-204l, (T-2)(5-2),
(S-2)(5-2+4)/2, (r-2)(5-2)(S-2+1)/2 ¢ 7 L5 2a~

T1h'






144

6.2 EXABG
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TRk, TR, §=4.61, §,= 022, §,=0.02, 6= 0.06 Uhok,
PreFTh Kb ARV (32, .42, 4%, .48, .51) 5k
FITLT (W51, 52, .45, 51) T, AXEHCITIY iR L
T ERAATT o I BANI VRIS L, 1 v o t81E) 473 n%
ARV o -BaFHka,1wy, FAREIINI LS ¢
MR RGN 0B I, n SR o BB IS e R Liay

Re.2va di2fa B, Sy AR o TRFR k@B 75 F5f0
VRICH TN TR Cnb —as-9 va PR LT Yoyt
FIVIERLERIIN. IRAAT A RAE 0513 4T Bl o z5lE
RAotRe, RRGHe) HEIRS BB artaThh. Lk
N9, 1 XVERIA LI 9<ARE Ll T2 iR KIBE T Ln L T8
hiiw< e a Bk pmnyy oI e KO K &g 5 KK
0 %F b rh BIFS R AR B 881037 31 12 WUt 3Rr Tw v~ 54
Ba%$ns ing e Rica 3, 2<afd| LR\ &"ﬂI%Mr 1 L8
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Kol 4544 tBE4RET45)

7=1

Y X= 1 2 3 Y 5

1 1.0 0.230 0.283 0.170 0.218
2  0.230 1.0 0.367 0.248 0.396
3 0.283 0.367 1.0 0.409 0.481
4 0.170 0.248 0.409 1.0 0.532
5 _0.218 0.396 0.481 0.532 1.0
7=2

Y X=1 9 3 4 5

1 1.0 0.290 0.324 0.195 0.240
2 0.290 1.0 0.301 0.275 0.369
3 0.324 0.301 1.0 0.441 0.374
L 0.195 0.275 0.441 1.0 0.579
5 0.240 0.369 0.374 0.579 1.0
7=3

Y X=1 2 3 Y 5

1 1.0 0.162 0.176 0.154 0.196
2  0.162 1.0 0.309 0.203 0.336
3 0.176 0.309 1.0 0.334 0.355
4 0.154 0.203 0.334 1.0 0.421
5 0.196 0.336 0.355 0.421 1.0
Z=1

Y X= 1 2 3 Ty 5

1 1.0 0.228 0.246 0.162 0.218
2  0.228 1.0 0.352 0.343 0.412
3 0.246 0.352 1.0 0.425 0.377
4 0.162 0.343 0.425 1.0 0.552
5 0.218 0.412 0.377 0.552 1.0

XEYT LR 408, 2054 thons
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K62 Fri4nohEdk
FACTOR DIM S.S. DIM S.S.
0 1 21.266 1 0.050
1 L 0.0 3 0.0
2 4 0.0 3 0.0
3 3 0.0 2 0.0
12 16 7. 623 9 0.029
13 12 0.012 6 0.003
23 12 0.012 6 0.003
123 48 0.105 18 0.021

1]
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0. Abstracts

The spacc which is composed of the parameters of a
distribution, the parameter space, may be considered as a
Riemannian space by introducing an appropriate metric under
some conditions. Invariant quantities in a geometry have
very important meanings in its application to various fields
of science. It is shown that a necessary and sufficient
condition for existence of covariance stabilizing trans-
formation is that the.Riemann—Christoffel curvature tensor
calculated from the metric is zero. Some population spaces
with constant Gaussian curvatures which are immersed in
higher dimensional Euclidean spaces and the concept of
distance in population spaces are discussed with examples.
Finally the relations between this geometry and Fisher's
information matrix or the other definitions of distance or

divergence between two distributions are mentioned.






1. Introduction

In this paper we consider a parameter space as a
Riemannian space by introducing a fundamental tensor of the
metric and discuss the statistical meanings of various
invariant quantities in the Riemannian space. The inverse
of a covariance matrix of a real-valued random vector whose
asymptotic distribution is a Normal distribution is used as
a fundamental tensor of the metric in section 2.

In section 3, the Riemann-Christoffel curvature tensor
which is a typical invariant quantity in a Riemannian space
is interpreted. It is shown that the condition for existence
of a covariance stabilizing transformation is that all
components of the Riemann-Christoffel curvature tensor are
zeros, and that a condition given by Holland (1971) in two
dimensional case is equivalent to our condition.

In section 4, by calculating Gaussian curvatures of
some parameter spaces, it is shown that parameter spaces of
a multinomial distribution and one dimensional normal dis-
tribution have positive and negative constant Gaussian
curvatures respectively. Since a Riemannian space with a
constant curvature may be interpreted as a fundamental
hyperquadric of a higher (by one) dimensional Euclidean
space, the coordinates of the Euclidean space in which the
Riemannian space is immersed are given.

In section 5, it is shown that a statistic with asymp-
totically constant variance is formed by a transformation

associated with geodesics in the parameter space. Such

/780
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transformations are given with respect to the same examples
as in section 4. Finally in section 6, the relation between
this geometry and Fisher's information matrix is discussed.

Details of tiresome calculations will be given in the
appendices.

The idea that a parameter space may be regarded as a
Riemannian space by introducing an appropriate metric has
been proposed by Rao (1945) and Yoshizawa (1962) using
Fisher's information matrix. Rao gave a solution for geo-
desics in the case of a parameter space composed of the
parent mean and standard deviation of a normal distribution
in more complicated form than ours and tried to use it for
testing in large samples without noticing its asymptotically
constant variance. Yoshizawa, at the suggestion of Professor
Moriguti, gave some examples of spaces with constant Gaussian
curvatures and discussed their statistical meanings.

Recently Holland (1971) considered an asymptotic concept
of a covariance stabilizing transformation and gave a nec-
essary and sufficient condition for its existence. The
author studied this problem again receiving impetus from

Holland's paper.
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2. Introduction of a fundamental tensor of the metric

Let X, and 6 be a real valued p-dimensional random
vector with coordinates xi and a p-dimensional parameter with
coordinates ei, respectively. This vector parameter, g,
varies over D, an open, simply connected region of R,
Finally, assume that /ﬁ(xn—e) has an asymptotic multivariate
Normal distribution with zero mean vector and a non-singular

covariance matrix, i.e.

(1) £[/H(xn-e)] + N(0,x2(8))

where I(8) is positive definite for all 6 e D.
Let ' be a new p-dimensional coordinate system trans-
formed one to one by

(2) p' = f(@).

It is easily seen that /ﬁ(f(xn)—f(e)) has an asymptotic
multivariate Normal distribution with zero mean vector and

a non-singular covariance matrix, i.e.

(3) £/H[f(xn)—f(e)] + N(0,z'(8))
where

y _ .98 96"
(4) r'(e) = (—5—)2(6)(55—)

and (%gl) means the Jacobian matrix of the transformation (2)
under conditions that all partial derivatives ae'i/aek exist
and that the Jacobian is not zero (see Holland [19711]).

Let gij and g'ij denote the elements of £(8) and Z£'(6)

reépectively. We may rewrite (4) as






————

gk 201t 3g13
26X 592

(5) gllj =
where Einstein summation convention®* is used. We shall use
this convention hereafter. From (5) it is seen that gt is
a4 contravariant tensor of the second order.

Let gij be components of the inverse matrix £(8), i.e.

(6) gil = sl

€x3 k
where Gi's are Kronecker deltas. Since it is seen from (5)
and (6) that the law of transformation of gij to g'ij is
k 2
a6 26
7) ', o= —_—
( gl] gk2 5911 59137

g5 is a covariant tensor. It is also positive definite.
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Therefore we may take formally as the basis of the metric

of a parameter space, a Space of parameter 6, a real funda-

mental quadratic form

(8) ¢ = gijdﬂldej

The tensor gij is called the fundamental tensor of the metric.

If element of length ds is defined by
2 _ Esed
ds® = g;.do"de

noticing that gij is positive definite, from (7) it is seen
that ds? is invariant under the transformation (2). This
definition of ds may be acceptable as an extension of the

)

concept of concentration matrix by Dempster [1969]. When 6

"When the same letter appears 1in any terms as a subscript
and superscript, it is understood that this letter is summed

up for all the values, say p, which this letter takes. k and

2 in (5) are the examples of such letters, called dummy indecies.
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is a mean vector of a multivariate Normal distribution with
constant I this distance is no more than Mahalanobis'
generalized distance (Mahalanobis [1936]).

Invariant quantities in a geometry have very important
meanings in its application. In the following chapters we
will discuss statistical meanings of several geometrical

concepts in parameter space as a Riemannian space.

3. Riemann-Christoffel curvature tensor and covariance

stabilizing transformation

Holland [1971] defined a covariance stabilizing trans-

formation f as a set of functions (2) which satisfies

5 3 k 2
1 !
(10) gr) 20 B0 . oK
20T 367
We may rewrite this condition as
i ,.7
(11) gy D 20 5
) 39" 38'% .
from (6).

A space which has 6? as the fundamental tensor of the
metric is called a Euclidean space. Therefore the condition
(10) or (11) for existence of a covariance stabilizing trans-
formation may be replaced by the condition that a Riemannian
space be Euclidean. Since it is well known that the latter
condition is that the Riemann-Christoffel curvature tensor
vanishes(e.g. see Veblen [1933], pp 69-71); we obtain the

following theorem.
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Theorem 1: The necessary and sufficient condition that
a covariance stabilizing transformation exists is that all
components of the Riemann-Christoffel curvature tensor are

equal to zero, i.e.

(12) Rpise = 0,
where
(13) R = & [k, h1-2—[ij,nT+(" }hk,21-{% }(h3, 4]
hijk yLik, xt1ds i3 5 ik s 25
06 06
38., 09g., 9g..
(14) [i3,k] = %<__i5+_-%5- 21y
367 30t 39
(15) (151 = g™ri3,x0.

[ij,k] and {ﬁj} are called Christoffel 3-index symbols of
the first and second kinds, respectively.
ti the definition (6) we find that the components of

Riemann-Christoffel curvature tensor satisfy the following

identities:
Rhijk * “Rinsko
Rhijk * Rjknis
and
(17) Rpijk * Rpsig * Rpjgig = 0.

The number of independent components of Riemann-Christoffel
2 ) .
curvature tensor is at most p2(p‘—l)/l2 due to the identities
(16) and (17). 1In the two dimensional case

R = R = -R 5 =R

1212 2121 t1221 2112






/766

and the other components are zero. Therefore we may write

the condition (12) in two dimensional case as

(18) R1212 = 0.

The equivalence between (18) and the condition obtained

by Holland [1971] will be shown in Appendix A.

“. Gaussian curvature and space with a constant curvature

Gaussian curvature defined as

R, ..
(19) K = hi)k
Ehi€ik 8nk8ij
has an important role in Riemannian geometry. In particular

a p-dimensional Riemannian space with constant Gaussian
curvature can be immersed in p+l dimensional Euclidean space
and can be interpreted as a fundamental hyperquadric of the
Euclidean space. The hyperquadric is defined by

p+l

(20) I c (z
a=1 o

2 _°1
ay2 _ %,

where ca's are plus or minus one according to the character
of the fundamental form and z%'s are a set of solutions of

the equations

2 o a
(21) 9z _ azh{?j} = —Kg.:2z%, (az1l,...,p+1)

aetaed 90 1]

(See Eisenhart [1926]). The left-hand of the above equation

(21) is called covariant differentiation with respect to a

tensor gij and denoted by za,

A

ij
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Example 1: A parameter space of means of a p-dimensional
Normal distribution with constant covariance matrix z.

The fundamental tensor of the metric is the inverse of
£. It is obvious that this space is Euclidean since the
fundamental tensor is constant and it may be diagonalized
by simple transformation. Of course, K is zero in this

case.

Example 2: The trinomial distribution
Let nTn have a trinomial distribution. The parameter

space, D, is given by:

1,..2

D = {(62): 67>0 and 6t+62<1}.

Standard theory implies that

£[/E(Tn~6)] + N(0,Z(8))

where
61(1—61) —6192
() =
—o1p? 04 (1-02)
!
./

Therefore, the fundamental tensor of the space 1s given as

follows:
1-92 1
1 1 2 1 2
(g.:) = Z(O)—l - 87(1l-6"-6°) 1-67-6
1j 1
1 1-6
I 2

1-0T-¢ 6%(1-p1-02)
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Holland [1971] showed that there exists no covariance
stabilizing transformation in this case and Yoshizawa [1962]

obtained the Gaussian curvature as

K =

|+

This space has a positive constant Gaussian curvature
and may be regarded as a sphere in a three dimensional
Euclidean space. The coordinates of the Fuclidean space are

obtained as a set of solutions as follows:

(22) zl = 2JGE: 22 = 2Jg§: 23 = 2J€§:

where 63 = 1—61—62 (See Appendix B). From (20) the equation

of the sphere is

(23) (zl)2 + (22)2 + (23)2 = 4,

that is,

This fact gives a convenient interpretation of the parameter
space of a trinomial distribution.

The results obtained here can be extended to the
parameter space of the multinomial distribution (See

Appendix B).

Example 3: The Normal distribution N(u,oz)

Let 61 and 62 be the mean p and variance 02 respectively.

The fundamental tensor of the metric is given as follows:

R
2(9%)2

_ 1 _ _
811 7 (70 Bi2 T 821 T 0s 8y,






-12- /67

The only one independent components of the Riemann-

Christoffel curvature R1212 is
1
R - —5—
1212 l1L(62)3
and Gaussian curvature is
i Ri919 1
K = = -5 .

8118227817891

Therefore no covariance stabilizing transformation exists.
Since this space has a negative constant Gaussian curvature it
may be regarded as a hyperbolic surface in a three dimensional

Euclidean space. The coordinates of the Euclidean space are

given as
1
zl:~_—_:—u—’
o
/62
(24) 2. 002 e e o

3. %2, Je? | ulo .

Z = + = —

s le 2 2 77

solving the equations (21) and comparing the fundamental

forms of the Euclidean space and of the Riemannian space.

The equation of the hyperbolic surface is given by

(25) (252 v (252 - (2H2 - g,
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5. Distance and geodesics

The distance between two points in a parameter space
has a meaning as a kind of measure for the difference or
divergence between two distributions. The distance may be
naturally defined as the arc of geodesic curve between two
points due to the theory of Riemannian geometry. The
elements of length ds is defined by (9) and the arc of
geodesic curve is given by the solution of the following

equations:

Q
D
.
(&
D
=

|
|

(26) 5t {

~
L
[a¥
93]
Q.
&3]

These equations are Euler's equations of the integral

t
i 441
_ de~ de
S F /gija'rwdf
51
where t is a parameter which defines real curve. Along the
geodesic we have
1 4p3
de™ de- _

If we put new coordinates associated with the geodesic

passing through the particular point 6, such that

. i
1 de
(28) 8 = s |o S

the arc of the geodesic may be expressed as

2 _ 11g4]
(29) s° = (gg4), 8'7%0
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Notice that this form may be interpreted as an extension of
Mahalanobis' generalized distance. Moreover if we transform

1

o't to gt such that 6"~ will express the arc of the

geodesic, the fundamental form of 6"% is reduced to
(30) ¢ = (de"l)2 + g&BdenadeuB (OL,B=2,---,P)

(See Eisenhart [1926], p. 57). From the form (30) it is
seen that if we use the transformation 6"?! we may get a
transformation of random variables which obeys asymptotical

Normal distribution with unit variance. Therefore
nsz(x :0 )
n" o

will obey Chi-square distribution of one degree of freedom

asymptotically. Then we have

Theorem 2: Under the assumption (1) substituting 60 in 6

(31) nsz(xnzeo)

-

asymptotically obeys Chi-square distribution of one degree
of freedom, where 8(6:60) is the geodesic given as the
solution (26) using the inverse of the asymptotic variance
of v/n ¥ as a fundamental tensor.

It is known that the equation (27) may reduce to

(32)




©
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with respect to the coordinates z% of the Euclidean space
in which a Riemannian space with a constant Gaussian curvature
is immersed. There are two cases to be considered according

to the sign of K.

1l°. K>0. 1In this case we have
a _ov2 _ 4 . 2 /Ks
(33) an(z —zo) = g sin” ==,

a
where zg is the value of z% at a point 6,- From (20) we may

rewrite (33) as

(34) kic z%2% = cos/K s.
o o
2°. K<0. Similarly we have
a . 0\2 _ 4 . 2 V/-Ks
(35) an(z —zo) = - g sinh 5 &
o
(36) chazazg = cosh/=Ks

Qa

Example 4: The trinomial distribution of the example 2.

From the example 2, the arc of geodesic is given by:

(37) s = 2 cos % < \/elei % \/6283) + \/eseg ) ,

substituting (22) and K = 1/4 in 34, TIn the case of multi-

nomial distribution we have

(38) § = 2 cos_lZ e“eg
a

The half of s has been introduced as a measure of

divergence by Bhattacharyya [1942].
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From theorem 2 it is seen that the asymptotic variance

of

(39) 2cos_12/€aeu
a

is 1, where 8% is the usual maximum likelihood estimator of 8%,

Example 5: The Normal distribution of the example 3

Since the Gaussian curvature K is negative constant
-1/2, substituting (24) in (33), we obtain the arc of geodesic

as follows:
2 2,2
-1 (u—uo) +2(0 +co)

(40) s = V2 cosh

Yoo
O

The statistic associated with the geodesic is

- 2 9 9
— (x-p _ ) +2(SS+0°)
(41) /ﬁs(xn,ng b ,0%) = /7n cosh™} = LU -

3
o @) 4/8—2—0.0

n

and by the theorem 2 it has asymptotic unit variance, where

X, and Si are the sample mean and variance respectively.

-

6. Fisher's information

Fisher's information matrix in several parameters are

defined by:

(42) 33 - g (BlogTE Blog'L)
a6t 901
where L is the likelihood function of parameters 67
(Fisher [1921]). It is easily shown that I*J is a covariant

tensor under transformations of parameters. Rao [1945] and
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Yoshizawa [1962] used Iij as the fundamental tensor of a
parameter space. The inverse of the matrix Iij»gives the
lower bound of the variance of the estimators 6 under some
regularity condition by Rao-Cramer inequality. The funda-
mental tensors of the metric in the examples here are
quite the same as Fisher's information matrix and they are
rather easily calculated directly from (42) or from the
following formula equivalent to (42) in the case that

maximum likelihood estimators are used:

Iij - _E 8210g L
507303
Anyway this geometry of parameter spaces is concerned with
asymptotic variance and the limit of this method should be
considered in this point.

Finally notice that the various definitions of distance
or divergence between two distributions, e.g. Kullback's

divergence [1959] and Matusita's [X955], are often locally

equivalent to Fisher's information.
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Appendix A: A proof of ‘the equivalence between Holland's

theorem and the theorem 1 in this paper.

Holland's condition for existence of a covariance

stabilizing transformation in two dimensional case is

: aa da da
(a-1) [det%A) {%11( i li) * a2l( %
30 36 30

28 90 96

where A is any matrix (2x2) that satisfies

(A-2) A'A = z(e)~L

Our condition (12) is reduced to

(A-3) K = =0

_ 8 [ D I G L AN L (2%21
T [ Tetay %12\ ) 22\ T2

8a22
56 501
3a22
26 391

in two dimensional case and Gaussian curvature K may be

written as follows: .

(A-y)

e 2 [ 3 ( 12 %811 agzz)
2vg Lagl VE 38° /g a6l

— —— e —

(See Eisenhart (1940), P. 154 Ex. 10) We will prove that

(A-4) is equivalent to (A-3) using the form'(A—u).

/76
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We may assume that A(6) is an upper triangular matrix
without loosing generality. Then the components of A are

expressed as follows:

411 T V811
g
12
(A-5) B, = —mf a.. = 0
12 > @97 J
Y811

2
) 12 _ /¢
G20 VB2m g 7 /zT -
€11 811

Partially differentiating the both sides of (A-5), we obtain

9a), 1 98y,
b
50 o 5o

da;, %81, 1 By, 9811
(A-6) 50 e —— 20 7 ’
Y811 81178711

989 _ 1811 (3g22 _ 2812 381, 18152 38y,
00 2l g 00 gy, a6 811 28 ?

where 6 may take either ot or 62. Substituting (A-5) and

(A-6) in (A-1), and using det(A) = /g we rewrite (A-1) as
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8 [ 1 —(_1 281 1 %812 81p 38y
2 11 ) — 7.1

26 Vg 2/gll 08 /gll 08 2g117811 96

_ B [_l €12 1 %8 1 %815 .1 81y agll)
T 2 2 1
36 Vg /811 \ 2/gy, 38 Vg1, 36 g1178,1 96

After simple algebra we get

LY

9819 9834 15 agll)]

i

[ 1
30° Lyg | a0l 238°2 2811 341

_ 2 [ 1 [812 %811 98y, ]
36T Lovg | 811 302 pel

It is easily seen that the above equation is equal to K=0.
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Appendix B: The multinomial distribution

Let the likelihood of a multinomial distribution be

i p+tl x.
(B-1) L = —;%;—— me;t
pn L1 171
i=1

where 6's are p+l parameters and x's are random variables.
Notice that we use subscripts for parameters in order not
to confuse superscripts and squares, etc. The first P
parameters are used for the coordinates of the population
space since
(B-2) L6, =1

1°. Fundamental tensor of the metric.

By calculating Fisher's information matrix, the funda-

mental tensor of the metric is given as below:

894943 1 1 .. o1
e:|_6p+l ep+l . ep+1 ep+:|_
1 61%0 41 1 ... 1
(B-3) (g5) = O 0+1 8280+41 0541 O5+1
1 R S
001 e 5,051 /

The covariance matrix of the usual estimators xi/n, il.e.,

the inverse of (gij) is
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4:‘61(1‘91) -6,6, =910,
|
=00, 8,(1-6,) -0,0, |

(B-4) (g*d) = | : . |
| .
‘\

-9 6 -9 8 6 (1-6_)

'\ p 1 p 2 p - p’

2°. Christoffel's 3 index symbols.

From (B-3) Partial derivatives of g

. are
J
[ 1 1 o s
2 I M 1=]=k,
ep+l Si
9g. .
(B-5) . 1) - S
K 21 5 otherwise,
ep+l

From the definition (14) and (15) Christoffel's 3 index
symbols of the first kind are

-
1 1 1.
‘2_("' —2— + GT—)’ l:]:k’
' i ptl
(B-6) [1ij,k] = <
% 621 s otherwise,
ptl

and Christoffel's 3 index symbols of the second kind are






= Dil -
i 6
2 -
e i1#3
26 +l b b]
% O, 1 1 :
(B‘?) {i.}: _2_(7 + e ), l:], #l’
] IR p+l
i
ei l_e l—j—z
; =3=
i 26p+l 20.
3°. Riemann-Christoffel curvature tensor

In two dimensional case, i.e. in the case of the

trinemial distribution, Riemann-Christoffel curvature tensor

is from (13)

- I __9_ 2 %
(B-8) R1212 = ael[22,1] 362[21,1]+{21}[12,z] {22}[11,2]
. 1_ 1, %L, % o
3 3 20 7 20. 20
05 0, 3 207 3
SRl Lo 1,1y (S 00
278, 837 20 2 2 2053 28, ",42
1 3 3
: 1
46,6,6,
Therefore
R
1212 _ 1
(B-9) K = === 7.

In p dimensional case it is seen from the identities
(16) that Rhijk is equal to zero if h = i or j = k. Under

the condition h # i and j # k, noticing that

3 . 3 .. i
55;[1k,h] - 55;[13,h] = 0

8/
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R, ... 's are calculated as follows:
hijk

—

° h=j, i#k
R :_.__l__.
hink * 5578
°© h#j, i=k
(B-10) ﬁ 1
Rhiji = Riniy = 5o——o—
] p+l i
° h=j, izk
Rpini © %{(5% * €“l“)(§l '3 L) - 2l }
L i p+il h p+l ep+l

Therefore it is easily seen that Gaussian curvature

Rhijk

(B-11) K = J
€hj€ik 8nk8i

=1
T o

4°. Coordinates of a Euclidean space in which the

population space of multinomial distribution is immersed.

Let 2z denote the coordinates of the Euclidean space.

z%'s are given as a set of solutions of (21), i.e.

It is easily seen that a set of solutions is given as

z% = c/6a s B=Elg.essptls



-
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Appendix C: The normal distribution N(u,c2)

Let ot and 62 be M and 02 respectively. We shall use

61 and 92 for 6l and 62 because of practical convenience in
algebra.
1°. Fundamental tensor of the metric

Standard theory implies that
6 0

(c-1) £C8) = = (gid)
0 263

Therefore the fundamental tensor of the metric is

1 1
S €12 -7

(C-2)
2
262

£11 21 £22
2°. Christoffel's 3 index symbols.
Since partial derivatives by 6, and 62 are zeros except

that

. dg
11 _
(C""3) '3‘62—- - -

from (14) and (15) Christoffel's 3 index symbols of the first

and second kinds are as follows:

First kind:
(11,11 = o,
[11.2] = L,
262
A ) - 1
(c-4) [12,1] = [21,1] = - —,
262
[12,2] = [21,2] = o,
[21,1] = 0,
[22,2] = =1_
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Second kind:

1

{11} = o,

2

{ll}=l’

1 b I— 1
{57} = {57} = = 54—

(C-5) 21 21 262 A

2= (21 =0

12* — kpg ’

1

2

(5,1 = - &

22 6,

3°. Riemann-Christoffel curvature tensor

Substituting (C-4) and (C-5) in (13), we obtain

9 F73,17= =2=[%%,1]

R =
1212 © ey 36,

+{313012,13+(3,3012,21-(3,)[11,11-{2,}[11,2]

1 =1 PR 1
T - = o+ (=) (= ) - (=) (—)
3 26 ) 3
05 2 2e 2 20,
1
= =7 -
2

Therefore no covariance stabilizing transformation exists.

Gaussian curvature becomes

where g is the determinant of (gl])
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4o, Coordinates of a Euclidean space in which the

population space is immersed.

Let z% denote the coordinates of the Euclidean space.

From (21) z% must satisfy the following equations:

r Bzza az“ z%
b
202 96, 28,
J azza 1 g 0
- bl
861382 262 361
322a+ 1 5z% a 2%
“a2 8.3 - 2
862 2 2 v u92

From the third equation it is seen that z% must be of the

form
f(Bl)
+ g(el)/€;
/8,

where f and g are some functions of only 6 Substituting

1°
it in the first and second equations, it is seen that f(el)

and g(el) must satisfy

Therefore z% must be of the form

2
aa61+ba91+d

/8y

+ 2a /B..
a 2
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Since the fundamental form of the Euclidean space is of

the form
e, (dz1)? + ¢ (29?2 + co_(dz%)?2
1 2 3
where c1s Cy and cg are pPlus or minus one, comparing it with

the fundamental form of the Riemannian space

Laer? + L (4.2
5 1 7 2
2 26

we obtain that cl=c2=-c3=l and that

It is easily seen that the coordinates satisfy (20), i.e.

(2524202232 - L.,

1
K

5°. Transformation by geodesic
It is seen from (24) that the arc of geodesic from

2 2 :
(uo,co) to (p,5%) is

-1 (u—uo)+2(02+og)
s = V2 cosh

4000



i
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By the law of transformation (5), if we use s as a

transformation it follows that

2
g,ll - 02 (%3)2 " 20” ( 382 )
H 9(a”)
2
_ 2 ,098,2 a S 2
z g (gﬁ) * 7— (58)

Since partial derivatives s by v and o are

1 . 2(u-uo)

9S /—
— = ? s
Iy sinh2— 1400O

V2

402—[(u—u )2+2(02+02)]
as _ 1 le) )
90 /2 . .S 2 ’
sinh— Hcoo
V2
it is seen that
g1l o1

This fact shows that fheorem 2 is

case.

certainly valid in this

/€7
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Memorandum TYH-3

Geometrical Interpretation of Location

and Scale Parameters

Tadashi Yoshizawsa

November 9, 1971

a2t Department of Statistics
Harvard University

Cambridge, Massachusetts, U.S.4A.






1. Introduction

Conditions for existence of a covariance stabilizing
transformatiocn and transformations of parameters which gives
statistics with unit variance asymptotically were found in
the memorandum TYH-2 [1971].

In this memorandum a geometrical interpretation of
location and scale parameters is given after the Normal
distribution's case exhibited in the memorandum TYH-2.

It is shown that the two dimensional space of location
and scale parameters has negative constant Gaussian curvature
if the space is considered as a Riemannian's using Fisher's
information as the fundamental tensor of the metric, so that
the space is expressed on a hyperbolic surface in three
dimensional Euclidean space.

Moreover the geodesic distance between two points is
given in the similar form as in the Normal case, and it gives

statistics with unit variance asymptotically.

2. Fundamental tensor of the parameter space

Consider a frequency function

(1) dF(x) = f (EB"—O‘)d (X;J) . B>0,

where the parameter o locates the distribution and B is a

scale parameter. We rewrite (1) as

/84






(2) dF = exp{g(y)}dy = exp{g(y)}dx/g
where y = (x-a)/8, g(y) = log f(y)

In sample of size n the logarithm of the likelihood
function is

(3) log L(x|a,B) =

_ g(yi) - n log B.
1

ne~Mm»s

1

(3) yields the likelihood equations

dlogh _ _ 1 o (g = @
aa B . Yy 2
1=1 YE¥s

(4)

n

= 2R B0 NIRRT B
. i
i=1 PNV gy,

Under regularity conditions, solution of (&) gives the ML
estimators a and B. We now assume that for all permissible

values of a and B

(5)

Fisher's information matrix is given as follows:

gll glly
(6) - E < 2 ) b ]
B g'y gy~ -1

from which the variances and covariance may be determined by

m]:j

inversion (See Kendall ¢ Stuart [19671], p. 63).

/7?0
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Consider the space of the location and scale parameters
as a Riemannian's by introducing the fundamental tensor of

the metric
(7) ) = L <a C)
7 (g = ==

1] 82 ¢ b

where a=-E(g"), b=E(g"y2—l), and c=E(g"y) from (6).

Notice that a, b, and c are constants, and that ¢ is vanished
if the distribution (1) is symmetric about a. Even for
asymmetrical distributions, we can make the off-diagonal term

in (7) zero by a simple change of origin such that

(8) zZ =y - g i

This change of origin corresponds to the transformation of

parameters such that

' c

{a =a+gB,

B.

(9)

B 1
In this case the fundamental tensor of the metric (7) is

transformed to

a 0
1
(10) (gl ) 28 =
1] 2
B 0 G
a

where G = ab—c2, since the law of transformation of the

fundamental tensor is given as

R T Tl
ij Ko gg1l g5g13

17/

where 871 = a, 67 = B8, 6'7 = a', 0 = B' (See Yoshizawa [1971]).
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3. Gaussian curvature

When the off-diagonal terms in the fundamental tensor
are zeros, Gaussian curvature of the space 1s easily calculated

by the following formula:

c-_11 [ <1_ L’gzl_z_) P (L 'f’gn)J
I b
2 Vg 361 /g 26 862 Vg 362
where g = 811895+ In the case of (10), gij does not depend

on 61(=a). Then we obtain

- _18° a_(ﬁf.a_<a__)>
2 Ve 0B Vel 9B 32
:-.l_ia_<_ga_>

So we find that

(11) =<3

Since a and G are positive, it is seen that the parameter space
of location and scale parameters has a negative constant
Gaussian curvature. Notice that Gaussian curvature is

invariant under the transformation of the parameters.

Example 1: The Normal distribution N(u,oz)

Yoshizawa [1971] showed that the Gaussian curvature of the
space is negative constant - 1/2, using p and 02 as coordinates.
If we use p and ¢ instead of p and 02, the fundamenta. tensor

(7) is given as

' 1 1 0
(12) (glj) = > 0 )
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Of course, K is invariant under this transformation.

Example 2: The Gamma distribution

Consider the Gamma distribution

-1
- 1 x-a\P { (x-a) X-a
(13) dF(x) = 6D <—§—> exp §- 5 } d( 5 ) s

a<x<®; B>0; p>2.

In this case the fundamental tensor (7) is given as

1

i 1
(14) (g;5) = ;—2 p=2
1 P

From (11) it is seen that

(15) K=—-21—,

since G = ng - 1= 2/(p-2) .

4. An interpretation of the Space as a hyperbolic surface

A two dimensional Riemannian sbace with negative constant
Gaussian curvature may be expressed as a hyperbolic surface
in a three dimensional Euclidean Space. The coocrdinates of
the Euclidean space and the expression of the hyperbolic
surface can be obtained by the method used by Yecshizawa [1971].

The equations for the coordinates z are as follows:






/5%

-
c azza _ a2 az% _ a2 ,Q
Y b
30‘2 Gy aB Gy2
2 «
9"z 1 3z _
(16) <aaaB+853—O,
2
az-{-laﬁ:l_.za
- 2 B 3R 62

Solving the above equation (16) and comparing the fundamental
we

forms of the Euclidean space and of the Riemannian space,

obtain the following as a set of coordinates:

zl - Vao ,
R
a.fa 2 1
2 _ f\fga - 7\[5 1,./G
(17) z° = B ¥ V7 B,
a_.fada 2 1./G
3_5\/.c‘;°‘+7\/—§_+;\/§6
B 2 Ya

Then the equation of the hyperbolic surface becomes

(18) (2?2 4 (252 1 (32 o g
Notice that the right hand of the above equation is the

reciprocal of Gaussian curvature (11).

Since B is positive
.3
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this point corresponds a=0 and B=1.

Since from (17)
(19) 2? -2t O

o changes on the curve cut by the Plane (19) if B is fixed.

It is easily seen that the curve is a parabolic.

5. Geodesic distance

The distance between two points is naturally measured by

the arc of the geodesic which is easily given as

. a2(a—ao)2+G(82+Bg)
2GBB_

s = /B cosh”

by the same method used in Yoshizawa [1971]. If we have
maximum likelihood estimates a and B of a and B respectively,

we get a statistics with asymptotic unit variance such that

2 ,A 2 ~?2 2
s = Jﬁg cosh_l a“(a-a) “+G(RB +B“)

2GBB
where a takes the value a' of (9) if the change of origin (8)
occurs. This fact is a direct result of the theorem 2 of

Yoshizawa [1971].

Example 3: The Gamma distribution
From example 2, in the case of the Gamma distribution

we have
_ 1 2
& = p-2 > & -7 p-2 °

Then we obtain
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1 2 2 2
—5(a-a ) +2(RB“+B%)
s = V7 cosh™% P=2 2 o

4B,

The fact that s is the same as in the case of the Normal

distribution if p is three, is a reasonable. result.
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