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SUMMARY

In chemistry, PARAFAC is one of the most widely used algorithms for trilinear decomposition. However, the
problem of PARAFAC requiring an accurate estimation of the number of factors in the system under study limits
its applications to some extent. This troublesome problem has been tackled by the pseudo alternating least
squares (PALS) algorithm designed in this paper. PALS is a unique algorithm which tries to alternately optimize
three different objective functions to obtain the solutions for the trilinear decomposition model. It has the
outstanding feature of being resistant to the influence ofN (the number of factors chosen in calculation), which
has been proved mathematically under some mild conditions. Although the optimization procedure of PALS is
different from that of PARAFAC, an alternating least squares scheme, and hinders a straightforward analysis of
its convergence properties, studies on simulated as well as real data arrays reveal that PALS can often converge
to satisfactory results within a reasonable computation time, even if excess factors are used in calculation.
Copyright  2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION

With the increasing popularity of advanced instruments capable of generating multidimensional
arrays, trilinear decomposition models with the so-called second-order advantage have become an
area of much current activity in chemometrics. All the methods developed for trilinear decomposition
may be classified into two main categories, i.e. non-iterative [1–9] and iterative [10–15] algorithms.
Within the aiterative trilinear decomposition category, PARAFAC [10] is probably the most widely
used method in chemistry. However, it is often criticized for its low convergence rate and requirement
of an accurate estimation of the number of underlying factors [13]. Concerning the problem of slow
convergence, some remedies have been proposed, [16–18] but to date, as far as we know, there has
been little work on the latter problem.Alternative trilinear decomposition(ATLD), recently proposed
by Wuet al [15], may be the first iterative trilinear decomposition algorithm to possess the capacity of
being insensitive to the number of factors chosen in calculation. ATLD has the other prominent

* Correspondence to: R.-Q. Yu, College of Chemistry and Chemical Engineering, Hunan University, Changsha 410082,
People’s Republic of China.
E-mail: rqyu@mail.hunu.edu.cn
Contract/grant sponsor: National Natural Science Foundation of China; Contract/grant number: 29735150

JOURNAL OF CHEMOMETRICS
J. Chemometrics2001;15: 149–167

Copyright  2001 John Wiley & Sons, Ltd. Received 14 January 2000
Accepted 30 March 2000



advantageof fastconvergence. It canoftenconvergeto satisfactory solutionswithin a few iterations.
Unfortunately, ATLD also hasits deficiencies,suchasa symmetry constraint on thedataarray(i.e.
the threemodes of the dataarray should haveequalrank) andthe introduction of possibleoptima
otherthanthesolutionsdesired. Therefore,althoughATLD hastheaboveprominentadvantagesover
othermethods, some improvementsor remediesmay be needed for wider applications.

In thispaper, effortsaremadeto developanewalgorithm,calledpseudoalternating leastsquares
(PALS), which completely or partially overcomes the deficienciesof ATLD. Some interesting
properties of PALS undermild conditions areproved mathematically in Appendix II, while other
featuressuchasconvergencearescrutinizedby simulationsin Section5. An application to arealdata
arrayis described in Section6.

2. NOMENCLATURE

Throughout this paper,scalars are representedby lower-caseitalics, vectorsare denotedby bold
lower-case characters, bold capitals designate two-way matrices and underlined bold capitals
symbolizethree-way arrays.Beforereading themaintext of this paper, readersarerecommendedto
refer to Appendix I for detailednomenclatureinformation.

3. THE MODEL

All the discussionin this paperis basedon the famoustrilinear decomposition model proposed by
Harshman[10] andCarroll andChang[11]:

xijk �
XF

f�1

aif bjf ckf � eijk ; i � 1; . . . ; I ; j � 1; . . . ; J; k � 1; . . . ;K �1�

For chemometriciansthefollowing matrix form maybemore convenient andclearer to understand:

X::k � Adiag�cT
k �BT � E::k; k � 1; . . . ;K �2�

As proved by Kruskal [19,20], the decomposition of the abovemodel is uniqueregardlessof some
scaling and permutation indeterminacy undersome mild conditions, i.e. correctestimation of the
numberof factors andk1� k2� k3� 2F� 2 (k1, k2 andk3 arethe k-ranksof the underlyingloading
matrices A, B andC respectively).

4. THE ALGORITHM

The most straightforward way to obtain the underlying loading matrices A, B and C is by the
alternating leastsquaresapproachproposedby Harshmanalong with themodel(which is oftencalled
PARAFAC). PARAFAC is popular in psychology aswell asin chemometrics.However,it is often
criticized for its slow convergence andrequirementof the correct choiceof the numberof factors.
Although many alternativeways havebeenproposedto accelerate the optimization procedure of
PARAFAC [16–18], most of themtakeadvantageof thecompressiontechnique.As far aswe know,
little attention hasbeenpaidto how to relieveexperimentersfrom thetroublesome factorestimation
task.Both problemsof PARAFAC havebeentouchedon by ATLD [15], andencouraging results
suchasfastconvergenceandinsensitivity to excessfactorsusedhavebeenobserved.Unfortunately, a
symmetry constraint (rank(A) = rank(B) = rank(C)) on the data array limit s its applications. Our
recent study revealed that the symmetry constraint was introduced by the objective functions
employed in ATLD. Moreover, it wasalsofound that the utilization of
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asobjective function will endowthealgorithm establishedon it with theproperty of insensitivity to
excessfactorsusedin calculation[21]. Thereforeit is theoretically soundto eliminatetheinfluenceof
excessfactors on the final results when one of the abovefunctions is minimized to obtain the
solutions.Nevertheless,the multi-optimum feature of

min
XK

k�1






X::k��B̂�T�� ÿ Âdiag��ĉk�T�







2

F

or min
XK

k�1






�Â��X::k ÿ diag��ĉk�T��B̂�T







2

F

undertheassumption of absenceof errorswill sometimescauseit to convergeto undesired solutions
suchas Â = 0, B̂ = 0 andĈ = 0. Fortunately, a simple combination of the PARAFAC lossfunction
with oneof the aboveobjectivefunctions cancircumventthe multi-optimum problem:

min
XK

k�1
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F
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X::k ÿ Âdiag��ĉk�T��B̂�T
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F
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�Â��X::k ÿ diag��ĉk�T��B̂�T







2

F

� �4�

Whenoptimizingoneof theaboveobjective functions(3) or (4) to obtain thesolutions,onewill no
longerbetroubled by themulti-optimumproblemandsymmetryconstraint.However,thereis not a
straightforwardoptimization procedureto minimize theobjectivefunction (3) or (4). Inspired by the
successof ATLD which alternately optimizes three different objective functions with intrinsic
relationships, in the present paperthe following threeobjective functionsS(Ĉ), S(Â) andS(B̂) are
alternately minimizedto find the solutions:

S�Ĉ� �
XK

k�1

�2





X::k ÿ Adiag��ĉk�T��B̂�T







2

F

� ��





X::k��B̂�T�� ÿ Âdiag��ĉk�T�







2

F

�





�Â��X::k ÿ diag��ĉk�T��B̂�T







2

F

�� �5�

(minimizing S(Ĉ) with fixed Â andB̂ to obtain loading matrix Ĉ)

S�Â� �
XK

k�1

�





X::k ÿ Âdiag��ĉk�T��B̂�T







2

F

� �





X::k��B̂�T�� ÿ Âdiag��ĉk�T�







2

F

� �6�

(minimizing S(Â) with fixed B̂ andĈ to obtain loading matrix Â)
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S�B̂� �
XK

k�1

�





X::k ÿ Âdiag��ĉk�T��B̂�T







2

F

� �





�Â��X::k ÿ diag��ĉk�T��B̂�T







2

F

� �7�

(minimizing S(B̂) with fixed Â andĈ to obtainloading matrix B̂).
Basedontheabovethreeobjectivefunctions,analgorithm calledpseudoalternating leastsquares

(PALS) is designed.The main stepsof PALS areasfollows.

1. Randomly initialize loading matrixesÂI � N andB̂J � N andchooseanappropriate�.

SC1 �
XI

i

�XT
i::�2B̂� ���B̂�T���diag��âi�T�� � �

XJ

j

�X:j:��Â�T��diag��b̂j�T��
 !

2:

SC2 �
XI

i

�diag��âi�T��2�B̂�TB̂� �I�diag��âi�T�� ÿ �
XJ

j

�diag��b̂j�T�diag��b̂j�T��
 !

Ĉ � SC1� �SC2��

Â �
XK

k

�X::k�B̂� ���B̂�T���diag��ĉk�T��
 ! XK

k

�diag��ĉk�T���B̂�TB̂� �I���
 !

3:

B̂ �
XK

k

�X::k�Â � ���Â�T���diag��ĉk�T��
 ! XK

k

�diag��ĉk�T���Â�TÂ � �I���
 !

4:

5. UpdateĈ, Â andB̂ according to steps2–4until a certainstopping criterion hasbeenreached.

Undersomemild conditions,some interesting propertiesof PALS areexplainedin a moreor less
rigorous mathematical way in Appendix II. The optimization scheme of PALS is not as
straightforward as that of PARAFAC. It seemsimpossible to provide a rigorous mathematical
analysis of its convergencebehaviour, which will be investigatedby simulations in the following
section.

5. SIMULATION STUDIESOF THE PROPERTIES OF PALS

5.1. Simulateddataarrays

It is obviousthattheoptimizationprocedureof PALS is not well definedwhen �= 0. However, the
threeobjectivefunctions(5)–(7) havean intrinsic relationship(when� = 0, PALS is equivalent to
PARAFAC). Therefore,althoughthe optimization procedureof PALS may not be a consistently
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decreasingone as in PARFAC, it is reasonableto expect that PALS can converge to satisfactory
solutions.Because of the lack of a straightforward description of the optimization procedure of
PALS, its performancehasto be demonstratedby simulation studies.Data arrayswere simulated
according to the following scheme:

A � rand�I ;F�
B � rand�J;F�
C � rand�K;F�
Xp
::k � Adiag�cT

k �BT

E::k � Max�Xp
::k� � randn�I ; J� � anoise; k � 1; 2; . . . ;K

X::k � Xp
::k � E::k; k � 1; 2; . . . ;K

X � fX::kg

whereanoise is a scalarcontrolling the noise level added,rand(I,F) is an I � F matrix with random
elementstaking valuesin the range(0,1), randn(I,J) is an I � J matrix with random entries chosen
from a normaldistribution with mean zeroandvariance one,andMax�Xp

::k� is themaximal entryof
matrix Xp

::k.

5.2. Implementation of PALS

For all the data arrays, random initialization was carried out to start the iterative optimization
procedureof PALS.Theoptimizationprocedureis terminatedwhenthefollowing criterionreachesa
certain threshold" (" = 1� 1076 in the presentpaper)—a maximal iteration numberof 3000 is
adoptedto avoid possibleunduly slow convergence(a maximal iterationnumber of 5000 is setfor
PARAFAC):

SSR�m� �
XK

k�1






X::k ÿ �Â��m�diag���ĉk�T��m����B̂�T��m�







2

F

SSR�m� ÿ SSR�mÿ1�

SSR�mÿ1�

���� ���� � "
whereSSRis the residual sumof squaresandm is the currentiteration number.

5.3. Convergenceproperties of PALS

Tenrandom dataarraysof size20� 20�5 weresimulated.All thedataarraysareof three-component
systems.Into eachdataarray,noisewith anoiseranging from 0⋅004 to 0⋅02 at intervalsof 0⋅004 was
added.Thereforea totalof 50dataarraysweresimulatedto investigatetheconvergencepropertiesof
PALS. Each data array was decomposed 20 times by PALS with N = 3, � = 1 and random
initialization.

Out of the 1000 trials, 98⋅4% of runs have reachedthe desiredglobal optima (or nearglobal
optima),andtheobtainedloadingmatrices Â, B̂ andĈ arein perfectagreementwith theactualones
(Figure1 shows oneexample).Only 16 runshavebeentrappedin local optima,which canbeeasily
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perceivedfrom theobviousdifferencebetween their residualsums of squares(SSR) andthosewhen
the global optima are attained (for instance, SSR= 0⋅0935 for a certain local optimum, while
SSR= 0⋅0230for theglobal optimumfor a dataarraywith anoise= 0⋅02).Theoptimization pattern of
PALS is different from that of PARAFAC. In our studies,SSR in 52⋅1% of trials decreases
consistently (Figure2a),andmost of theotherrunsshowa minor increasein SSRaftera consistent
decrease(Figure 2b). The increase is so small (for instance, from SSR= 9⋅21318329� 1074 to
SSR= 9⋅21318516� 1074 during10 iterations)thatit should not influencethefinal results (actually,
it doesnot).It shouldbementionedthatoutof the1000trials,thereexist severaltrialswith oscillating
optimizationbehaviour.To our surprise,these‘abnormal individuals’havealsoattainedthedesired
globaloptima.In ouropiniontheability of PALSto convergeto thedesiredoptimamaybedueto the

Figure1. True(dottedline) andresolved(full line) loadingmatrices(a, A; b, B; c, C) in threemodesby PALS
(N = 3 and� = 1) for a randomlysimulatedthree-componentdataarrayof size20� 20� 5 with anoise= 0⋅02.
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intrinsic relationship among the three objective functions employed by PALS. For a deeper
understandingof this phenomenon,further work is needed.

Concerning the convergenceefficiency, PALS cangenerally convergewithin 50–300iterations,
with ahigh frequency around 100iterations.Iterationnumberslargerthan500arerarely encountered
in our simulation. Varying thenoise level anoisewithin a certainrange(from 0⋅004to 0⋅02) haslittle
influenceon the optimization efficiency of PALS. Therefore, althoughthe optimization pattern of
PALS may not be a consistently decreasingone as in PARAFAC, its ability to converge to
satisfactory resultswithin a reasonablenumberof iterationsis without doubt.

5.4. Influenceof N (number of factorsusedin calculation) on PALS

Although it hasbeenprovedin Appendix II that theexcess factors usedin PALS will not affect the
final results, the above conclusion is drawn conditionally on E = 0. Therefore, when E = 0,
simulation studies on the possible influence of excess factors on the performanceof PALS are
necessary.

TableI lists the results of PALS (� = 1) for a randomlysimulated three-componentdataarrayof
size20� 20�5 with anoise= 0⋅02.As expected, anincrease in thenumberof excess factorshaslittle
effectonthequality of theresults obtainedby PALS.Thechoiceof anN thatis two timesthenumber
of actualfactors only slightly deterioratedthequality of theresults.Evenwhen N = 10, theresolved
profilesof theunderlying factorsin thethreemodesarein goodagreementwith thetrueones(Figure
3). It is worthpointing outthatwhen excessfactorsareusedin calculation, thecolumnsof theloading
matrices resolved by PALS will eitherequalthe corresponding columnsof the underlying loading
matrices or represent noise. Moreover, for everycolumnof theunderlying loadingmatrices thereis
anequalcolumnin thecorresponding loading matrices,regardlessof somescaleindeterminacy. The
noiseprofilescanbedistinguishedfrom theprofilesof theunderlying factors,since theymakeavery
small contributionto the variancesof the dataarrayscomparedto that of the underlying factors. In
chemicalapplicationsthe task is further simplified by the fact that the profiles of the underlying

Figure 2. Two typical convergencepatternsof PALS with N = 3 and � = 1 for randomly simulatedthree-
componentdataarraysof size20� 20� 5.
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chemical factorsgenerally havesomedistinguishablecharacteristics,while thoseof thenoisedonot.
In contrast,agoodqualityof theperformanceof PARAFAC dependsheavilyonthecorrectchoiceof
thenumberof factors(TableII). Justoneexcessfactorcancausethefinal results to bemisleading(the
relativecoefficientbetweenresolved andtrueloading in thesecond modemaybeassmallas0⋅2035).
Themoreexcessfactorsthatareused,thelower is theconfidencein obtaining satisfactoryresults and
theworseis theperformanceof PARAFAC. Owing to thedifficulty in estimating theactualnumber
of factors, compared with PARAFAC, PALS may be more user-friendly in practice. Since a
correspondingincreasein iterationsfollowing anincrementof N wasobservedfor PARAFAC aswell
asPALS (Table III ), thegrossestimationof thenumberof underlying factors in thedataarraysmay
becompensated by the reductionin computationtime, andhencerecommended in practice.

5.5. Choiceof �

Thebehaviourof PALSwith respectto theparameter�wasalsoscrutinized.TableIV indicatesthata
very small� (suchas0⋅001) is not enoughto ensure that thefinal resultsof PALS areimmunefrom
excessfactors.Different runsmay converge to different final results which havealmostthe same
SSR.On the otherhand,a larger� (such as� = 1) will endowPALS with the capability of being
insensitive to excess factors.All 10 runswith � = 1 haveconvergedto satisfactoryresults.A further
increase in � will make PALS performevenbetterin termsof variance amongdifferent trials and

TableI. Influenceof N onfinal resultsof PALS(� = 1) for arandomlysimulateddataarrayof threecomponents
with anoise= 0⋅02 (for eachN value,five randomlyinitialized runswereperformed)

N INDa

Mode1 Mode2 Mode3

1 2 3 1 2 3 1 2 3

3 Max 0⋅9997b 0⋅9999 0⋅9994 0⋅9997 0⋅9997 0⋅9998 0⋅9998 0⋅9998 0⋅9996
Min 0⋅9997 0⋅9999 0⋅9994 0⋅9997 0⋅9997 0⋅9998 0⋅9998 0⋅9998 0⋅9996
Ave 0⋅9997 0⋅9999 0⋅9994 0⋅9997 0⋅9997 0⋅9998 0⋅9998 0⋅9998 0⋅9996
Var 0c 0 0 0 0 0 0 0 0

4 Max 0⋅9998 0⋅9999 0⋅9994 0⋅9997 0⋅9997 0⋅9998 0⋅9998 0⋅9998 0⋅9996
Min 0⋅9997 0⋅9999 0⋅9994 0⋅9997 0⋅9997 0⋅9998 0⋅9998 0⋅9998 0⋅9996
Ave 0⋅9998 0⋅9999 0⋅9994 0⋅9997 0⋅9997 0⋅9998 0⋅9998 0⋅9998 0⋅9996
Var 2⋅0�1079 0 0 0 0 0 0 0 0

5 Max 0⋅9998 0⋅9999 0⋅9995 0⋅9997 0⋅9997 0⋅9998 0⋅9999 0⋅9998 0⋅9996
Min 0⋅9997 0⋅9970 0⋅9993 0⋅9997 0⋅9981 0⋅9998 0⋅9998 0⋅9997 0⋅9996
Ave 0⋅9998 0⋅9993 0⋅9994 0⋅9997 0⋅9994 0⋅9998 0⋅9998 0⋅9998 0⋅9996
Var 3⋅0�1079 1⋅7�1076 7⋅0�1079 0 5⋅1�1077 0 3⋅0�1079 2⋅0�1079 0

6 Max 0⋅9997 0⋅9999 0⋅9994 0⋅9997 0⋅9997 0⋅9998 0⋅9999 0⋅9998 0⋅9997
Min 0⋅9997 0⋅9984 0⋅9993 0⋅9997 0⋅9968 0⋅9998 0⋅9998 0⋅9996 0⋅9996
Ave 0⋅9997 0⋅9996 0⋅9994 0⋅9997 0⋅9991 0⋅9998 0⋅9999 0⋅9998 0⋅9997
Var 0 4⋅5�1077 2⋅0�1079 0 1⋅7�1074 0 2⋅0�1079 8⋅0�1079 3⋅0�1079

10 Max 0⋅9998 0⋅9999 0⋅9994 0⋅9997 0⋅9996 0⋅9998 0⋅9998 0⋅9997 0⋅9996
Min 0⋅9997 0⋅9846 0⋅9992 0⋅9996 0⋅9881 0⋅9993 0⋅9996 0⋅9987 0⋅9993
Ave 0⋅9997 0⋅9968 0⋅9993 0⋅9996 0⋅9971 0⋅9996 0⋅9997 0⋅9995 0⋅9995
Var 3⋅0�1079 4⋅6�1075 5⋅0�1079 2⋅0�1079 2⋅5�1075 5⋅3�1078 1⋅2�1078 2⋅0�1077 1⋅2�1078

a IND, Max, Min, Ave andVar denote‘index’, ‘maximum’, ‘minimum’, ‘average’ and‘variance’ respectively.
b 0⋅9997 is the relative coefficient between the resolved and the true profile. For convenience of presentation, all relative
coefficients in this paper have only four significant digits after the decimal point.
c Since the numbers following the fourth decimal digit after the decimal point are cut away, PALS and PARFAC will
sometimes have replications with no `apparent variance', though actually the algorithms converge to different answers at
machine precision.
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computational burden, althoughin our simulationsno obviousdeterioration of thequality of results
hasbeenobservedwith � varyingfrom 0⋅01to 106. A large� suchas106 should beusedwith special
carebecauseof thelargebiasit might introduce.In practice,therefore,amoderatevaluesuchas� = 1
is preferred.

6. REAL DATA ARRAY

The real dataarrayusedin this section is a collection of fluorescentexcitation–emissionresponse
matricesof 11mixturesof tyrosine,tryptophanandphenylalaninewith differentconcentrationratios.
All the responsematrices were recordedby a Hitachi 850 fluorescence spectrophotometer with

Figure3. True(dottedline) andresolved(full line) loadingmatrices(a, A; b, B; c, C) in threemodesby PALS
(N = 10 and� = 1) for a randomlysimulatedthree-componentdataarrayof size20� 20� 5 with anoise= 0⋅02.
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excitation and emission wavelengths ranging from 205 to 290nm and from 270 to 385nm
respectively in intervalsof 5 nm. Therefore the dataarray is of size18� 24� 11.

The results of PARAFAC and PALS for the real data array are listed in Tables V and VI
respectively. Sincethesystemunderstudyis athree-componentsystem, it is naturalfor PARAFACto
attain the bestresults when N = 3. The quality of the resultsobtainedby PARAFAC showsa rapid
deterioration asN increasesfrom 3 to 6.Themulti-optimum featureof PARAFAC when N> 3 causes

TableII. Influenceof N on final resultsof PARAFACfor a randomlysimulateddataarrayof threecomponents
with anoise= 0⋅02 (for eachN value,five randomlyinitialized runswereperformed)

N IND

Mode1 Mode2 Mode3

1 2 3 1 2 3 1 2 3

3 Max 0⋅9999 0⋅9999 0⋅9995 0⋅9998 0⋅9998 0⋅9999 0⋅9999 0⋅9998 0⋅9999
Min 0⋅9999 0⋅9999 0⋅9995 0⋅9998 0⋅9998 0⋅9998 0⋅9999 0⋅9998 0⋅9999
Ave 0⋅9999 0⋅9999 0⋅9995 0⋅9998 0⋅9998 0⋅9998 0⋅9999 0⋅9998 0⋅9999
Var 0 0 0 0 0 2⋅0�1079 0 0 0

4 Max 0⋅9999 0⋅9999 0⋅9996 0⋅9998 0⋅9998 0⋅9998 0⋅9999 0⋅9998 0⋅9999
Min 0⋅9988 0⋅9979 0⋅8828 0⋅7155 0⋅2035 0⋅9923 0⋅8816 0⋅9996 0⋅9770
Ave 0⋅9995 0⋅9995 0⋅9726 0⋅9426 0⋅8405 0⋅9983 0⋅9648 0⋅9998 0⋅9950
Var 2⋅5�1077 8⋅0�1077 2⋅6�1073 1⋅6�1072 1⋅3�1071 1⋅1�1075 2⋅8�1073 8⋅0�1079 1⋅0�1074

5 Max 0⋅9999 0⋅9999 0⋅9992 0⋅9998 0⋅9998 0⋅9998 0⋅9999 1⋅0000 1⋅0000
Min 0⋅9995 0⋅6701 0⋅4240 0⋅5854 0⋅9979 0⋅5326 0⋅8877 0⋅9995 0⋅9938
Ave 0⋅9998 0⋅9150 0⋅7473 0⋅9085 0⋅9993 0⋅8870 0⋅9395 0⋅9998 0⋅9986
Var 2⋅8�1077 2⋅0�1072 6⋅1�1072 3⋅3�1072 6⋅3�1077 4⋅1�1072 2⋅7�1073 3⋅2�1078 7⋅3�1076

6 Max 0⋅9999 0⋅9994 0⋅9994 0⋅9999 0⋅9994 0⋅9998 0⋅9999 0⋅9999 0⋅9999
Min 0⋅9998 0⋅0428 0⋅8605 0⋅2274 0⋅4475 0⋅9895 0⋅7878 0⋅9993 0⋅6139
Ave 0⋅9999 0⋅6206 0⋅9631 0⋅8453 0⋅8598 0⋅9976 0⋅9241 0⋅9997 0⋅9227
Var 3⋅0�1079 2⋅7�1071 3⋅6�1073 1⋅2�1071 5⋅5�1072 2⋅1�1075 1⋅0�1072 5⋅5�1078 3⋅0�1072

Table III. Influenceof N on iterationsof PALS andPARAFAC for a randomlysimulateddataarrayof three
componentswith anoise= 0⋅02 (for eachN value,20 randomlyinitialized runswereperformed)

N IND

Iterations Time per iteration(s)

PALS PARAFAC PALS PARAFAC

3 Max 176 168
Min 50 86 4⋅27 1⋅39
Ave 69 127
Var 7⋅1� 102 6⋅8� 102

4 Max 675 2019
Min 129 120 4⋅75 1⋅54
Ave 244 694
Var 1⋅7� 104 3⋅2� 105

5 Max 737 2955 5⋅23 1⋅66
Min 190 62
Ave 411 1091
Var 3⋅0� 104 7⋅1� 105

6 Max 1012 4954
Min 127 702 5⋅61 1⋅70
Ave 519 2107
Var 4⋅9� 104 1⋅4� 106
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largevariations in thefinal results in different runs,which will preventexperimentersfrom drawing
correctconclusions.In comparison, for eachN value, all five runsof PALS havereachedthe same
results,andno variations among runswereobserved. It wasobservedthat the quality of the results
obtained by bothPARAFAC andPALS for phenylalanine is obviously inferior to that for theother
two components.Its emission andexcitation profiles(Figure4) resolvedby PARAFAC(N = 3) show

Table V. Influenceof N on final resultsof PARAFAC for real dataarray (for eachN value, five randomly
initialized runswereperformed)

N IND

Excitationprofiles Emissionprofiles Concentrationprofiles

1a 2 3 1 2 3 1 2 3

3 Max 0⋅9997 0⋅9996 0⋅9845 0⋅9994 0⋅9990 0⋅9936 0⋅9986 0⋅9969 0⋅9953
Min 0⋅9997 0⋅9996 0⋅9844 0⋅9994 0⋅9990 0⋅9936 0⋅9986 0⋅9968 0⋅9953
Ave 0⋅9997 0⋅9996 0⋅9844 0⋅9994 0⋅9990 0⋅9936 0⋅9986 0⋅9968 0⋅9953
Var 0 0 3⋅0�1079 0 0 0 0 3⋅0�1079 0

4 Max 1⋅0000 0⋅9996 0⋅9896 0⋅9997 0⋅9995 0⋅9977 0⋅9989 0⋅9970 0⋅9982
Min 0⋅8584 0⋅9980 0⋅8631 0⋅6006 0⋅9990 0⋅9897 0⋅8575 0⋅9967 0⋅7072
Ave 0⋅9716 0⋅9988 0⋅9604 0⋅9178 0⋅9992 0⋅9952 0⋅9704 0⋅9968 0⋅9143
Var 4⋅0�1073 6⋅2�1077 3⋅0�1073 3⋅2�1072 6⋅7�1073 1⋅3�1075 4⋅0�1073 2⋅7�1078 1⋅6�1072

5 Max 0⋅9999 0⋅9980 0⋅9711 0⋅9995 0⋅9995 0⋅9980 0⋅9995 0⋅9980 0⋅9883
Min 0⋅9963 0⋅9948 0⋅6869 0⋅8841 0⋅9990 0⋅9939 0⋅9859 0⋅9913 0⋅9845
Ave 0⋅9981 0⋅9962 0⋅8226 0⋅9515 0⋅9993 0⋅9963 0⋅9925 0⋅9940 0⋅9865
Var 3⋅0�1073 2⋅6�1076 1⋅9�1072 2⋅9�1073 7⋅5�1078 2⋅8�1076 4⋅4�1075 1⋅1�1075 1⋅9�1076

6 Max 0⋅9997 0⋅9981 0⋅9904 0⋅9995 0⋅9968 0⋅9988 0⋅9988 0⋅9983 0⋅9986
Min 0⋅9239 0⋅9710 0⋅1024 0⋅9013 0⋅1048 0⋅9851 0⋅8572 0⋅9315 0⋅9878
Ave 0⋅9797 0⋅9923 0⋅5134 0⋅9665 0⋅7815 0⋅9921 0⋅9659 0⋅9846 0⋅9941
Var 1⋅1�1073 1⋅4�1074 1⋅9�1072 1⋅6�1073 1⋅5�1071 2⋅9�1075 3⋅8�1073 8⋅8�1074 2⋅3�1075

a Numbers1, 2 and3 representtyrosine,tryptophanandphenylalanine respectively.

TableVI. Influenceof N onfinal resultsof PALSwith � = 1 for realdataarray(for eachN value,five randomly
initialized runswereperformed)

N IND

Excitationprofiles Emissionprofiles Concentrationprofiles

1 2 3 1 2 3 1 2 3

3 Max 0⋅9993 0⋅9967 0⋅9839 0⋅9993 0⋅9989 0⋅9938 0⋅9966 0⋅9878 0⋅9505
Min 0⋅9993 0⋅9967 0⋅9839 0⋅9993 0⋅9989 0⋅9938 0⋅9966 0⋅9878 0⋅9505
Ave 0⋅9993 0⋅9967 0⋅9839 0⋅9993 0⋅9989 0⋅9938 0⋅9966 0⋅9878 0⋅9505
Var 0 0 0 0 0 0 0 0 0

4 Max 0⋅9997 0⋅9987 0⋅9861 0⋅9993 0⋅9987 0⋅9985 0⋅9977 0⋅9869 0⋅9509
Min 0⋅9997 0⋅9987 0⋅9861 0⋅9993 0⋅9987 0⋅9985 0⋅9977 0⋅9869 0⋅9509
Ave 0⋅9997 0⋅9987 0⋅9861 0⋅9993 0⋅9987 0⋅9985 0⋅9977 0⋅9869 0⋅9509
Var 0 0 0 0 0 0 0 0 0

5 Max 0⋅9998 0⋅9986 0⋅9839 0⋅9992 0⋅9989 0⋅9992 0⋅9978 0⋅9864 0⋅9543
Min 0⋅9998 0⋅9986 0⋅9839 0⋅9992 0⋅9989 0⋅9992 0⋅9978 0⋅9864 0⋅9543
Ave 0⋅9998 0⋅9986 0⋅9839 0⋅9992 0⋅9989 0⋅9992 0⋅9978 0⋅9864 0⋅9543
Var 0 0 0 0 0 0 0 0 0

6 Max 0⋅9997 0⋅9984 0⋅9379 0⋅9988 0⋅9970 0⋅9976 0⋅9982 0⋅9865 0⋅9606
Min 0⋅9997 0⋅9984 0⋅9379 0⋅9988 0⋅9970 0⋅9976 0⋅9982 0⋅9865 0⋅9606
Ave 0⋅9997 0⋅9984 0⋅9379 0⋅9988 0⋅9970 0⋅9976 0⋅9982 0⋅9865 0⋅9606
Var 0 0 0 0 0 0 0 0 0
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someaberrationsfrom theexpectedones.Particularly in therange280–290nm theexcitation profile
of phenylalanineexhibitsanincreasing trendopposite to thatof theexpectedprofile.Althoughin the
excitationprofilesresolved by PALSwith N = 5 and� = 1 (Figure5b)suchanincreasingtrend is not
soprominent,thequality of thecorrespondingemissionprofile (Figure 5a)andconcentrationprofile
(Table VI) still reveals the existenceof someabnormal responseof phenylalaninein this system.
Therefore it maybemorereasonableto evaluatetheperformanceof PALSwith respectto N basedon
the resultsfor tyrosineandtryptophan.As N increasesfrom 3 to 6, the relative coefficientsof the
loading matrices in the three modes for both tyrosine and tryptophan show no significant

Figure4. Expected(dottedline) andresolved(full line) emission(a) andexcitation(b) profilesby PARAFAC
with N = 3 for threecomponentsin real system.

Figure5. Expected(dottedline) andresolved(full line) emission(a) andexcitation(b) profilesby PALS with
N = 5 and� = 1 for threecomponentsin real system.
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deterioration. For instance,therelative coefficientbetween therealandresolvedexcitation profilesof
tyrosine remainsalmostunchanged(varying in therange0⋅9993–0⋅9998)asN increasesfrom 3 to 6.
The agreement among the results for tyrosine and tryptophanobtained by PALS with different N
valuesfurther demonstratesits capability of beingresistantto the influenceof N.

All theprogramsusedin thispaperarewritten in Matlab5⋅1 andrunonapersonalcomputerwith a
PentiumII processor.

7. CONCLUSIONS

Theproblemof PARAFAC requiring anaccurateestimation of thenumber of factors in thesystem
under study has beensolved by the PALS algorithm designed in this paper.PALS is a unique
algorithmwhichtriesto alternatelyoptimizethreedifferentobjectivefunctionsto obtain thesolutions
for the tril inear mode.It hasbeenprovedthat the result obtainedby PALS with N = F is unique
regardless of some scaling and permutation indeterminacy. When N> F, the loading matrices
obtained by PALS should alsocontain thecorrespondingactualprofilesof theunderlying factors in
thethreemodes.Althoughtheaboveconclusionwasattainedconditionally ontheabsenceof noise,it
wasalsoconfirmedby simulatedandrealdataarrays.Owing to themulti-objectivefunctionproperty
of PALS, a straightforwardanalysisof its convergence properties is difficult andhencesimulations
areresortedto. Simulationshaverevealedthatalthoughtheoptimizationprocedureof PALSmaynot
decreasemonotonically as in PARAFAC, it can often convergeto satisfactory resultswithin a
reasonablecomputationtime.Theparameter� hassomeinfluenceon theperformanceof PALS. For
satisfactory resultsanda reasonablecomputational burdena moderate� is preferredin practice.

Although PALS hasmany advantages, it shouldbe regardedasonly oneof the alternativesfor
trilinear decomposition. Owing to the possible bias introduced by the parameter� in PALS, it is
recommendedto usePALSonly when theactual numberof underlying factors is notavailable.If one
hasconfidencein theestimation of theunderlying factors,PARAFAC maybethefirst choicebecause
of its statistical merits.
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APPENDIX I. NOMENCLATURE

xijk the ijkth element of the three-way array X
eijk the ijkth element of the three-way residuearrayE
AI � F, BI � F, CK � F the three underlying loading matrices of X with dimensions

I � F, J� F and K� F respectively (for simplicity, in this
paper,matrices AI � F, BJ � F and CK � F are representedby
matrices A, B andC respectively)

aif, bjf, ckf the ifth, jfth andkfth elementsof the threeunderlyingloading
matrices A, B andC respectively

I, J, K the dimensionsof differentmodes in three-wayarrays
F the number of underlying factors, i.e. the total number of

detectable species, including the componentsof interestand
interference(s)aswell asbackground

N the number of factors usedin calculation
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ÂI � N, B̂J � N, ĈK � N thethreeresolvedloadingmatricesof X with dimensionsI � N,
J� N andK� N respectively (in this paper,ÂI � N, B̂J � N and
ĈK � N areoften simply written asÂ, B̂ andĈ respectively)

(Â)� the Moore–Penrosegeneralized inverseof matrix Â
X..k = Adiag(ck

T)BT� E..k the kth frontal slice of the three-way arrayX
X.j. = Cdiag(bj

T)AT� E.j. the jth lateralslice of the three-way arrayX
X i.. = Bdiag(ai

T)CT� Ei.. the ith horizontalslice of the three-wayarrayX
E..k, E.j., Ei.. thekth frontal, jth lateral and ith horizontalslicesof the three-

way residuearray E respectively
diag(ĉk

T), diag(âi
T), diagb̂(j

T) diagonalmatrices with elementsequal to the kth, ith and jth
rowsof C, A andB respectively

diag((ĉk)
T), diag((âi)

T), diag((b̂j)
T) diagonalmatrices with elementsequal to the kth, ith and jth

rowsof Ĉ, Â andB̂ respectively

APPENDIX II

II. 1. Theuniquenessof the solutionsobtainedby PALSwhenN = F

II.1.1. The existenceof solutions ÂI � F, B̂J � F and ĈK � F satisfying S(Â) = 0, S(B̂) = 0 and
S(Ĉ) = 0 underthe conditionsE = 0 and rank(A) = rank(B) = F.

Supposethe actualloading matrices of the PARAFAC model areA, B andC, i.e.

X::k � Adiag�cT
k �BT; k � 1; . . . ;K

Thenthe following two equationshold:

�A��X::k � �A��Adiag�cT
k �BT � diag�cT

k �BT; k � 1; 2; . . . ;K

X ::k�BT�� � Adiag�cT
k �BT�BT�� � Adiag�cT

k �; k � 1; 2; . . . ;K

Therefore thereexist at leastloading matricesÂI � F = A, B̂J � F = B and ĈK � F = C which satisfy
S(Â) = 0, S(B̂) = 0 andS(Ĉ) = 0.

II.1.2. Providedthat rank(A) = rank(B) = F and E = 0, solutions ÂI � F, B̂J � F and ĈK � F which
satisfy the equations S(Â) = 0, S(B̂) = 0 and S(Ĉ) = 0 should be unique up to some scaling and
permutation freedom.

It hasbeenproved by Kruskalthatundersomemild conditions[19,20] thetrilinear decomposition
model X::k � AI�Fdiag�cT

k �BT
J�F ; k � 1; . . . ;K, in itself is unique up to some scaling and

permutation freedom. Therefore it can be easily verified that the solutions satisfying S(Â) = 0,
S(B̂) = 0 and S(Ĉ) = 0 should also be unique in the same sense as in PARAFAC when
rank(A) = rank(B) = F andE = 0.

II.2. Thepropertyof PALSof insensitivity to excessfactorsusedin calculation (N> F)

II.2.1. The existenceof solutions ÂI � N, B̂J � N and ĈK � N satisfying S(Â) = 0, S(B̂) = 0 and
S(Ĉ) = 0 whenE = 0 andrank(A) = rank(B) = F.

Forsimplicity of description it is assumedthatF = 4 andN = 6 (notethatthevaluesof F andN are
setrandomly;they will not affect the generality of the following conclusions).
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AI�F � �a1; a2; a3; a4� BJ�F � �b1; b2; b3; b4� CK�F � �c1; c2; c3; c4�

arethe underlying loadingmatricessatisfying X::k � AI�Fdiag�cT
k �BT

J�F ; k � 1; . . . ;K.
Define

Â � �A1;A2�; A1 � AI�F ; A2 � �a1; a2�
B̂ � �B1;B2�; B1 � BJ�F ; B2 � �b1; b2�

Ĉ � 1
2c1;

1
2c2; c3; c4;

1
2c1;

1
2c2

ÿ �
Accordingto Reference[22], onehas

�Â�� �
A�1 ÿ A�1 A2Kÿ1

A AT
2�A�1 �TA�1

Kÿ1
A AT

2�A�1 �TA�1

 !
; �B̂�� �

B�1 ÿ B�1 B2Kÿ1
B BT

2�B�1 �TB�1

Kÿ1
B BT

2�B�1 �TB�1

 !

K A � I � AT
2�A�1 �TA�1 A2; K B � I � BT

2�B�1 �TB�1 B2

Suppose

A1
� �

paT
1

paT
2

paT
3

paT
4

0BBB@
1CCCA; B1

� �

pbT
1

pbT
2

pbT
3

pbT
4

0BBB@
1CCCA

Then

�Â�� �

1
2paT

1
1
2paT

2

paT
3

paT
4

1
2paT

1
1
2paT

2

0BBBBBBBB@

1CCCCCCCCA
; �B̂�� �

1
2pbT

1
1
2pbT

2

pbT
3

pbT
4

1
2pbT

1
1
2pbT

2

0BBBBBBBB@

1CCCCCCCCA

from which it follows that

X::k � Âdiag��ĉk�T��B̂�T; k � 1; . . . ;K

�Â��X::k � diag��ĉk�T��B̂�T; k � 1; . . . K

X::k��B̂�T�� � Âdiag��ĉk�T�; k � 1; . . . ;K
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Therefore

XK

k�1

�2




X::k ÿ Âdiag��ĉk�T��B̂�T





2

F

� ��
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F
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F
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X::k ÿ Âdiag��ĉk�T��B̂�T





2

F

� �




X::k��B̂�T�� ÿ Âdiag��ĉk�T�





2

F

� � 0

XK

k�1

�




X::k ÿ Âdiag��ĉk�T��B̂�T





2

F

� �




Â�X::k ÿ diag��ĉk�T��B̂�T





2

F

� � 0

II.2.2. Conditional on rank(A) = rank(B) = F and E = 0, the columns of the solutions ÂI � N,
B̂J � N and ĈK � N which satisfyS(Â) = 0, S(B̂) = 0 and S(Ĉ) = 0 shouldbe the actual profiles of
underlyingfactorsin corresponding modes,otherwise zero.

SinceS(Â) = 0, S(B̂) = 0 andS(Ĉ) = 0, onehasthe following equations:

X::k � Âdiag��ĉk�T��B̂�T; k � 1; . . . ;K

�Â��X::k � diag��ĉk�T��B̂�T; k � 1; . . . ;K

Therefore

�Â��Âdiag�ĉT
k �BT � diag�ĉk�T�B̂�T; k � 1; 2; . . . ;K

Suppose

Â � �AF ;ANÿF�; B̂ � �BF ;BNÿF�; diag��ĉk�T� �
diag�cT

k;F� 0

0 diag�cT
k;NÿF�

 !

whereAF of size I � F is a column full- rankmatrix. Sinceonehas

�Â�� �
A�F ÿ A�F ANÿFKÿ1AT

NÿF�A�F �TA�F

Kÿ1AT
NÿF�A�F �TA�F

0@ 1A
K � I � AT

NÿF�A�F �TA�F ANÿF
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hence

�Â��Adiag��ĉk�T��B̂�T �
A�F ÿ A�F ANÿFKÿ1

1 AT
NÿF�A�F �TA�F

Kÿ1
1 AT

NÿF�A�F �TA�F

0@ 1A�AF ;ANÿF�

�
diag�cT

k;F� 0

0 diag�cT
k;NÿF�

0@ 1A�BF ;BNÿF�T

�
diag�cT

k;F� 0

0 diag�cT
k;NÿF�

0@ 1A�BF ;BNÿF�T

which canbe rewrittenasthe following equations:

�I ÿ A�F ANÿFKÿ1
1 AT

NÿF�A�F �T�diag�cT
k;F�BT

F

� A�F �I ÿ ANÿFKÿ1
1 AT

NÿF�A�F �T�ANÿFdiag�cT
k;NÿF�BT

NÿF � diag�cT
k;F�BT

F

Kÿ1
1 AT

NÿF�A�F �Tdiag�cT
k;F�BT

F � Kÿ1
1 AT

NÿF�A�F �TA�F ANÿFdiag�cT
k;NÿF�BT

NÿF

� diag�cT
k;NÿF�BT

NÿF

Thuswe have

AT
NÿF�A�F �Tdiag�cT

k;F�BT
F � AT

NÿF�A�F �TA�F ANÿFdiag�cT
k;NÿF�BT

NÿF

� K1diag�cT
k;NÿF�BT

NÿF

which is equivalent to

�K1 ÿ AT
NÿF�A�F �TA�F ANÿF�diag�cT

k;NÿF�BT
NÿF � AT

NÿF�A�F �Tdiag�cT
k;F�BT

F

Finally we get

diag�cT
k;NÿF�BT

NÿF � AT
NÿF�A�F �Tdiag�cT

k;F�BT
F

If AN 7 F = 0, it is obviousthat

X::k � AFdiag�cT
k;F�BT

F

If AN 7 F = 0, the following equation holds:

X::k � AFdiag�cT
k;F�BT

F � ANÿFdiag�cT
k;NÿF�BT

NÿF

� �AF � ANÿFAT
NÿF�A�F �T�diag�cT

k;F�BT
F

Accordingto the theorem of Kruskal [19,20], the tril inearmodel is unique up to somescaling and
permutation indeterminacy:

X::k � AI�Fdiag�cT
k;F�BT

J�F
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Assuming the columnsof BI � F andBF arearrangedaccording to the samecriterion, then

BF � BI�F

where� is a diagonalmatrix.
This conclusion impliesthat loadingmatrix BF is alsoa column full-rank matrix. Similarly, it can

easily be demonstratedthat the columns of loading matrices AF and CF should also be the
corresponding profiles of the actual factors with physical meaning in the first and third modes
respectively. For any column of A, ai = 0, there exist F 7 1 othercolumnsAF 7 1 which satisfy
rank([AF 7 1,ai]) = F. Thusthecorrespondingbi shouldbetheprofile in thesecondmodeof acertain
underlyingfactor,which indicatesthatai andci aretherespectiveprofilesin thefirst andthird modes
of thecertain underlying factor. In conclusion,thecolumnsof theloading matricesÂI � N, B̂J � N and
ĈK � N should be the profilesin the correspondingmodes of the underlyingfactors, otherwisezero.
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