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The techniques of multidimensional scaling were used to study the numerical
behavior of twelve measures of distance between partitions, as applied to partition
lattices of four different sizes. The results offer additional support for a system of
classifying partition metrics, as proposed by Boorman (1970), and Boorman and
Arabie (1972). While the scaling solutions illuminated differences between the measures,
at the same time the particular data with which the measures were concerned offered
a basis both for counterexamples to some common assumptions about multidimensional
scaling and for some conjectures as to the nature of scaling solutions. The implications
of the latter findings for selected examples from the literature are considered. In
addition, the methods of partition data analysis discussed here are applied to an
example using sociobiological data, Finally, an argument is made against undue
emphasis upon interpreting dimensions in nonmetric scaling solutions.

INTRODUCTION

There is an extensive behavioral science literature dealing with the construction and
use of numerical measures for quantitative description of relational structures.
Structural measures of various kinds have been employed for describing and comparing
sets, partitions, orderings, trees, graphs, groups and semigroups, grammars, and
other kinds of complex relational entities. Any of a large number of information-
theoretic measures fall in this category, as do various measures of grammatical com-
plexity (Chomsky and Miller, 1963) and hierarchical structure (Landau, 1951;
Boorman, 1970). Partly because of the substantive importance of structural equivalence
concepts in many behavioral problems, see Lorrain (in press), structural measures
dealing with partitions (their complexity, similarity, etc.) are probably the single
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most important class of measures of relational structure. A systematic approach
to structural measures on partitions and trees is developed from a lattice-theoretic
viewpoint in previous papers of the present authors (Boorman, 1970; Boorman and
Arabie, 1972; Boorman and Olivier, in press). This development is more algebraically
oriented than earlier comparative and survey work for other kinds of structural
measures, e.g., Restle (1959), for set metrics; Attneave (1959) for information measures;;
Flament, (1962, 1963) for measures of graphical structure; Dalrymple-Alford (1970),
Franke! and Cole (1971), and Roenker, Thompson, and Brown (1971), for clustering
in free recall.

In the absence of substantive or theoretical constraints, measures proliferate, and
it is often unclear what is being captured by any particular one; see, for example, the
critical survey of alternative measures of the “centrality” of a graph in Sabidussi
(1967). To gain some kind of methodological control over this proliferation is the
motivation of the comparative work just cited. A major problem, however, is that
overwhelmingly the existing literature deals only with abstract formulas defining
structural measures and highly qualitative deductions from the formulas. Because all
relational structure is intrinsically complex, such qualitative discussions are frequently
very weak and conclusions drawn from them are unreliable. A good example is the
provocative but impractical discussion of Bavelas’s (1950) centrality index from the
standpoint of the automorphism group of the graph in Flament (1963, pp. 50-52).
Empirically-oriented users, on the other hand, are interested in the details of the
numerical behavior of a particular measure. Despite some distribution and estimation
work on entropy and related information-theoretic measures, e.g., Kullback (1955),
and detailed knowledge of the mean and variance of Landau’s hierarchy index (Landau,
1951; Holland, 1971) under a variety of interesting conditions, relatively little is
known about the numerical behavior of most structural measures. There is essentially
no literature for any kind of structural measure which seriously attacks the problem of
quantitatively comparing different measures and classifying them according to their
numerical output.

The present study is one specialized attempt to study this problem of comparison
from a particular viewpoint, namely, that of nonmetric multidimensional scaling and
related techniques. Concretely, we will report the results of extensive application of
scaling to representation of measures of distance between partitions of a finite set. It
was hoped that scaling could elucidate differences among the distance geometries which
distance measures can impose on partition spaces. For example, one of our findings
(Section 2) was that by no means do information-theoretic measures necessarily have
more desirable performance characteristics than do alternative measures of partition
structure. This fact has very practical implications as far as the use of entropy-based
structural measures is concerned. Although the influence of information-theoretic
formalism in behavioral science investigations has clearly diminished in the past
decade, there is still a strong tendency on the part of investigators to introduce in-
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formation-theoretic measures without considering their appropriateness for the
problem at hand. To some extent, this tendency derives from confidence in axiomatic
justifications of the entropy measure, ¢.g., Khinchin (1957), which is frequently cited
in the literature. The relevance and utility of these axiomatic derivations is effectively
attacked by Mandelbrot (1966) from a theoretical standpoint, but his context (certain
models in psycholinguistics) is very limited. One of the few investigators to consider
empirically the need for a systematic comparison of the entropy measure with rival
structural measures is Levins (1968a, 1968b), but his focus is on a particular set of
ecological niche breadth data, and is, hence, again too restricted to be very informative.

Measurement problems related to partitions have intrinsic importance because
partitions are a kind of mathematical structure underlying much behavioral data, for
example, that generated by the method of sorting. Stimuli to be sorted have ranged
from color patches (Rapoport and Fillenbaum, 1972) to common nouns (Miller, 1969),
and the method of the Q-sort has been extensively employed by George Kelly and
other clinicians (Block, 1961). The relative ease with which data can be collected by
sorting methods has led possible questions to outrun systematic techniques in many
aspects of the study of semantic and associative structures to which sorting may be
applied. To a large extent, existing formal work on sorting methods, e.g., Miller
(1969), has been confined to analyzing cooccurrence incidence matrices which can be
derived from any family of partitions. This analysis poses a simpler problem, but one
which involves discarding a large amount of the structure inherent in partition data.
In particular, once the data are reduced to incidence matrix form in this manner, it no
longer becomes possible to analyze the obtained family of partitions for homogeneous
clusters or to discuss individual differences between sorters. Such problems naturally
arise, for example, in the practical use of sorting to differentiate diagnosed schizo-
phrenics from a control group of normals (Pavy, 1968).

Formally similar problems arise in the study of social systems consisting of freely
forming small groups (White, 1962; Cohen, 1971). At any observation time, such a
system may be described as a partition of its individual members among the groups
they form, and we may ask questions about structural changes over time in terms of
distance between partitions. Using scaling of partition distances, it is possible, for
example, to differentiate systematic trends from random drift effects. An application
of this type to a sociobiological example arising in primate behavior studies is developed
in Section 7.

At the same time that a better understanding of partition distance measures is
relevant for behavioral data analysis, the present study has methodological implications
for the use of multidimensional scaling. It should be emphasized that there is no
a priori guarantee that geometric modeling of the multidimensional scaling variety
will provide meaningful information in any particular application to partition data.
Shepard’s original conjecture, that the interpoint distance orderings asymptotically
define a given configuration of points in a Minkowski 7-space up to the similarity
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group (Shepard, 1962, 1966; Benzécri, 1964, 1965), has the nature of a unique recovery
property, rather than an existence result. Moreover, prior to the present study, little
systematic attempt appears to have been made to assess the possibility of fruitfully
scaling discrete spaces, though there is a growing body of literature which performs
such scalings on concrete empirical data of various kinds. For justification of the
scaling of continuous spaces there is, by contrast, the well-known work of Beals,
Krantz, and Tversky (1968). Although much of the early work using multidimensional
scaling was for stimulus spaces which could at least in principle be treated as con-
tinuous, e.g., Ekman (1954), all semantic spaces are discrete, and it is only recently
that the theoretical issues concerning the application of Shepard-Kruskal methods
to such spaces have been investigated, e.g., Arnold (1971).

1. PROCEDURE

In the present study, 12 distance measures were applied to partitions of a finite set
and the obtained proximity matrices were scaled in Euclidean and city-block spaces
of two and three dimensions, using Kruskal’s (1964a, 1964b) scaling algorithm. The
data on which our conclusions are based involved well over 500 runs of Kruskal’s
MDSCAL-4 and MDSCAL-5 programs, as well as various supplementary programs
described later. As is clear from Table I, most of the scaling runs involved between
50 and 60 points, and consequently the present study is one of the most extensive
tests of MDSCAL for large input configurations which has been undertaken to date.
Because of space limitations, the present report reproduces only a limited sample of the
obtained scalings; Table I gives summary statistics on the runs made (see also Table
XI below for summary statistics on the obtained stresses for stress formula 1).

We first introduce some minimal formal background material on partition lattices;
see Ore (1942), Birkhoff (1967), and Szdsz (1963) for more extensive treatments. A
partition P of a finite set .S is a division of that set into a collection of nonempty,
pairwise disjoint, and collectively exhausitive subsets. We employ parenthetical
notation to describe specific partitions; thus P = ((ab)(cd)) is a partition of S =
{a, b, ¢, d} with two components (ab) and (c¢d) which we will term cells.

DeriniTiON 1.1, A partition P is finer than a partition Q(P <L Q) if and only if
each cell ¢ € P is contained in some cell d € Q (dually, we say that Q is coarser than P).
We write P < Qif P<<Qand P 0.

DrrintTionN 1.2, The intersection P M Q of two partitions is defined as follows:
two elements a, b € S are in the same cell of P N Q if and only if they are in the same
cell of P and also in the same cell of Q.

For example, if P = ((ab)(cd)) and O = ((abc)(d)), then P N O is ((ab)(c)(d)).
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TABLE I
Inventory of Runs on Which the Present Study is Based

2 dimensions, Both Without Without Without

Euclidean metric Pspiister and Prymper Prumper Pspiitter either

4-lattice 6 5 10 14
(15 points)

S-lattice 8 6 8 9
(52 points) ‘

6-lattice sample 16 24 22 14
(60 points)

10-lattice sample 9 25 7 15

(60 points)

2 dimensions, Both Without Without Without
City—blOCk metric Pspliuer and Plumpet Plumper Psp]iner either
4-lattice 0 2 10 14
5-lattice 8 10 12 16
6-lattice sample 8 3 0 0
10-lattice sample 18 9 30 11

3 dimensions, Both Without ‘Without ‘Without
Euclidean metric Pspritter and Prumper Piumper Ppritter either
4-lattice 6 5 10 14
S5-lattice 4 5 6

6-lattice sample 0 0

10-lattice sample 0 0 0

3 dimensions, Both Without Without Without
City-block metric Pspiitter and Prumper Pramper Psplitter either
4-lattice 0 2 10 16
S-lattice 8 10 12 16
6-lattice sample 0 0 0 0
10-lattice sample 0 0 0 0

Note—Each entry includes all nondegenerate runs obtained summed over all 12 measures
and all scalings repeated with different random initial configuration(s). A degenerate run is
defined to be one which separates the partitions scaled into two clusters whose radii approach
zero as iterations continue. If a rescaling of a run with a different initial configuration produced
a degeneracy, neither run is counted in the tabulation.
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There is a dual concept of the union of two partitions (this will be explicitly used in
what follows only in connection with the discussion of alternatives to the measure
TI2MINUS in Section 4).

DerINITION 1.3. The union P U Q of two partitions P and Q is defined as follows:
two elements @, b .S are in the same cell of P U Q if and only if there is a finite
sequence 4, = 4, 4, ,..., 4, = b of elements of S such that a,, a,,, cooccur either
in a cell of P or in a cell of Q. In the above example, P U Q = ((abcd)).

We will refer in general to the partition which lumps all elements of .S together as
Prumper and that which splits all elements of S into singleton cells as Pgpiister - Thus
if S ={a,b,c, d}, Prumper = ((abed)) and Pyprister = {(a)(6)(c)(d)). Because of the
geometric position of these partitions in the Hasse diagram of a finite lattice, we will
have occasion later to refer to Pgpiitter and Piumper as (lattice) endpoints.

We now have the following basic fact:

THEOREM. The set P(S) of all partitions of S forms a lattice under <, i.e., every pair
of partitions P and Q will have a unique least upper bound, P U Q, and a unigue greatest
lower bound, P M Q, in the lattice ordering.

Proof. See Szasz (1963) for proof of this assertion, together with a much fuller
characterization of the lattice structure.

By a partition space we mean simply a family of partitions constituting a subset of
some partition lattice. Four basic partition spaces were endowed with metrics and
submitted as inputs to multidimensional scaling algorithms: the full lattice of all
15 partitions of a four-element set (henceforth termed the 4-lattice); the full lattice
of all 52 partitions of a five-element set (5-lattice); and two 60-element random samples
from the partition lattices on six and ten objects (which will be termed, respectively,
the 6- and 10-lattice samples). These last samples were obtained by a procedure for
generating random partitions. This procedure (described in Appendix A) quite
closely approximates the uniform distribution on the entire partition lattice over a
reasonably small underlying set S. In the case of the 6-lattice the ratio of the sample
to the full lattice size was

60/203 = 0.296,
while in the case of the 10-lattice it was
60/115,975 = 0.0005 = 5 x 104

Tables IT and III display the specific samples used.
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Given any partition lattice ., a semimetric on that lattice is a mapping
m: ¥ x ¥ — R which satisfies
(i) m(P,Q) = 0 and = Qif and only if P = Q,
(ii) m(P, Q) = m(Q, P)forall P,Qc &,
see Blumenthal (1953) for discussion of semimetrics and Shepard (1969, 1972). If,
in addition, m satisfies
(i) m(P, R) < m(P, Q) + m(Q, R) (triangle inequality),

for all P, Q, R € #, then m is a metric. All measures of partition distance considered
in the present study are semimetrics, and the majority are either metrics or derived
from metrics in some simple way. Twelve such measures were studied in all. For the
sake of easy reference, their defining formulas are collected in Tabel IV. The measures

TABLE 11

6-lattice Sample of 58 Partitions with Plumper and Pspiister Adjoined

(123456) (13)(245)(6) (1)(2)(36)(45)
(146)(235) (13)(25)(46) (145)(2)(3)(6)
(1236)(45) (1)(235)(46) (15)(24)(3)(6)
(126)(345) (124)(3)(56) (1)(245)(3)(6)
(1245)(36) (14)(23)(56) (135)(2)(4)(6)
(13)(2456) (14)(25)(36) (12)(35)(4)(6)
(16)(245)(3) (12)(34)(56) (1)(235)(4)(6)
(145)(26)(3) (1)(23)(456) (15)(2)(34)(6)
(15)(246)(3) (1)(2)(3456) (124)(3)(5)(6)
(12)(356)(4) (1(26)(35)(4) (14)(2)(35)(6)
(123)(46)(5) (15)(2)(36)(4) (1)(24)(35)(6)
(13)(246)(5) (1)(2)(356)(4) (15)(2)(3)(46)
(1)(2346)(5) (16)(24)(3)(5) (14(2)(3)(56)
(136)(2)(45) (14)(26)(3)(5) (124)(3)(56)
(1345)(2)(6) (1)(246)(3)(5) (D2H3)(5)(6)
(1245)(3)(6) (126)(3)(4)(5) (12)(3)4)(5X(6)
(145)(23)(6) (13)(26)(4)(5) (D@)B)4)(56)
(135)(24)(6) (12)(36)(4)(5) (H@B)4)(5)6)
(125)(34)(6) (14)(2)(36)(5)

(1234)(5)(6) (1)(24)(36)(5)

(123)(45)(6) (1)(23)(46)(5)
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10-lattice Sample of 58 Partitions with Piumper and Pspiitier Adjoined

(1234567890)
(123)(45)(6)(780)(9)
(10)(23458)(679)
(1)(2689)(30)(4)(5)(7)
(1)X2780)(356)(4)(9)
(1236)(49)(578)(0)
(170)(29)(35)(4)(6)(8)
(IX2)(37)(490)(5)(6)(8)
(18)(2)(335)(AXN6UTH9)(0)
(148)(20)(3679)(5)
(157)(239)(46)(80)
(17)(235)(489)(6)(0)
(170)(2)(39)(48)(56)
(1370)(2)(4)(5)(6)(8)(9)
(1350)(268)(49)(7)
(1X(28)(37)(46)(50)(9)
(1)(25)(369)(40)(78)
(146)(28)(3)(5)(7)(9)(0)
(19)(26)(3)(457)(80)
(156)(2)(39)(470)(8)
(135)(2)(469)(780)

(1)(29)(345)(6)(7)(80)
(1890)(2)(3)(45)(67)
(179)(2)(30)(48)(56)
(147)(269)(350)(8)
(1)(24)(3)(59)(6)(780)
(1240)(36)(57)(8)(9)
(13480)(2679)(5)
(1350)(29)(4)(68)(7)
(1)(235)(47)(6)(890)
(15)(2)(36)(4)(7)(89)(0)
(1578)(20)(349)(6)
(1358)(20)(49)(67)
(157)(290)(38)(46)
(16)(2390)(4578)
(160)(247)(3)(589)
(19)(26)(358)(470)
(15)(20)(37)(4)(68)(9)
(D(2)(3)(4)(560)(7)(89)
(135)(26)(4)(7)(89)(0)
(D((3)(468)(590XT)
(D(2)(3)(45)(60)(78)(9)

(1269)(3)(45)(7)(8)(0)
(1)(2479)(3680)(5)
(1)(20)(3)(4)(58)(6INT)
(168)(27)(3)(450)(9)
(16)(2)(3)(459)(78)(0)
(1)(2)(39)(45678)(0)
(15)(2)(3890)(4)(67)
(149)(258)(3)(60)(7)
(1)(23)(48)(5679)(0)
(10)(2459)(3)(67)(8)
(14789)(260)(3)(5)
(125)(3790)(46)(8)
(148)(2)(35690)(7)
(148)(20)(3)(57)(69)
(126)(3)(4)(5X(7)(8)(9)(0)
(128)(3470)(59)(6)
(1249)(37)(58)(60)

{DDBYH(5)6)TN(8)(9)(0)

PAIRBONDS, INFOTWO, and MULTINOM are all metrics derived from super-
valuations on partition lattices and are discussed in Section 2; INFOTHRY, 1-
NT/SQP, I-NT/1 + 2,INVRHEIT, and NVRNTROP are essentially all normaliza-
tions of these metrics and are treated in Section 3; APPROX and TI2MINUS are
characterized by a high proportion of interpoint distance ties and are analyzed in
Section 4, while Section 5 handles |-LAMDA and CHISQUAR, which are simple
linear transformations of the two classical measures of association from which their
names are taken.

Given the partition spaces we have described, the actual distance values for the
12 measures were computed for each space by means of a FORTRAN IV program
written by the authors.! This program produced halfmatrices of distances which were

1 Copies of this program are available from Phipps Arabie upon request.
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then used as input data for the programs in the MDSCAL series. Finally, the resulting
scaling configuration was rotated to congruence with a given target configuration by
means of a program of D. C. Olivier [Olivier (1970) gives a description of the
mathematical foundations of this least-squares procedure]. This rotation was per-
formed only for Euclidean solutions and was designed to orient the natural lattice
dimension from Piymper t0 Pspritter along the x-axis for all plots and, hence, permitted
comparison of metrics more easily than would otherwise have been the case.?
Computation of some of the 12 measures revealed degeneracies in the multidimen-
sional scalings owing to their behavior on the lattice endpoints, Pypiitter and Prymper

TABLE IV

Structural Measures of Partition Distance

In what follows, we employ the following abbreviations and conventions (where | | is used to

denote the cardinality of a set, not alsolute value in the arithmetic sense):

n = | S| (size of S);
P = {¢,, ¢3,..., Cu}, where the ¢; are the cells of P;
Q = {d,,d,,..., d;}, where the d; are the cells of O;
PNQ = {zu};
m=|PlLp=10I;|PNQ| = size of PN Q (number of nonempty z;);

o= 3(%)

M(P) =) loga(] ¢; |

P y
EE) = ~F 1 0g, L

V(P) = log, n — E(P);
| ¢ Imax = max{| ¢ | : ¢ € P} (largest cell size in P);
| d |mex = max{| d | : d € Q} (largest cell size in Q};
2| = max{| 2y | : d; €0}

|2+ ;] = max{| z;|:¢c;eP}.

Table continued

% Specifically, the one-dimensional target configuration used in the Olivier program was
obtained by associating each partition in the lattice with its cardinality, which is a crude but,
in this instance, effective quantification of the lattice dimension which orders partitions by
fineness as in Definition 1.1.
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TABLE 1V (continued)

Name of measure Defining formula

PAIRBONDS D(P) 4+ D(Q) — 2D(P n Q)

INFOTWO V(P) + V(Q) — 2V (PN Q)

MULTINOM M(P) + M(Q) — 2M(P N Q)

INFOTHRY" INFOTWO/E(P N Q)

1 — NT/SQP” I — [D(P N Q)I[D(P) D(O)]'*

Lo NTJ 42 B 2D(P N Q) _ PAIRBONDS
D(P)y + D(©Q)  D(P)+ D(O)

APPROX [ PNQ | ~min(lP|, 10D

| — LAMBDA [(2n = a0 1= S 1551) 20— tetmas = | ]

TIZMINUS 2/PNQ|—|P|— 10

CHISQUAR' 1 — P, Q(nmin(| P| — 1,10 | = 1))]

- [(Zﬁ»‘f 1) fmin( P~ 1,101 - 1)

INVRHEIT" [PAIRBONDS/((;) — D(P N Q))]

NVRNTROP* [INFOTWO/(2log, n — E(P) — E(Q))]

¢ The denominator vanishes if and only if P = Q = Plumper, and in this case we define
INFOTHRY and INVRHEIT to be 0.

® If D(P) or D(Q) is O then either P or Q is Pspiitier . In this case, we define 1 — NT/SQP
from Pspiitter to itself to be 0, and between Pgpiitter and any other partition to be 1.

¢ The denominator vanishes if and only if D(P) = D(Q) = 0, and hence P = Q = Psplitter -
In this case we define 1 — NT/1 + 2 to be 0.

4 As in (b): CHISQUAR from Piumper to itself is 0, and from Piumper to any other partition is |.

¢ The denominator vanishes if and only if P = Q = Pspiitter , and in this case, we define
NVRNTROP to be 0.

Specifically, various of the normalized measures place either Pgplitter 0F Pluymper a
maximum (unit) distance from any other point. The result is to make the designated
endpoint behave somewhat like the point at infinity in standard metrizations of the
Riemann sphere, for example, stereographic projection. This phenomenon leads to
degeneracies when we try to scale the space with the given distance measure, since
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the algorithm attempts to place the endpoint at a maximum (unit) distance from all
other points, subject to the constraint (Kruskal, 1964b)

> Nxpl? =1,

Pe ¥

so that the remaining points collapse into a cluster whose radius approaches zero as
iterations continue. In order to eliminate this difficulty, we considered various subspace
scalings involving removal of one or both endpoints. A complete list of the degeneracies
is given in Table V. Thus, in the case of a measure on a given lattice with no endpoint

TABLE V

Endpoint Degeneracies for the Distance Measures of Table IV

Both Without Without Without
Name of measure Piumper and Pspitter Prumper Pspiitter either
PAIRBONDS
INFOTWO
MULTINOM
INFOTHRY * *
1 — NT/SQP * *
1—-NT/1 +2 * *
APPROX
1 —- LAMBDA * *
TI2MINUS
CHISQUAR * *
INVRHEIT * *
NRVNTROP * *

Note—A star (*) indicates that with the indicated endpoint(s) present the configuration
degenerates because one or the other of the endpoints present is maximal (unit) distance from
all other points in the space.

degeneracies, we computed up to four scalings for each choice of dimensionality and
output metric (compare Table I). Even where there were no degeneracies, these
alternative scalings provided a useful record of the extent to which the endpoints
dominate the behavior of the scaling solutions; see Section 2.

Various MDSCAL parameter options were tried, involving choice of initial con-
figuration (L-, random, or rational), dimension (2- or 3-), and metric of the scaling
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solution (city-block or Euclidean).® In all cases scaled, the stress formula employed
was stress formula 1, which is the original badness-of-fit function suggested by
Kruskal (1964a, 1964b; see also Kruskal and Carroll, (1969)).% There is a published
literature on the expected behavior of stress formula 1 which is lacking for stress
formula 2; see, e.g., Klahr (1969) and Stenson and Knoll (1969). In all cases scaled,
moreover, we employed the primary stress approach to ties, which does not treat tied
interpoint distances as constraints, as opposed to the secondary stress approach
option, which accepts ties as constraints (Kruskal, 1964b). In view of the large number
of interpoint distance ties given by our distance measures (see Appendix B), this
restriction to the primary stress approach should be emphasized. As far as input
configurations are concerned, the standard L-configuration frequently led to local
minima, and in certain cases to quite severe ones, with an arrangement of points
which was considerably less interpretable than that produced by the algorithm from
a random initial configuration. Consider a particular 5-tuple (lattice, presence/
absense of endpoint(s), input distance measure, output dimensionality, Minkowski 7,
which completely describes a scaling run except for selection of the initial configuration.
Of the 154 such S-tuples initially scaled with the L-configuration and then rescaled
with a random initial configuration (in some cases more than once), 73 achieved stress
reduction in the best of the random solutions when compared with the L-configuration
solution. In the 41 of such 5-tuples rescaled more than once with random initial
configuration(s), the overwhelming majority (37) achieved stress reduction. Most of the
repeated rescalings were done on the 6-lattice with the Euclidean metric or on the
10-lattice with the city-block and Euclidean metrics. Table VI describes relevant
statistics of average stress reduction for these cases. Since, for the data considered here,
random initial configurations give appreciable decrease in stress (typically an absolute

3 The L-initial configuration for the MDSCAL gradient algorithm is obtained in the following
way, where d is the dimensionality imposed on the scaling solution and r is the number of
points being scaled. We form the following list of vectors in d-space:

01 (1,0,..,0
01 (0, 1,..,0)
01 (0,0,..., 1)
.01 (2,0,..,0)

.01 (0,2,...,0)

and select the first r vectors in the sequence as the starting configuration.

4 In Kruskal’s notation, stress formula 1 is [Tic; (dy; — di,)*/ Zic; d2;]; stress formula 2 is
[Eici (dij — J,»;)z/z,-d (d;; — d)?], where d = ¥,.;d;/(?) and n is the number of points in the
scaling.
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TABLE VI

Reduction of Stress Values by Rescaling with
Random Initial Configuration; Dimensionality = 2

Number of 5-tuples® Stress reduction®
6-lattice, Euclidean metric 22 3.7%
10-lattice, Euclidean metric 13 2.09%
10-lattice, city-block metric 10 1.29%,

@ 'This is the number of ordered pairs {input distance measure, presence/absence of endpoint(s)>
which were repeatedly rescaled for given lattice, output dimensionality, and Minkowski .
® This is given by the formula:

1 .
S = 'k“ 2 max(0, Sz — min{Stangom}),

where summation is over all ordered pairs considered in the preceding note, K is the total number
of such pairs (given by entries in the first column of the table), Sy is the L-configuration stress
obtained for a given pair, and min{Sysnq0m} is the minimum stress obtained over all scalings
with random initial configurations. For the 6-lattice with r = 2 the average number of rescalings
over which this minimum was taken was 2.2; for the 10-lattice with » = 2 it was 2.6; for the
10-lattice with = 1 it was 3.8.

reduction of 1-39%,), it may well be the case that other data analyzed with the L-
configuration, including that of the two most useful Monte Carlo studies, Klahr (1969)
and Stenson and Knoll (1969), also have inflated stress values and fail to achieve the
configuration associated with minimum stress.

In addition to random configurations, a version of MDSCAL-3 was run, which was
designed so as to have inputs obtained from a Torgerson metric analysis of the original
data; see Young and Torgerson (1967). The objective was to test the hypothesis that a
metric principal components analysis of the proximity matrix might provide a starting
configuration for the nonmetric gradient algorithm more nearly optimal than either
the L-configuration or a random one. In the eight cases scaled, however, the obtained
stress was considerably higher than that produced by the L-configuration and a random
one; in consequence, for data of the type we are considering, a Torgerson metric
input seems by no means necessarily better than the L- or random initial configurations.

2. CoMPARISON OF THREE Basic MEASURES

The present section is devoted to detailed discussion of multidimensional scaling
results forthe three distance measures PAIRBONDS,INFOTWO,and MULTINOM ;
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see again Table IV for defining equations. These three measures are each derived from
a particular supervaluation on the partition lattice #(n) on a set of # elements, i.e.,
a real-valued function v on #(n) satisfying the supervaluation inequality

o(P) + v(Q) < o(PV Q)+ oPNQ) )

Any supervaluation v which is strictly increasing in the lattice ordering® can be shown
(Boorman and Arabie, 1972) to induce a metric u on #(n) by a distance formula
which is formally reminiscent of the law of cosines

#(P, Q) = o(P) + v(Q) — 20(P N Q). (2)

The three distance measures under consideration (PAIRBONDS, INFOTWO, and
MULTINOM) are each induced in this way from supervaluations which are labeled
D, V, and M, respectively, in Table IV. Of the three measures, PATRBONDS is the
most frequently used in the literature and has been introduced in a wide variety of
statistical applications, e.g., Johnson (1968); Bersted, Brown, and Evans (1970),
Mirkin and Chorny (1970); and Rand (1971). INFOTWO is a standard distance
metric of information theory (Csiszar, 1967; Parry, 1969; Jardine and Sibson, 1971,
p. 12 ff; Boyd, 1972). MULTINOM is a variant information measure whose behavior
may be compared with INFOTWO by results of Boulton and Wallace (1969). Both
INFOTWO and MULTINOM are closely related to a variety of other information-
theoretic measures connected with correlation, redundancy, and other structural
concepts (Kotz, 1966; Pearson, 1966).

In order to examine the output configurations generated by the three metrics, we
need to consider the structure of the partition lattice in somewhat greater detail.

DEeriNiTION 2.1. The type of a partition P = {¢,, ¢, ,..., ¢,,} 1s the distribution
of its cell sizes {| ¢; [}.

For example, the type of ((ab)(cd)(e)) can be coded as 2-2-1, which is, of course,
one partition of the integer 5, since 2 + 2 4 1 = 5. As further examples, we note
that the type of Prumper for the n-lattice is just z, while the type of splitter is

l—1—-—1

e
n times

For the 5-lattice, we display all possible types in Table VII; for any positive integer 7
there are well-known algorithms for generating all corresponding types (Wells, 1971;
see also Appendix B).

The significance of considering types is evident from Fig. 1, which displays the
5-lattice scaled with the PAIRBONDS measure with both Piymper and Pgpritter

5 Le., for which P < O = v(P) < v(Q).

480/10(2-4
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TABLE VII

Partition Isomorphism Types for the 5-lattice

Number of distinct partitions Height (D(P) in
Type having that type Code Table 1V)
5 1 A 10
4-1 5 B 6
3-2 10 C 4
3-1-1 10 D 3
2-2-1 15 E 2
2-1-1-1 10 F 1
1-1-1-1-1 1 G 0

F1c. 1. Scaling of PAIRBONDS on 5-lattice with both endpoints present. 2 dimensions,
Euclidean metric, L-configuration. Stress formula 1 = 23.99%,. The points are labeled by type
according to the coding in Table VII.

present. The points are coded by type, following the notation of Table VII. There is
clearly good recovery of the lattice types as contour lines in the scaling representation.

The algorithm behaves much as though Pgpjiter and Prymper Were opposing attrac-
tors, each trying to organize the types around itself as circular isosimilarity contours.
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The terminology here is reminiscent of McGee (1966), but the motivation at present
is purely geometrical. Hence, in the multidimensional scalings we have a clear conflict
between the “attraction” exerted by Plymper and the conflicting attraction exerted by
Pgpiitter . 'The Pyprister attractor is more effective than the Piymper one (we shall see
the opposite effect for certain normalizations of PAIRBONDS in Section 3), though
the effect of Piymper is evident in rendering the outer contours essentially elliptical
with the points on these contours contracted on a limited arc. These effects vanish
when we remove Plymper and the contours become very nearly circular with points
of the same type spaced about equidistantly on each contour. Note, moreover, that the
radial distances of the contours from G (Psprister) as origin fall very nearly in the
proportions 10:6:4:3:2:1. These proportions coincide with the ratios of the
heights of the partitions of the different types (see Table 7). Algebraically, this in-
variance may be restated by saying that, for all partitions P and Q in the lattice, the
scaling algorithm is attempting to produce a solution satisfying the equations

PAIRBONDS (P, Pgpiitter)/ PAIRBONDS (O, Pypiitter) = || v (P) o/l v (O) s (3)

where v(P), v(Q) are the images of P and Q in the two-dimensional Euclidean scaling.

The only essential errors in the contour recovery are one “E” type which is mis-
placed close to what should be the D-contour and one “F’’ type on the E-contour.
It is also noteworthy that the recovery appears to become more elastic as we move
toward Pgpister (F-contour), where there are many relatively small distances to be
taken into account (it is a general characteristic of partition lattices that the lattices
are more dense near Pypiitter and, moreover, small distances are clearly less important
in the stress function than are large ones). When Pgpjister is removed, the basic scaling
is similar but the contours near the missing Pgpiitter attractor tend to become somewhat
more blurred, thus further confirming the structural role of the splitter partition.

As we shall see consistently later, this contour structure of the lattice scalings tends
to be a general fact underlying the interpretation of the solutions. One consequence
of this contour organization was that when hierarchical clustering [see Johnson (1967)
for both the connectedness and the diameter method] was applied to the same input
proximity data on which the scaling in Fig. | was based, as well as to numerous other
lattices and distance measure combinations, the results were typically degenerate
in the sense that the clusterings were weak and uninterpretable.

On page 158 we noted that for some of the normalized measures, the removal of the
endpoint(s) is a prerequisite for obtaining nondegenerate solutions. This constitutes
a dramatic example in support of Nelson Goodman’s (1972) objections to the strong
demands of Luce and Galanter (1963) for stability of a spatial representation when
additional points must be incorporated. The present analysis of the obtained scalings in
terms of the structural role of the endpoints is a further justification of the Goodman
position.

Figures 2 and 3 display additional PAIRBONDS plots for the 10-lattice sample for
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two different initial configurations. Again, the basic observation to make is that contour
recovery in both cases is surprisingly good (we have indicated roughly where the
“complete’’ contours should fall if we increased the sample size), especially since the
random nature of the partitions scaled eliminates possible peculiarities owing to the
specialized symmetries possessed by the full zn-lattice, which as an algebraic structure
has an automorphism group containing at least the full symmetric group and, hence,
n! elements; this algebraic structure is related in detail to the metric structure of the
full lattice in Boorman (1970). It is probable, however, that the general phenomenon

Fi16. 2. Scaling of PAIRBONDS on 10-lattice sample with Piumper removed and Pgpiitter
present. 2 dimensions, Euclidean metric, L-configuration. Stress formula 1 = 28.49%,. The
points are labeled by the height D(P) of the corresponding partition (compare Table IV for
definition of D).

which we are observing here is a consequence of the fact that the metrics PAIRBONDS,
INFOTWO, and MULTINOM (and, in fact, all the measures we consider in the
present study) are permutation-invariant in the sense that any relabeling of the elements
of .S leaves distances in the partition lattice on .S invariant; see Boorman (1970). In
fact, it can be shown that in the case of any of the three metrics, the orbits of the
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14

Fic. 3. Scaling of PAIRBONDS on 10-lattice sample with Piymper removed and Pgpiitter
present. 2 dimensions, Euclidean metric, random initial configuration. Stress formula 1 == 27.5°,.
Points labeled as in Fig. 2.

autometry group of the metric will be precisely partitions of the same type.® One
way of describing Figs. 2 and 3 would be to say that the scaling algorithm is mapping
partitions of a given type into orbits of the autometry group of Euclidean space with
a fixed origin (namely, circles).?

Juxtaposing the two plots in Figs. 2 and 3, an additional feature is clear from direct
inspection and can be formally verified by rotating the two plots to maximum con-
gruence by the algorithm of Olivier (1970). Both plots recover the contour structure
of partition types to about the same degree; but within contour lines the recoveries are

¢ For any metric space M with metric u, an autometry & of M is a bijection ¥ : M — M which
is distance-preserving, i.e., for which u(x,y) = w(fx, (Ty), for all x,y € M. The set of all
autometries clearly forms a group under composition. That the autometry group of all our
supervaluation-induced metrics is precisely given by relabeling the elements of the underlying
set being partitioned is not completely trivial, and was proved by Jénsson (personal communica-
tion).

7 Another study of the present authors suggests that a general feature of the MDSCAL
algorithm in Euclidean space appears to be this observed priority given to the recovery of
symmetries possessed by the input proximity matrix.
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very different. The stresses obtained are very similar, to about 0.9%, discrepancy in
favor of the latter initial configuration. Thus, unless we want to take stress values very
seriously indeed—which goes against much additional evidence that has accumulated
in the literature—we must conclude that the MDSCAL solutions are essentially
nonunique for the data considered here, being interpretable only up to recovery of
contours [compare remarks on multiple solutions in Torgerson (1965, pp. 381-382)].
Despite the restricted context of the present investigation, this finding is worth
emphasizing in view of the tendency of many users of multidimensional scaling to
take their scaling solutions seriously at the level of individual points rather than merely
at the level of clusters and contours [compare the similar emphasis of Shepard (1969,
pp. 50 11.)].

As compared with the PAIRBONDS measure, of which we have been considering
various scalings, INFOTWO does not recover lattice types as contours to nearly such
a perfect extent. One particular plot for the 10-lattice sample is shown in Fig. 4,
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Fic. 4. Scaling of INFOTWO on 10-lattice sample with Piumper removed and Pspiitter
present. 2 dimensions, Euclidean metric, random initial configuration. Stress formula 1 = 32.2 %,
Points are labeled by entropy according to the following code:

A =136 F =185 K =197 P =232 U=272
B =149 G = 1.87 L =207 Q0 =237 V=282
C=1.52 H =190 M = 2.12 R =245 W = 2.85
D = 1.69 I =192 N =217 S =252 X =292
E =172 J =196 O = 225 T = 2.65 Y = 3.32
where each value represents the entropy E(P) [= — ¥(| ¢; |/n) logy(| ¢; |/n)] of the corresponding

partition.
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which labels partitions in the scaling according to the entropy. The recovery of
contours is clearly fuzzy at best, and similar fuzziness prevails in other parameter
cases scaled with INFOTWO. For example, Fig. 5 illustrates the 5-lattice scaling
analogous to that for PAIRBONDS in Fig. 1. Once again, recovery of contour structure
is considerably inferior to that of PAIRBONDS. This inferior recovery, which is
quite a general phenomenon over lattice sizes and parameter configurations, suggests
that INFOTWO may be considerably less useful for scaling purposes than is
PAIRBONDS.

c c
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FiG. 5. Scaling of INFOTWO on 5-lattice with both endpoints present. 2 dimensions,
Euclidean metric, L-configuration. Stress formula | = 31.8%,. Points are labeled by type
according to Table VII.

A more theoretical analysis sheds additional light on the comparative behavior of
the two metrics. Following Boorman and Arabie (1972), consider the PAIRBONDS
distance generated by moving a subset of size s from a cell of size & to another cell of
size k. The three parameters s, &, and &’ are sufficient to compute this distance, which
is

2k — s)s + K's), 4)
and, for s small relative to £, we have (4) reducing to

Ak + k), 5)
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which is linear in all three parameters taken separately. By contrast, in the case of the
same problem for INFOTWO, the distance generated is

1[1 e syt ] ©

n 2R (h — s)k-ss2s
It can be shown that if s is small relative to & and £/, then (6) is asymptotic to
(1/m)(logek + logyk) ™)

for large k and &’. Comparison of (5) with (7) shows that, by contrast to PAIRBONDS,
INFOTWO shows convex behavior (decreasing returns to scale) in both & and %'.
Consequently, it can be expected to discriminate less clearly than PAIRBONDS when
kand k' are large, i.e., in the region of the lattice near Prymper and the most important
region from the point of view of the way in which distances enter into the target
function. This blurring effect is quite clear in the outer contours of Figs. 4 and 5.8

It can also be shown (Boulton and Wallace, 1969; Boorman and Arabie, 1972) that
MULTINOM behaves asymptotically like INFOTWO where expressions analogous
to (5) and (7) are concerned. More generally, MULTINOM is asymptotically ordinally
similar to INFOTWO, in the sense that as lattice size increases the induced interpoint
distance orderings of the two measures become arbitrarily similar in the rank-order
correlation sense. Hence, on mathematical grounds we can expect that MULTINOM
will give a blurring of contours similar to INFOTWO for lattices on perhaps ten or
more elements. In fact, however, the failure of MULTINOM to discriminate is
already clear for the 5-lattice, as is demonstrated by Fig. 6.

We next consider Euclidean solutions in three dimensions. For even the most
interpretable of the 2-dimensional cases for example, PAIRBONDS on the 5-lattice
as shown in Fig. 1, the corresponding 3-dimensional solutions were not easily inter-
pretable in spite of the fact that Olivier’s rotation procedure was employed to orient the
solutions along the natural lattice axis from Prymper t0 Pgpyitter Se€ p. 156 and footnote 2.
Discrimination of contour surfaces formed by different partition types ranged from
poor to totally unrecognizable. Specifically, after the 3-space solution was rotated by
Olivier’s algorithm, none of the three 2-dimensional projections perpendicular to an
axis proved interpretable. In consequence, it appears that an escalation of dimension-
ality in this case actually decreases the effectiveness of the procedure. This supports
an observation of Shepard (1969) to the effect that if an MDSCAL configuration is
interpretable, then it is almost certainly interpretable in two dimensions. The only

8 It should also be noted, however, that precisely the linear behavior (5) which effectively
discriminates types also causes the PAIRBONDS scalings to degenerate on the 10-lattice
sample where Prumper is present, while INFOTWO does not degenerate in this case. If, however,
Piumper is removed, the behavior of PAIRBONDS is more satisfactory than that of INFOTWO,
as earlier figures demonstrate.
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F16. 6. Scaling of MULTINOM on 5-lattice with both endpoints present. 2 dimensions,
Euclidean metric, L-configuration. Stress formula 1 = 31.19%,. Points are labeled by type
according to Table VII.

exception to this failure of interpretability was in the 4-lattice case, where there were
at most only 15 points in the scalings and the 3-dimensional solutions took approxima-
tely the form of an ice-cream cone, with Pgpjister at the center of the hemisphere and
Piumper at the point of the cone. This result did not, however, generalize to the
5-lattice, where only in the PATRBONDS case was a provisionally acceptable solution
of ice-cream cone type obtained, and this solution manifested considerable noise.

Given the current revival of interest in non-Euclidean solutions, e.g., Arnold (1971),
Fischer and Micko (1972) and Shepard, and Cermak (1973), we were interested in
exploring such representations for the partition metrics. In spite of the early interest
in the city-block metric (Attneave, 1950), it is probably fair to say that most psycho-
logical investigations have been restricted to Euclidean spaces. Shepard (1969, p. 34)
argued that this limitation (for continuous spaces) was not objectionable:

As long as there is a continuous underlying space of well-defined dimensionality
that is at all isotropic and uncontorted, anyway, the data so over-determine the
representation that the erroneous assumption of a Euclidean metric will still permit a
satisfactory recovery of the true underlying structure and, indeed, even a determination
of the nature of the unknown metric.

In support of Shepard’s conjecture, Arnold (1971) has pointed out that Henley’s
(1969) data on semantic (discrete) spaces evince the (r = 1, r = 00) unit disc quite
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strikingly, despite the fact that she imposed a Euclidean metric on the solution. The
same observation holds for data from a study by Nummenmaa (1964) on the perceived
similarity of 21 facial expressions. For technical reasons, Nummenmaa included only
eight of the stimuli in his analysis; a reconsideration of these eight stimuli by Ekman
(1970), whose analysis assumed linearity and a Euclidean space, is reproduced here as
Fig.7 and again suggest that an underlying non-Euclidean metric may be appropriate.

[oX J

~

2l

Fic. 7. Scaling solution for a study of the similarity of eight facial expressions (Nummenmaa,
1964). The analysis in the figure is from Ekman (1970).

The fact that a scaling solution shows a pattern of squares or diamonds symmetrically
placed around some central point does not, of course, constitute a rigorous demonstra-
tion that the “natural” metric of the space being scaled is non-Euclidean; in fact, as
is the case with partition lattices, there is no sense in which we can characterize the
behavior of a distance measure from a unit ball, and, hence, the algorithm for recovering
the unit ball for Euclidean scalings of Minkowski spaces described in Shepard (1969)
is inapplicable. Despite these caveats, we may again focus on the contour lines defined
by partition types in the scaling representations and argue from the geometry of these
contours that the partition data conform quite nicely to the preferences of an in-
vestigator who has the choice of a Euclidean or a city-block solution.

Specifically, in Fig. 5 the choice of r = 2 gives slightly noisy circles evident of an
underlying Euclidean space; in the typical city-block plot shown in Fig. 8 the choice of
v = 1 gives for the same data a clear pattern of diamonds, indicative of the city-block
metric, even though considerable confusion of contours occurs. This pattern of
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diamond-like contour recovery occurred again and again in the » = | scalings under-
taken in the course of the present study, and usually allowed for identification of the
imposed metric even before points were labeled. (The pattern could also be representa-
tive of the supremum metric [r = co], since the supremum and city-block metrics
cannot be distinguished in imposed Euclidean 2-dimensional solutions, as pointed out
by Arnold (1971)).
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Fic. 8. Scaling of INFOTWO on S5-lattice with Piumper present and Pgpiitter removed.
2 dimensions, city-block metric, random configuration. Stress formula 1 = 36.8 %;. Points are
labeled by type according to Table VII.

In general, we conjecture that for any given measure of partition distance which is
permutation invariant, the scaling algorithm will recover the partition space in such
a way that the orbits of the automorphism group of the lattice are mapped as well as
possible into isometric contours in the output metric. In short, the artificial data
considered here adapt to whatever output metric the investigator chooses to impose.
Thus, it would seem that a representation theorem is needed to decide when the data
allow recovery of the underlying metric, as conjectured by Shepard and others, e.g.,
Shepard (1969) and Wender (1969). The theoretical significance of such a recovery
has been demonstrated by the elegant work of Cross (19652, 1965b) in multidimensional
stimulus generalization.
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3. ALTERNATIVE NORMALIZATIONS

Normalizations of structural measures can be used for essentially two different
purposes: to provide a uniform range permitting meaningful comparison between
measures of distance on lattices of different sizes; or to factor out the effects of an
unwanted dimension of variability, thus, in effect, providing a conditional measure
of the remaining structure (the classic case being conditional probability). In the
present study, we considered five different normalizations of PAIRBONDS and
INFOTWO. The measures 1 — NT/1 + 2and | — NT/SQP are essentially suggested
in Johnson (1968). Johnson (personal communication) has proved by a Euclidean
embedding argument that | — N'T/SQP is a metric; the metric status of 1 — NT/1 4- 2
remains uncertain, though the behavior of the two measures is highly similar, and they
are closely related as arithmetic to geometric mean, see again Table IV. The distance
measure INFOTHRY is developed in some detail by Rajski (1961), who proves the
triangle inequality by an intricate argument, see also Kotz (1966); Boorman (1970)
gives a proof of the triangle inequality by a lattice-theoretic argument. INVRHEIT
and NVRNTROP do not seem to have appeared in the literature.

These alternative normalizations are all designed to study the effect of controlling
for the natural (lumper-splitter) dimension which orients the partition lattice. The
five measures studied are organized in Table VIII, which classifies them by underlying
measure (PAIRBONDS or INFOTWO) and by the normalization strategy employed.

TABLE VIII

Alternative Normalizations of Supervaluation-based Partition Metrics

Underlying supervaluation (6)

Strategy Entropy (V) Height (D)

Divide by

(8(Prumper) — (P N Q)) INFOTHRY INVRHEIT

Divide by

8(P) + 6(Q) NVRNTROP (arithmetic{ 1 — NT/1 + 2
mean)

(geometric) 1 — N'T/SQP

mean)

The main result of scaling these derived measures is verifications of the fact that
the strategy of normalization may be very important in controlling the behavior of
the derived measure. In some cases (INFOTHRY and INVRHEIT), the effect of
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an apparent normalization is essentially negligible in the scaling output. In other
cases, the result of normalization is dramatic, and the resulting measure must be
interpreted as measuring a quantity fundamentally different from the original one
(NVRNTROP, 1 — NT/SQP, 1 — NT/1 + 2). This is already evident from the
rank-order correlations of Table IX, where these measures provide the only negative
value in the rank-order correlation matrices. We will henceforth call normalizations
of the first kind mild and those of the second kind strong.

At the level of the MDSCAL representations, we find that the strong normalizations
make a kind of inversion of the data, turning the MDSCAL plots inside out {compare
Fig. 9). The effect is similar to the conformal mapping { — 1/{ in the complex plane,

Fic. 9. Scaling of | — NT/1 + 2 on 5-lattice with Prumper present and Pgpiitter removed.
2 dimensions, Euclidean metric, L-configuration. Stress formula 1 = 20.0%;,. Points are labeled
by type according to Table VII.

which again suggests an analogy between the lattice endpoints and the point at infinity
or, dually, zero. The result is that the contour lines nearest Pypiitter are now outermost
and those nearest Piymper are innermost; again (as previously) the outer contours are
regularly recovered.

The explanation of this effect may be obtained by analyzing the normalization
procedure in more detail. In the case of the first strategy in Table VIII, which leads



174 ARABIE AND BOORMAN

to mild normalizations, as P and Q increase toward Piuymper in the lattice ordering,
P N Q likewise approaches Prymper - The function § is monotone increasing, hence
O(Pramper) — 8(P N Q) is monotone decreasing toward 0 as PN Q — Pumper -
Consequently, distances between partitions at the Plumper end of the lattice will be
expanded relative to distances at the Pgpitter end in comparison with the unnormalized
metric. This expansion in the region of Piymper i, however, merely an intensification
of a similar dilation already present in the unnormalized distances (compare again
Figs. 1-6), and again Pgpiiter Will be placed at the origin and Piymper at the periphery
of the plot. The result is that we would expect INFOTHRY to recover contour lines
better than INFOTWO or MULTINOM for the same reason that PAIRBONDS
does: namely, it inflates distances more than do INFOTWO and MULTINOM as
we move up in the lattice; in fact, the scaling results strongly bear out this presumption.
In the case of the strong normalizations, by contrast, the denominator will increase as
P and Q approach Prymper - Thus, a countervailing influence to the dilation of distances
at the upper end of the lattice is established, and, in fact, is sufficiently strong so that
the Plymper region is actually contracted relative to the Pgpiitter region.

4. Tue ErrecT OF INTERPOINT DisTANCE TIES

We now focus on the behavior of the two measures which gave the highest percen-
tage of interpoint distance ties, namely, APPROX and TI2MINUS (see Table IV for
defining formulas). A comment on the motivation of these measures is in order.

The measure APPROX is a closed-form approximation to the following least-moves
measure proposed in Boorman and Arabie (1970). Define a set move transforming one
partition into another to be the transfer of a subset of a cell of the first partition to
another cell or to form a new cell. The metric B may be defined as the least number of
set moves needed to transform any partition into any other given partition. Clearly,
the range of B is contained in the set of integers {0, I,..., # — 1}, and it can be shown
that B has no closed-form representation but is computable as a Hitchcock problem of
optimal assignment type (Ford and Fulkerson, 1962). The formula defining APPROX,
namely,

APPROX(P,0) = | PN Q | — min(| P, |Q ). ®)

is derived from the definition of B by assuming essentially no interaction among
allocation decisions in the optimal assignment problem associated with its computation
see Boorman (1970} for details.

The measure TI2MINUS can be expressed by a formula very similar to APPROX:

TIMINUS = 2( PNQ| — (| P| + Q). 9)

TI2MINUS is a distance concept dual to the metric C discussed in Boorman and
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Arabie (1972), which is a standard lattice metric often employed in pure mathematics
(Birkhoff, 1967) and which may be defined by

CP,Q) =PI+ [Q|—-2|PUOIL (10)

Given the apparent similarity of their defining formulas (8) and (9) respectively,
the remarkable feature of the two measures APPROX and TI2MINUS is the striking
and consistent difference between the qualitative nature of their MDSCAL representa-
tions, using the primary approach to ties as previously indicated. The APPROX plots
are roughly linear along the lumper-splitter dimension, with types arranged in linear
segments perpendicular to this axis (Fig. 10). The TI2MINUS plots attempt to
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Fi1G. 10. Scaling of APPROX on 10-lattice sample with both endpoints present. 2 dimen-
sions, Euclidean metric, random initial configuration. Stress formula 1 = 19.19%,. Points are
labeled by the cardinality | P | of the corresponding partition. Numbers in parentheses classify
segments of the plot by the cardinality of the partitions which they contain.

replicate contours as closed curves, but customarily become badly confused as to
whether Piumper or Pspiitter should be dominant, and sometimes end up placing these
two partitions on top of one another (Fig. 11).

It remains somewhat unclear why APPROX gives the extreme contour structure
evinced by Fig. 10 while TI2MINUS gives a contour structure which can be explained
by reasoning as in the last section. This question would not be interesting were it not
for the fact that the behavior of APPROX makes it discriminate cardinalities as linear
segments with such accuracy that a visual scan of an unlabeled output plot can usually
differentiate partitions by size, which is not possible for PAIRBONDS, INFOTWO,
or any of the less ‘“‘degenerate” metrics. The success of MDSCAL in handling this
tie-bound metric is all the more surprising if one considers the assertions of Roskam
(1969) that Kruskal’s algorithm is particularly vulnerable to degenerate solutions for
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data containing ties. Since APPROX clearly will give even more interpoint ties than
does TI2MINUS, in going from the latter measure to the former we have apparently
achieved a situation where confusion of cardinalities (in the TI2MINUS plots) is
replaced by a superficial clarity in the APPROX scaling, at least as long as the primary
stress approach is used. In fact, however, all that APPROX is really doing is decoupling
partitions of different sizes, so that classes of partitions of a fixed size can be scaled

4 s 6
4 4
4
4 4 5 5
4 5 6 6 3
3
5 6
6 7 78 5
5
5 8 7 5
6 7 7|o' 4
6
6 47 4 5
4 5 5 7
5
6 55 4
s 4 54
5 4 4 s
4

Fic. 11. Scaling of TI2ZMINUS on 10-lattice sample with both endpoints removed. 2
dimensions, Euclidean metric, random initial configuration. Stress formula 1 = 29.89%,. Points
are labeled by cardinality.

essentially as line segments, with little emphasis being given by the algorithm to the
relation between different segments as long as they are kept distinct (compare again
Fig. 10).

The implication is that scaling representations may be highly sensitive to the exact
form of the input proximity measure if an excessive number of interpoint distance ties
is permitted and the primary stress approach is employed. Since many structural
measures suggested solely on the basis of mathematical considerations tend to produce
many interpoint distance ties [compare Hays (1965)], there is need for considerable
caution in practical employment of such measures in scaling or scaling-related applica-
tions. In fact, as Appendix B demonstrates, there are powerful constraints which
force any permutation-invariant partition distance measure to have many interpoint
distance ties for large lattices.
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5. MEASURES OF ASSOCIATION

The remaining measures to be discussed are both derived from standard measures
of association by linear transformations. CHISQUAR (in Table 1V) is based on a
suggested normalization of y® proposed by Cramér (1946); see also Goodman and
Kruskal (1954). The measure 1 — LAMBDA (again see Table IV) is the obvious
conversion to a distance measure of the measure of association A, which is discussed
at length in Goodman and Kruskal (1954) and which has various desirable invariance
and normalization properties.

MDSCAL solutions were computed for both CHISQUAR and | — LAMBDA
for both the 6- and the 10-lattices, with » = 2 (Euclidean metric) and » = [ (city-
block metric). Figures 12 and 13 show the obtained solutions for | — LAMBDA and
CHISQUAR, respectively, in two typical cases. In both cases the points are labeled
according to the number of cells of the corresponding partition.

3
3
4 5
s a4
4 4 4
55 . 6 6 5 a
4
6 6 6
55 ¢ 7 8 7
8 4
., 7 o’ 76 S
6
5
4 5 7 7 5
5 4
5
. 6
) 5
55
5 3
4
4
. 4

Fic. 12. Scaling of | — LAMBDA on 10-lattice sample with Piumper temoved and Pspiitter
present. 2 dimensions, Euclidean metric, random initial configuration. Stress formula 1 = 32.1°,.
Points are labeled by cardinality.

A similar analysis to that performed earliesr for PAIRBONDS and INFOTWO
(pp. 167-168 previously) provides insight into the scaling behavior of these measures of
association. Specifically, consider the | — LAMBDA distance produced by moving a

480/10/2~5
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Fic. 13. Scaling of CHISQUAR on 10-lattice sample with Piumper removed and Pgpitter
present. 2 dimensions, Euclidean metric, L-configuration. Stress formula 1 = 36.29%,. Points
are labeled by cardinality.

single element from a cell of size £ to one of size £'. Then 1 — LAMBDA may
straightforwardly be computed:

Mm—[(k-1)+ & + (n-k-k)+ (k=1) + & + (n—k—k)]

1 — LAMBDA =
2n — IClmax— ]dlmax

(11)

where the notation in the denominator is as in Table 4 and we are assuming k&, &' > 1.
This expression reduces to

1 1
n— 3¢ max + | 4 lmax) 7

1
1+ n (I ¢lmax + | d ]max) , (12)

for | ¢ |max » | € |max small compared with n. Hence, if k is the largest cell size in the
original partition we have a | — LAMBDA distance linearly dependent on k. If,
however, we have the polar case where | ¢ |max = | 4 |max = # — & — &', then the
1 — LAMBDA distance(12) reduces to (1/(k#+ &’)) and, unlike either the corresponding
computation for PATRBONDS ((5) for s = 1), or that for INFOTWO (7), this expres-
sion is monotone decreasing as a function of k2 and &'. This behavior is not sufficient
to cause inversion to occur, though contour recovery is considerably confused.

In the case of CHISQUAR, consider again the effect of moving a single element from
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a non-singleton cell of size & to a cell of size £'. Then the cardinality of the partition
remains invariant. Let this cardinality be Z. Then the distance generated is

CHISQUAR

(R — 1) | k'? .
W YRE T T RE T +1—2)/(Z— 1)].
(13)

i fr

Equation (13) may be simplified to obtain

1 1 %
TETRELID TR

CHISQUAR — | — [( 1z z)/(Z— 1)]. (14)

The relevant (k- and &'-dependent) part of this last expression may now be rewritten

B K) = [é"k(k’i D e %]

(15)
This expression is again monotone decreasing in both k and &' If & is large, then, for
fixed &, (15) is approximately a linear function of 1/&’; and for fixed &', (15) is a linear
function of 1/k in any case. From an empirical scaling standpoint, as is clear from
Fig. 13, CHISQUAR rather effectively differentiates contours according to cardinality.
In fact, CHISQUAR typically gives better scalings by cardinality than does
TI2ZMINUS, which is defined explicitly in terms of cardinality. At the same time,
since cardinality is a much cruder structural property than height, as used to define
PATRBONDS, there is no question that CHISQUAR is less sensitive to the fine
structure of types than is PAIRBONDS; this is not surprising, since PAIRBONDS is

defined explicitly with reference to the lattice structure of partitions while CHISQUAR
is not.

6. COMPARISON OF THE BEHAVIOR OF THE MEASURES:
RaNk-ORDER CoRRELATION, INDSCAL, STRESSES

Several approaches were employed to the problem of classifying the measures we
have been considering with reference to their scaling and other numerical behavior.
The motivation for this comparison originally derived from abstract typology of
partition distance measures (Boorman, 1970; Boorman and Arabie, 1972) based on
purely lattice-theoretic considerations. In view of the current interest in classifying
different kinds of metrics in various psychological applications (Cross, 1965a, 1965b,
Shepard, 1969, 1972; Micko and Fischer, 1970; Fischer and Micko, 1972), it is

relevant to see how well an abstract classification correlates with the concrete numerical
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behavior of distance measures, and what further classificatory information comes out
of such numerical output.

Table IX gives rank-order correlation coefficients between each pair of distinct
partition distance measures on each of the spaces considered (4-lattice, S5-lattice,
6-lattice sample, 10-lattice sample). The metrics on each particular space induce a
(nonstrict) linear ordering of unordered pairs of partitions (P, Q) according to their
assigned metric distance; this linear ordering involves ties, usually a substantial
number (see Appendix B). Kendall’s rank-order correlation coefficient 7, (one way
of extending the standard r to take care of ties [see Kendall(1962)]) was then employed
to give each entry of Table IX. A 7, value of +1 indicates that the two distance
measures are ordinally similar in the strict sense (i.e., there is a monotone transforma-
tion taking one into the other, and by definition of Kruskal’s algorithm their Shepard-
Kruskal scaling behavior is identical). A 7, value near 0 means little or no correlation
between the metrics under the 7, measure of rank-order correlation.

Because Table 9 is difficult to synthesize as a whole, Shepard-Kruskal scalings of
the entries in the table were made. Figures 14 and 15 illustrate, respectively, the
Euclidean and city-block scalings of the 7, matrices for each of the four lattices. In order
to minimize the possibility of achieving a seriously distorted solution corresponding
to a local minimum of stress formula [, each of the scalings was rerun eight times
with different random initial configurations and the solutions with lowest obtained
stresses were selected for inclusion in Figs. 14 and 15. The final stresses obtained were
excellent. The four Euclidean solutions were then rotated to maximum congruence
using the algorithm of Olivier (1970); the four city-block solutions were eyeballed to
maximum congruence by reflections, since rotation invariance does not hold for
city-block spaces.

The eight solutions contained in Figs. 14 and 15 are seen to be remarkably similar
and correspond closely to the qualitative analysis of Boorman and Arabie (1972) and
the comparative MDSCAL analysis of the present paper. The strong normalizations
1 — NT/I 4+ 2, 1 — NT/SQP, and NVRNTROP (which may also be defined as
those distance measures placing Piumper at the center of the scaling solution) form a
tight and isolated cluster in all cases. The measures APPROX and TI2MINUS fall
between this outlying cluster and the rest of the distance measures, though they are
typically not close enough to one another to be designated a cluster. The remaining
seven measures (PAIRBONDS, INFOTWO, MULTINOM, INFOTHRY, 1—
LAMBDA, CHISQUAR, and INVRHEIT) form a loose cluster, in which
CHISQUAR often appears as an outlying point. All other measures in this loose cluster
except | — LAMBDA are either supervaluation-based (PAIRBONDS, INFOTWO,
MULTINOM) or derived from these metrics by a mild normalization (INFOTHRY,
INVRHEIT). There is a strong, though not universal, tendency for the scalings to
place PAIRBONDS and INVRHEIT close to one another, as also INFOTWO and
MULTINOM. It is also noteworthy that ] — LAMBDA tends consistently to fall
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between CHISQUAR and the lattice-based measures, and itself falls close to PAIR-
BONDS and INFOTHRY in most of the plots.

A more formal analysis of the same data is shown in Fig. 16, which displays the
result of applying Johnson’s (1967) diameter method of hierarchical clustering to the
7, matrix for the 10-lattice and then superimposing the obtained clusterings on the
relevant MDSCAL solution in Fig. 14. It is clear that the Johnson algorithm replicates
our major qualitative observations and supports Shepard’s (1969) argument for the
combined use of hierarchical clustering and multidimensional scaling.

APPROX
[ ]
APPROX
[ ] INVRHEIT
NVRNTROP MULTINOM\ PAIRBOND\
® @ {-NT/142 PY P [ J
PAIRBOND INVRHEIT g ) INFOTWO P
NVRNTROP TIMINGS  puirmon ® ° I-NT/SQP  T12MINUS €  INFOTHRY
$-inTae g
R [ N 1-LAMBDA
1-NT/SQP INFOTWO ° gF T
HRY
1—LAMBDAI ©
[ ]
CHISQUAR
4 - LATTICE  CHISQUAR 6 - LATTICE e
APPROX APPROX
® [
L-NT/442 INVRHEIT
LNT/A+2 TIZMINUS MULTINOM PAIRBONDS PY PAIRBO’\E.\
INFOTWO @ ® ol ® ——nNvRNTROP MULTINOM
{-NT/SQP ® INVRHEIT o INFOTWO® @
NVRNTROP o 0 1-NT/SQP ® ® NFOTHRY
4-LAMBDA INFOTHRY TIZMINUS 1-LAMBDA
A
CHISQUAR CHISQUAR
®
5- LATTICE I0-LATTICE
Fic. 14. Euclidean scaling of 7, matrices for each of the four lattice sizes (4-lattice, 5-lattice,
6-lattice sample, 10-lattice sample). Respectively, stress formula | values were: 1%, 1.6,
1.4%, 19%.

A different approach to the classification problem was also tried, employing the
INDSCAL algorithm for the metric analysis of individual differences via canonical
decomposition of 3-way tables (Carroll and Chang, 1970; Carroli, 1972; Schénemann,
1972). The objective of INDSCAL is to take proximity data from several subjects,
pool this data and to analyze it by an iterative least-squares algorithm (thus, giving a
stimulus space), and concurrently to analyze differences between subjects (preducing
a subject space).
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City-block scaling of 7, matrices for each of the four lattice sizes (4-lattice, 5-lattice,

6-lattice sample, 10-lattice sample). Respectively, stress formula 1 values were: 2.59%, 3.6%,

1.7%, 2.3%.
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Fic. 16. Superposition of hierarchical clustering of the 7, matrix for the 10-lattice sample,
Johnson’s diameter method (1967), on MDSCAL solution in Fig. 15.



DISTANCE BETWEEN PARTITIONS 185

In the present application, the points of a given partition lattice corresponded to
stimuli in the standard interpretation of the INDSCAL model, while the partition
distance measures corresponded to the subjects. Following the procedure described
by Carroll and Chang (1970, p. 288), each partition distance measure u was normalized
so as to equate the variance for each subject (measure). Using the INDIFF data
structure, INDSCAL solutions in each of dimensions 5, 4, 3, and 2 were then deter-
mined for the partition spaces obtained by truncating both Piymper and Pgpiitter from
the 5-, 6- and 10-lattice samples. The obtained stimulus spaces were, in general,
interpretable with very clear differentiation of partition types as contour lines and
the partitions near Pgpiitter in the center of the plot. The subject space solutions,
however, were degenerate for the 5- and 6-lattices in the sense that the solutions fell
very nearly on a ray through the origin and, hence, corresponded to an attempt on the
part of the model to treat all the input distance measures as if they were identical
up to a positive constant. By contrast, a meaningful 10-lattice INDSCAL solution
was obtained for both the stimulus and subject spaces. Figure 17 gives the two-
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Fic. 17. Two-dimensional INDSCAL subject space representation for the 12 partition
distance measures.

dimensional subject space representation. As in Figs. 14 and 15, 1 — NT/I + 2,
1 —NT/SQP, and NVRNTROP appear in a cluster, as do APPROX and TI2ZMINUS.
The supervaluation-based lattice metrics (PAIRBONDS, MULTINOM and
INFOTWO), however, become strongly separated from | -LAMBDA, INFOTHRY,
and INVRHEIT in the INDSCAL solution, whereas these measures form a loose
but single cluster in the MDSCAL solution based on the 7, matrix.

A third kind of numerical comparison of the distance measures is more indirect
and simply involves ordering the obtained stress values (all computed by means
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of Kruskal’s stress formula 1). Although various recent investigators, e.g., Zinnes
(1969) and Young (1970), have de-emphasized the importance of stress as a summary
statistic, except to indicate obviously degenerate solutions, various results of interest
were obtained from stress comparisons. Table X records stress values obtained by the
following averaging procedure designed to give a reasonable number of replications
in each cell (on the order of 10). A given partition measure, a given dimensionality
(=2 or 3), and a given Minkowski » (Euclidean or city-block) were fixed, and the
obtained stresses were first minimized over the initial configuration with presence/
absence of endpoint(s) held fixed, and then averaged over the latter. Thus if x is a
partition distance measure (on a particular lattice), r is the Minkowski 7, and d is the
scaling dimensionality, then the corresponding entry in Table X is: stressav(u; 7, d) =
(1/4) ((stress minimum with both endpoints)

+ (stress minimum without Prymper)
+ (stress minimum without Pgpjiter)
+ (stress minimum without Prymper and Pgp)ister))- (16)

The averaging over presence/absence of endpoint(s) was done in order to provide
greater stability in the entries. Missing entries in the table indicate that no scalings
were done for the particular {u, r, d)> configuration corresponding to the cell. Only
eight metrics were scaled with enough different configurations to make reporting
useful.

The following interpretation of Table X is of interest. Let us partially order the
stress vectors in this table (for the eight metrics) in the standard product ordering:
x <y if and only if », <y, for all coordinate dimensions 7. Fig. 18 shows that a
remarkably close approximation to a linear ordering emerges. This figure indicates
that stress may, in fact, be a more fundamental statistic than commonly thought, for
not only is the ordering very close to being linear (which indicates that stress is
essentially an ordinal invariant over lattice size, Minkowski r, and dimensionality), but
also the ordering is highly interpretable in terms of our previous results. The informa-
tion-theoretic lattice metrics and their mild normalization INFOTHRY are at the
top of Fig. 18. PAIRBONDS is next in sequence, followed by its strong normalizations
1 — NT/SQPand 1 — NT/1 + 2. 1 — LAMBDA is an outlying point in the ordering
but is contained in the segment (INFOTWO, PAIRBONDS) and, hence, is closer to
this cluster than to APPROX or to 1 — NT/1 4+ 2 and I — NT/SQP (compare again
Figs. 14 and 15). APPROX is a minimal element in the ordering, as is to be expected
since the stress approach is primary and, hence, APPROX has the fewest operative
constraints.

This analysis in terms of comparative stress behavior hence integrates closely with
the classification of different measures by MDSCAL and INDSCAL. Normalization

appears in all cases to reduce stress, especially severe normalization (I — NT/1 4 2
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INFOTWO

L(n

MULTINOM
41-LAMBDA L(Z)

INFOTHRY

i

PAIRBONDS
(3)

1-NT/SQP 1-NT/1+2
4)

APPROX

Fic. 18. Partial ordering of eight measures of partition distance on the basis of obtained
stress formula 1 values. One measure is above another in the ordering if its stresses are higher,
component by component, in Table X, with the following exceptions: (1) Except for 1%
discrepancy for 4-lattice, » = 1,d = 3; (2) Except for 19, discrepancy for 5-lattice, r = 1,
d = 3; (3) Except for 39, discrepancy for 10-lattice, r = 1, d = 2; (4) Except for 2-39,
discrepancy for S-lattice, r = 1,d = 2.

and 1 — N'T/SQP. PAIRBONDS-derived measures give consistently lower stress
than information-theoretic ones, and-—if stress is taken seriously as a badness-of-fit
function—thissituation reinforces our earlier comments to the effect that PATRBONDS
is better adapted to multidimensional scaling applications than are information-
theoretic measures.

7. APPLICATION TO A SOCIOBIOLOGICAL EXAMPLE

In a study which provides the data base of a recent stochastic model by Cohen
(1970), Struhsaker (1967a, 1967b) has given detailed reportings of the sleeping groups
formed by vervet monkeys (Cercopithecus aethiops) over a six month observation
period. These sleeping groups are recorded in Table XI and constitute ideal data for
partition analysis because of the comparative clarity of their operational definition,
which Struhsaker gives as follows (1967b, p. 110): “Nearly every evening, just before
sunset (between 1830 and 1900 hours), the vervet groups divided into sleeping sub-
groups that spent the night separated from one another by at least one impassable
break in the tree canopy.” ‘

Cohen (1970) has analyzed the size distribution of these sleeping groups in terms of
a family of stochastic processes (which he terms LOST dynamics), and has found that
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TABLE XI

Sleeping Groups Formed by a Vervet Monkey Troop on Successive Nights®

ey

€5

3

4

(5
(6)
@)
8

9

(10

1
11

I11
v
v
VI
VII
VIl
IX
X
X1
XI1I
XII1
XIV
XV

XVI
4-5 Jan. 1964

29-30 Jan. 1964

4-5 Feb. 1964

9-10 Feb. 1964

23-24 Feb. 1964
24-25 Feb. 1964
1-2 March 1964
9-10 March 1964

31 March 1964
1 April 1964

1-2 April 1964

adult male SG

the older adult male (left the troop between 17-18 April and
27-28 April 1964)

adult male LP

adult female DK

juvenile male LYA

adult female TK

young juvenile female DD
young juvenile female B
voung juvenile female DR
juvenile female NN
subadult female N

adult female TBW

two young indistinguishable juvenile males
infant male DK (son of IV)

infant female TBW (born to XII between 4-5 Jan. and
29-30 Jan. 1964)

infant male TK (born to VI between 29-30 Jan and 4-5 Feb. 1964)

(IV, X1V, XIID), (1, 111, V, XII, XIID), (XI, IX, X), (ID),
(VIII, VII, VI)

(VL, X, VIII, VIL, IX), (I, IL, 111, IV, XIV, XII, XV, V, XI,
XII1, XIIT)

(v, XIII, XIII, IV, XIV, II, XII, XV, XI), (1), (I1D), (VIII, IX,
VII, X, VI, XVI)

(I11, II, V), (I, XI, XIII, XIII), (X, IX), (VIII, VII, VI, XVI, IV,
X1V, XII, XV)

(XII, XV, XI), (other 14)

(1, 111, XI), (other 14)

(XII, XV, XI, ITI), (other 13)

(X), (X1, I, X111, XII, XV), (V, I, IX, VII, VIII, VI, XVI, 1V,
XIV, 11, XIII)

(I, XIIL, X), (XI, IX), (II, XII, XV), d, VII, VIII, V, IV, XIV,
VI, XVI, XIII)

(I, XI1, XV), (X1, XI1I, IX), (IV, XIV, XIID), (VI, XVI, VII,
VIIL 111, 1, V, X)

Table continued
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TABLE XI (continued)

(11) 4-5 April 1964 (1, 1), (VI, XVI), (III, X), (V), (VII, VIII, IX, XII, XV, XIII,
XI1I, XI, IV, XIV)

(12) 6-7 April 1964 (IV, XIV, XIII, XIII, X1, IX), (111, XII, XV, VI, XVI, VIII, X),
L 1, VIL, V)

(13) 17-18 April 1964  (X), (IV, XIV, XIII, XIII, IX, XI), (III, XII, XV), (I, V, VI, XVI,
VII, VIII), (1I)

(14) 27-28 April 1964 (I, IX, V, X, XIII, III), (XII, XV), (XI), IV, XIV, XIII, VIII,
V11, VI, XVI)

(15) 30 April 1964— (Iv, XIV, XIII, IX, X), (I, XI, XII, XV), (VI, XVI, VII, VIII,

1 May 1964 X111, V), (I1)
(16) 4-5 May 1964 (VI, XVI), (IV, XIV, XIII), (111, XII, XV), (I, XI), (X, XIII, VII,
' VIII, IX), (V)

(17) 9-10 May 1964 (XII, IX, XI), (III, 1, V, XIII), (XII, XV), (VI, XVI, VII, VIII),
IV, XIV), (X)

(18) 11-12 May 1964  (XII, XV), (IX, III, XIII, X), (XI), (I, V, IV, XIV, XIII), (VI, XVI,
VII, VIII)

(19) 19-20 May 1964  (XI, IX, I), (III), (V, XII, XV, VII, VIII, X, VI, XVI, XIII),
(X111, IV, XIV)

(20) 21-22 May 1964  (VI, XVI, VII, VIID), (III), (XI, IX), (XII, XV), (I), (IV, X1V,
X111, XIII, X, V)

(21) 1-2 June 1964 (XI, XV), (XD), (XIIL, V, X, IV, XIV, IX, I), (XIII, VI, XVI,
VII, VIII), (I11)

(22) 4-5 June 1964 (XII, XV, V), (XI), (VIIL, IV, XIV), (1, X, IX, XIII), (VI, XVI,

VII, VIII), (I1I)

¢ Taken from Cohen (1970). Reproduced by permission of Harvard University Press.

these processes predict well the size distribution found (which is essentially truncated
negative binomial), by contrast to a variety of other possible random processes.

Employing scaling methods for partition spaces described and analyzed above,
another analysis of the Struhsaker data was undertaken, with an end to seeing whether
any systematic temporal variation would emerge from a partition distance analysis.
The only technical problems were that the underlying set of individuals varied slightly
with time, and two specific individuals were indistinguishable to the observer (both
labeled XIIT in Table XI). The first problem can be handled for each of our measures
simply by computing ¢;, d;, and 2, as if the sets underlying two given partitions P
and O were always identical. For each given sleeping group observation we took the
two possible ways of assigning individual identity to the indistinguishables and
identified the observation with a pair (P, P,) of partitions. Given two such pairs,
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an assigned distance for any partition distance measure m may be computed by:

m*(Py, Py), (O, Qp) = min[(m(Py, Qy), m(Py, Qy)]; (17)

m™* can be shown to be a metric if m is.

Scalings were then performed for each one of the 12 measures in Table IV, in two
and three dimensions with the Euclidean metric on the output configuration. (Several
different random initial configurations were employed as a control on the result.)
Figure 19 gives the obtained PAIRBONDS configuration in two dimensions; as

6
T 5
8
n ?
1315 21
14
10
18
16
12 i7 2
19 { 3
4 2

Fic. 19. PAIRBONDS scaling of Struhsaker’s data on vervet sleeping groups over a six-
month observation period. 2 dimensions, Euclidean metric, random initial configuration.
Stress formula 1 = 18.1%,. Points are labeled according to the observation numbers in Table XI.

previous analysis has indicated, this metric gives more information on lattice structure
than various of the other measures. A similar picture was obtained for city-block
scaling of PAIRBONDS.

Figure 19 clearly shows that the points corresponding to early observations tend
to fall on the outside of the plot, while points corresponding to late observations tend
to cluster at the center. The distance between successive observations tends to be
large at first, but rapidly diminishes as the data points near the compact central cluster.
These trends are somewhat noisy, since the observation point 1 is very close to the
central cluster, as is the observation 9, while 11 and 12 are clearly outlying points.
Despite this fluctuation, the partitions in periods 1-8 have an average height (lumpi-
ness):

D :};(“21") = 63.75,
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while those in the subsequent observation periods have an average height of only
32.0 (see Table IV for definition of D). A finer breakdown of more minor temporal
fluctuations shows several clusters among the outlying points, especially (2, 3,4) and
(5, 6,7, 8). The greater tendency of the group to sleep in larger units in the early
time periods may have been connected with the onset of the copulating season (in
May) and the termination of the normal birth season (the last actual birth in this
particular troop was in the period between 29-30 January and 4-5 February, 1964);
see Struhsaker (1967a) for more detailed discussion of seasonal variation in reproductive
behavior.

Although Cohen (1971, pp. 26-27) makes a brief examination of temporal variation
in mean group size, which is proportional to the reciprocal of the number of cells in the
observed partitions and is hence a simple cardinality measure, he discovers no syste-
matic variation of this quantity in time. In fact, however, this is probably in large part
owing to the crudeness of cardinality as a measure, which we have already seen can
lead to degeneracies and instabilities in connection with attempted scaling. Moreover,
Cohen’s emphasis is on an attempt to capture temporal variation by a time-varying
Poisson process with a parameter possessing a gamma distribution, Since the Poisson
parameter is assumed to be separately generated at each discrete time point, it is not
surprising that the resulting process fails to capture systematic diachronic variation.

Struhsaker (1967a, 1967b) undertakes the technically easier task of searching for
nonrandom entries in the incidence matrix defined by the frequency with which
particular pairs slept in the same group [an analysis similar to that performed for a
semantic space by Miller (1969)]. It is not surprising that he found such nonrando-
micities (mother-infant being the single most important). The present results indicate
that the data analyzed by Struhsaker and Cohen possess yet another level of structure
which is important in the medium run, on a time scale of perhaps several months. This
structure may be important in confronting the inadequately understood question—-
derived ultimately from evolutionary sociobiology—as to what adaptive function the
propensity to form sleeping groups may serve. In this particular application, the
MDSCAL algorithm reveals itself as a method of extracting trend from fluctuation
in a structural space (the partition lattice) considerably wilder than the standard
n-dimensional random walk familiar from statistical physics.

8. DiscussioN

Most existing methodological studies of multidimensional scaling deal either with
Minkowski r-space configurations (at most perturbed by noise), which it is the job
of the program to recover, or with highly general proximity matrices without much
structure. The present study is an attempt to enter the problem at an intermediate
level, where we are scaling proximity matrices about whose structure we can say
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something analytically, but which are not even close to being Minkowskian for any
r. The partition lattice is an ideal starting point for such an analysis, because of its
very rich combinatorial structure, e.g., Whitman (1946), combined with the simplicity
of basic partition algebra.

Our major qualitative conclusions for our particular data have already been stated.
They are (1) the difficulty of specifying a unique combination rule (i.e., the value of »
in the Minkowski metric) associated with a particular partition space; (2) the utility
of stress as ordinal evidence of badness-of-fit, and (3) the nonuniqueness of MDSCAL
solutions at the level of individual points. We believe that the last conclusion, combined
with the results of other studies, suggests a particular way of viewing spatial representa-
tions of the stimulus domain.

In discussing the nonunique nature of scaling solutions for the partition lattice under
a given metric, it was argued that such solutions are interpretable only to the level
of contours and clusters, not necessarily down to the location of single points. Similarly,
we would like to suggest that the traditional emphasis on the dimensions of nonmetric
multidimensional scaling solutions may be unjustified; see parallel arguments in
Shepard (1969, pp. 52 ff.).

For partition metrics of the kind considered in the present study, we have argued
that a three-dimensional solution is largely uninterpretable and that a two-dimensional
solution is governed by the location along the lumper—splitter axis of the family of
partitions being scaled (i.e., the range of types (Definition 2.1) represented in the
family) so that psychological “explanations” of such data can reflect little more than
differential placement of the given sorter along this lumper—splitter axis.

One consequence of this finding is that the investigator’s attempt to attach psycholog-
ically appropriate attributes to orthogonal axes in such a space becomes a matter of
little importance, contrary of the legacy of factor analysis. It may be countered that
the artificial data considered here constitute a very special case. However, our position
is reinforced by the author of a particularly competent investigation using semantic
stimuli (Arnold, 1971, p. 367), who has denigrated the naming of dimensions: “The
writer knows that an attempt to assign names to dimensions descriptive of verbal
concepts can amount to no more than a self-administered word-association test.”

Perhaps the strongest emphasis on dimensions has come from Beals, Krantz, and
Tversky (1968) who have argued that metric and dimensional representations should
be viewed as psychological theories of similarity, rather than as methods of organizing,
summarizing, or displaying data, in contrast to the viewpoint of Shepard (1962) and
Shepard and Carroll (1966, p. 566). Beals, et al. (1968) have stated that “...if
multidimensional scaling models are regarded as useful data reduction models
rather than as theoretical models one may ask what is the source of their usefulness”
(p. 141). Two studies, in both of which the psychological dimensions were of minimal
importance, may be cited to answer this question.

The first finding comes from an investigation of the space of color names carried

480/10[2-6
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out by Rapoport and Fillenbaum (1972). On the basis of prior analyses, e.g., Shepard
(1962), these authors had expected to find a circular representation, and their results
confirmed that expectation. Now at this point, the traditional emphasis would demand
names for two attributes underlying the circular representation (an especially difficult
task, given the rotation invariance of MDSCAL solutions).

Instead, Rapoport and Fillenbaum suggested the use of polar coordinates, in which
the “intrinsic” dimensionality is now equal to one, and the topic of interest is the
ordering of colors along this one “dimension.” Considering the result in polar coordi-
nates renders useless most of the elegant theoretical tests for dimensional representa-
tion, e.g., Beals et al. (1968) and Tversky and Krantz (1969). Nonetheless, we think
most investigators would agree that the imaginative approach taken by Rapoport and
Fillenbaum renders the data much more meaningful psychologically than would an
insistence upon questions of dimensional representations. The advantage obtained
from using polar coordinates for this particular set of data suggests that strict adherence
to Cartesian coordinate systems may be unwise; see Coolidge (1963, p. 171), for a
survey of alternatives.

The second investigation is a superb study by Rumelhart and Abrahamson (1971)
of the multidimensional space of animal names obtained by Henley (1969). If one
asks the names of the dimensions Henley obtained, the answer—size, ferocity,
“humanness’—can hardly be surprising. The important result from her experiments
is surely not the names given to the dimensions; rather, the replicated spatial re-
presentation per se and the underlying non-Euclidean metric, pointed out by Arnold
(1971), are the important findings. The validity of the space Henley obtained was
dramatically confirmed in a series of experiments by Rumelhart and Abrahamson,
using an “analogical paradigm.” It is noteworthy that their experimental task made
no reference to the three dimensions listed above. Instead, the subjects made analogical
judgments of the form: Animal 4 is to animal B as animal C is to [x;, %y, %5, %]
(four-alternative forced choice). By means of this experimental design, Rumelhart and
Abrahamson verified the results of Henley (1969), but it should be noted that the
data upon which their study was based were the relative locations of points (animals)
within the spatial representation, rather than orientation with respect to any particular
set of psychological dimensions.

Finally, perhaps the strongest emprirical evidence against the traditional emphasis
upon dimensions has come from Lockhead’s (1970) study of multidimensional discrimi-
nation space. Lockhead argues that S’s task is one of locating the multidimensional
stimulus in a psychological space without the requirement that the stimulus be analyzed
according to its separate components. An implication of this theory is that,in the design
of a discrimination experiment, the set of stimuli that will be identified most accurately
is that for which the sum of the distances between each stimulus and its immediate
neighbors is a maximum and the variance of these distances is a minimum. Lockhead
offers data to support this implication for cases in which the underlying physical
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dimensions of the stimuli are “analyzable” as well as other “unanalyzable” cases
(Shepard, 1964). Lockhead further argues that the (physical) dimension of importance
is actually the relative location of the information in a multidimensional space, and he
again offers experimental results in support of this thesis.

The studies by Rapoport and Fillenbaum and by Rumelhart and Abrahamson were
cited as evidence that a better understanding of psychological processes may be
obtained by foregoing the usual emphasis upon psychological dimensions. Lockhead’s
results suggest that the traditional approach to discrimination learning places undue
emphasis upon the physical dimensions of the stimuli, since it is the relative locations
of the stimuli within the space that are important. If the underlying (physical)
dimensions are of as little consequence as his study suggests, then it would seem that
the usual emphasis given to the possible recovery of corresponding psychological
dimensions in multidimensional scaling solutions may also be ill-spent.

APPENDIX A: PROCEDURE FOR RANDOM GENERATION OF PARTITIONS

We describe here a procedure for generating random partition P of a set S of fixed
size 7.

Enumerate the elements of S, {S = ¢;},_,", and consider the class C of n x n
matrices whose entires are drawn from the set {—1, 0, +1}. We may code any partition
P of S as a matrix M = [a;;),x, in C by setting:

—1 e;, ¢, not in the same cell of P

o
%% =111 ¢, e in the same cell of P.

The converse, however, is not true, since most of the matrices in C do not correspond
to partitions. The intuitive idea underlying our random generation procedure will be
to start with the zero matrix 0 = [0],,, and to fill in —1’s and +1’s according to a
probabilistic procedure consistent with the requirement that we will eventually
produce a matrix } corresponding to some partition Q of S.

To simplify the problem somewhat, we henceforth restrict attention to the half
regionabove the main diagonal of the matrices we are considering. It will benotationally
convenient to refer to the entries of an upper halfmatrix by unordered subscripts.
Thus, if g # h, ay,.5) = ay.p (= mine.n.max@.y 0 the ordered subscript notation
traditional for matrices). The restriction to upper halfmatrices clearly sacrifices no
generality, since all matrices M corresponding to partitions of S are symmetric about
the main diagonal (a; = a@;;) and have main diagonal elements identically = 1.
We hence start with the upper halfmatrix whose entires are all 0 and consider a
procedure for randomly changing the 0’s to —1’s and -1’s without violating the
remaining constraint that the final result be consistent with the transitivity of cell
membership.
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For present purposes, we may define this consistency requirement as follows:

DEerFINITION. An upper halfmatrix H is consistent with transitivity if the matrix K
which results when

(i) All O entires in H are changed to —1, producing an upper halfmatrix G;
(ii) The upper halfregion of K is set to be G;
(i) The lower halfregion of K is defined by symmetry (so that k; = k;;); and

(iv) Diagonal elements of K are set = +-1

is the incidence matrix of some partition Q.

We are in a position to define the random generation procedure. Starting with the
upper halfmatrix, all of whose entires are 0, we select an entry at random and fill it
with a +1 (with probability p) or a —1 (with probability ¢ = 1 — p). In the first
contingency, we refer to the change as a p-decision and, in the second contingency, as
ag-decision. Then we select another entry at random and repeat the process.In general,
however, after the second p-or g¢-decision, the procedure becomes slightly more
complicated because we must in general fill one or more additional 0 entires following
each p- or g-decision in order to preserve consistency in the above sense. In general,
suppose that we are given an upper halfmatrix H consistent with transitivity. If A has
no O entries, H corresponds to the completely defined incidence matrix of a partition.
If H still has 0 entries, select a 0 entry at random and fill it with a +1 (with probability
p) or a —1 (with probability ¢ = 1 — p). Suppose the entry in question is ay, ;) .
We now fill in further entries as follows, depending upon whether a, ;3 was set equal
to +1 or to —1.

If ay, ,y = +1, consider all entries ay, 5 which
are nonzero. If a specific a4y, ;; = 1 but
ap y =0in Hywesetag, 3 = 1. If ay y = —1

but ay, 4 = 0in H, we set ay, 5 = —1.
We fill in entries similarly with the roles of g and 4 interchanged.

If ay, ;3 = —1, consider again all entries ay, 3
which are nonzero. If a specific a(, ; = 1 but
apy =0, wesetap gy = 1. If a3 = —1, we
make no change in ay, ; .
Again, we repeat the procedure with the roles of g and % interchanged.

It is easy to see that the resulting halfmatrix H, when these substitutions are com-
pleted, is consistent with transitivity in the sense of the preceding definition. Since
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H will have fewer 0 entries than H, the procedure we have specified will always
terminate in a halfmatrix, defining the incidence matrix of a specific partition after
no more than (3) steps.

For any choice of p € (0, 1), each partition in the n-lattice has some positive pro-
bability of occurrence, and hence the procedure defines a one-parameter probability
measure on the z-lattice as a function of p. The choice of p gives the investigator
control over the centering of the obtained distribution in the lattice ordering: p — 0
corresponds to centering of the distribution in the neighborhood of Pyyjster , while
P — 1 corresponds to centering near Prymper -

Monte Carlo studies indicate that the obtained probability measure is most nearly
uniform for p = p, , which equates the likelihood of Piymper and Pypiitter , 1.€., for
which

o= (1= p ). (1-1)

For large n the solution of this equation can be shown to be well approximated by

w22 (Inn)j(n — 1). (1-2)

The 6-lattice and 10-lattice samples in Tables II and III were genrated by solving
(I — 1) numerically to obtain p, = 0.31767 for the 6-lattice and p, = 0.24512 for
the 10-lattice.

An alternative method for generating random partitions has been used by Miller
(1969, pp. 190-191) in connection with an application to the method of sorting. The
present method is of independent interest owing to the role of transitivity constraints
in our inductive generation procedure and, in particular, the interaction of p- and
g-decisions with these constraints. This interaction reveals a surprising degree of
nonapparent complexity in the process of sorting a set of stimuli.

APPENDIX B: InTerPOINT DisTANCE Ties FOR CERTAIN PARTITION MEASURES

Let us first note that all our measures except | — LAMBDA and CHISQUAR
obviously have the general form

d(P,Q) = f(P,Q, PN Q)

Moreover, as we see from inspection of these measures, if we denote by t(P) the
type of P, we in fact have

d(P, Q) = f(¢(P), «Q), (P N Q))-
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Thus, d(P, Q) can assume at most T,? values, where T, is the number of types in
the z-lattice.

But by a result initially due to Hardy and Ramanujan (1918), see also Gupta et al.
(1958) we have

T, ~ (1/@nV3))evn® a5 n-—> co. (2-1)

Now if the size of the n-lattice is denoted by E, , we can use an unpublished result
of Joyal, Labelle, and Lorrain (n.d.) to simplify a formula owing to Moser and Wyman
(1955) and obtain

InE, ~nlnn, (2-2)

where in fact for 10 <z < 100 the ratio (In E, /(n In n)) is very close to }; see table in
Joyal, Labelle, and Lorrain (n.d.). Now the quantity we want to show approaches
ZEro as 7 — 0 is

| Range d | / (g") < T3 / (l;") (2-3)

By (2 — 1) and (2 — 2) we see that:
En En
In [| Ranged|/(2)] < 31nT,,—1n(2)
~ 3a(nf6)1% — 3 In[4n(3)2] — nlnn—> —c0  (2-4)
and hence

| Range d | / (l;") 0.

This result says that the number of interpoint distance ties becomes necessarily very
large as n gets large as a consequence of the symmetries of the lattice and the in-
variance of our measures. Stronger results may be obtained by more detailed analysis
of | Range 4 |. For example, if d is APPROX or TIZMINUS, then | Range | = 7 and
we have in the range n = 10 to n = 100

In [| Rangcd|/(l;”)] ~Inn—2lmE, ~lnn—nlnn = (1 —n)lnn. (2-5)
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