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Pseudo alternating least squares algorithm for trilinear
decomposition
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SUMMARY

In chemistry, PARAFAC is one of the most widely used algorithms for trilinear decomposition. However, the
problem of PARAFAC requiring an accurate estimation of the number of factors in the system under study limits
its applications to some extent. This troublesome problem has been tackled by the pseudo alternating least
squares (PALS) algorithm designed in this paper. PALS is a unique algorithm which tries to alternately optimize
three different objective functions to obtain the solutions for the trilinear decomposition model. It has the
outstanding feature of being resistant to the influendd @the number of factors chosen in calculation), which

has been proved mathematically under some mild conditions. Although the optimization procedure of PALS is
different from that of PARAFAC, an alternating least squares scheme, and hinders a straightforward analysis of
its convergence properties, studies on simulated as well as real data arrays reveal that PALS can often converge
to satisfactory results within a reasonable computation time, even if excess factors are used in calculation.
Copyrightd 2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION

With the increasing popularity of advanced instruments capable of generating multidimensional
arrays, trilinear decomposition models with the so-called second-order advantage have become an
area of much current activity in chemometrics. All the methods developed for trilinear decomposition
may be classified into two main categories, i.e. non-iterative [1-9] and iterative [10-15] algorithms.
Within the aiterative trilinear decomposition category, PARAFAC [10] is probably the most widely
used method in chemistry. However, it is often criticized for its low convergence rate and requirement
of an accurate estimation of the number of underlying factors [13]. Concerning the problem of slow
convergence, some remedies have been proposed, [16-18] but to date, as far as we know, there has
been little work on the latter problerAlternative trilinear decompositiofATLD), recently proposed

by Wuet al[15], may be the first iterative trilinear decomposition algorithm to possess the capacity of
being insensitive to the number of factors chosen in calculation. ATLD has the other prominent
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advantagef fastconvergene. It canoftenconvegeto satisfactoy solutionswithin afew iterations.
Unfortunatly, ATLD also hasits deficiences,suchasa symmaery constrant on the dataarray(i.e.
the threemodes of the dataarray shoull have equalrank) andthe introduction of possibleoptima
otherthanthesolutiors desired Therdore, althoughATLD hastheaboveprominentadvanagesover
othermethods sorre improvements or remedesmay be needel for wider applicatons.

In this paper effortsaremadeto developa newalgorithm,calledpseudalternating leastsquares
(PALS), which conpletely or partidly overcmmesthe deficienciesof ATLD. Some interesing
propertes of PALS undermild condtions are proved mathenatically in Appendx II, while other
featuiessuchasconvegencearescrutinizdby simulaionsin Section5. An applicdion to arealdata
arrayis descriledin Section6.

2. NOMENCLATURE

Throughout this paper,scalas are representedby lower-caseitalics, vectorsare denotedby bold
lower-case characters bold captals despgnate two-way matrices and undetined bold captals
symbolizethreeway arrays.Beforereadng the maintext of this paper readersarerecommenddto
referto Appendk | for detailednomencatureinformation

3. THE MODEL

All the disaussionin this paperis basedon the famoustrilinear decompogion modéd propogd by
Harshmar{10] and Carroll and Chang[11]:

E
Xijk:Zaifbijkf+ajka i:17"'a|7 j:].,...,\], k:177K (1)
f=1

For chenometriciangthe following matrix form may be more convenent andcleare to undestand:
X x = Adiag(c{)B" +Ex, k=1,...,K 2)

As proved by Kruskal[19,20, the decompoiion of the abovemodé is uniqueregadlessof some
scalirg and permuation indeterninacy undersorre mild condtions, i.e. correctestimaton of the
numberof factors andk;+ ko+ ks > 2F+ 2 (K, ko andks arethe k-ranksof the underlyingloadng
matrices A, B andC respectivéy).

4. THE ALGORITHM

The most straightforward way to obtan the undetying loading matrices A, B and C is by the
alternaing leastsquarespprachpropo®dby Harshmaralong with themodel(whichis oftencalled
PARAFAC). PARAFAC is popularin psychdogy aswell asin chemonetrics. However, it is often
criticized for its slow convergene andrequiranentof the correct choiceof the numberof factors.
Although many alternativeways have beenproposedto accderate the optimization procedure of
PARAFAC [16-18, modg of themtakeadvantagef the compressiontechnique. As far aswe know,
little attentbn hasbeenpaidto how to relieveexpeimentersfrom the troublesone factor estimaton
task. Both problemsof PARAFAC havebeentouchedon by ATLD [15], andencouragig results
suchasfastconvergene andinsersitivity to excesfactorsusedhavebeenobseved.Unfortunatey, a
symmary constrant (rank(A) =rank®B) =rank(C)) on the data array limits its appications. Our
recent study revealel that the synmetry constrant was introduced by the objective functions
employal in ATLD. Moreover, it wasalsofound that the utilization of
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2 K 2

K
> |Xk((B))" — Adiag((&)") (A)"X i — diag((&)")(B)"

k=1

F k=1 F
asobijective function will endowthe algarithm establisked on it with the propety of insensiivity to
excesdactorsusedn calcultion[21]. Thereforeit is theoreti@lly soundto eliminatetheinfluenceof
excessfactors on the final resuts when one of the abovefunctionsis minimized to obtain the
solutions.Nevertheéss,the multi-optimum featuie of

2 2

minzK: X x((B)N)' — Adiag((¢)")|| or minZK: (A)"X x — diag((&)")(B)"
k=1 k=1

F F

undertheassumpbn of abseweof errorswill sometimescauseit to convegeto undesire solutions
suchasA =0, B=0 andC =0. Fortunately a simple combindion of the PARAFAC lossfunction
with one of the aboveobjectivefunctions can circumventthe multi-optimum problem:

2 2

min K (|[X x — Adiag((&)")(B)T|| + A||X «((B)")" — Adiag((&)")]|| ) (3)
k=1 F F
or
K 2 2
min > (|| X« — Adiag((&) ") (B)"|| + A[[(A)"X i — diag((&) ") (B)"| ) (4)
k=1 F F

Whenoptimizing oneof theaboveobjective functions(3) or (4) to obtan thesoluions,onewill no
longerbetroubled by the multi-optimum problemandsymmetry constraintHowever,thereis nota
straightforvard optimizaion procedureto minimize the objective function (3) or (4). Inspired by the
successof ATLD which alternaely optimizes three different objective functions with intrinsic
relationsips, in the preent paperthe following threeobjective functions C), A) and YB) are
alternaely minimizedto find the soluions:

2
S(C) = i(z X k — Adiag((&)")(B)"
k=1 E
2 2
+A(|X k((B))* — Adiag((e0)")|| + |[(A)"X x — diag((&)")(B)"| )) ()
F F
(minimizing S(C) with fixed A andB to obtan loadng matrix C)
K 2 2
S(A) =Y ([ Xk~ Adiag(@))(B)"|| + [ X.k((B)))" —Adiag((&)")| ) (6)
k=1 F F

(minimizing S(A) with fixed B andC to obtan loadng matrix A)
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-3

k=1

2 2

) (7)

F

X i — Adiag((&)N)B)T|| + Al[(A)"X x — diag((&) ") (B)T

F

(minimizing B) with fixed A andC to obtainloadng matrix B).
Basedontheabovethreeobjectivefunctions,analgarithm calledpseudalternaing leastsquares
(PALYS) is designed. The main stepsof PALS are asfollows.

1. Randonty initialize loadng matrixesA, .« n andBj .. y andchoosean appr@riate \.

J

2.5G = Z (2B +A((B) )*)diag((éa)T))+A(Z(X.j‘((A)Tﬁdiag((f’j)T))>

i

| J
SG = Z(diag((a)T)(z(B)TB + Al)diag((&)")) — A (Z(diag((f)j)T)diag((Bj)T))>

i

K K
4.8 = (Z(xm\+A<<A>T>+>diag<<ek> >>> (Z(dlag« OD((A)TA + A1) >>

5. Updateé, A andB according to steps 2—4 until a certainstogping criterion hasbeenreached.

Undersomemild condtions, somne interesing propeties of PALS areexplairedin a moreor less
rigorous mathenatical way in Appendx Il. The optimizaton schemeof PALS is not as
straightbrward as that of PARAFAC. It seemsimpossble to provide a rigorous mathematal
analyss of its convegencebehavour, which will be investigatedby simulaions in the following
sectian.

5. SIMULATION STUDIESOF THE PROPIRTIES OF PALS
5.1. Simubhteddataarrays

It is obviousthatthe optimization procedureof PALS is notwell definedwhen A # 0. Howeve, the
threeobjectivefunctions (5)—(7) havean intrinsic relaionship (when A =0, PALS is equivalentto
PARAFAC). Therefore,althoughthe optimizaion procedureof PALS may not be a consisterly
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decreasingone asin PARFAC, it is rea®nableto exped that PALS canconvege to satisfactoy
solutions.Becaus of the lack of a straghtforwaid descrigiion of the optimization procalure of
PALS, its performancehasto be denonstratedby simulafon studies.Data arrayswere simulated
according to the following schene:

A =rand(l,F)
B =rand(J,F)
C =rand(K,F)

XP, = Adiag(c{)B'

E.x = Max(XP,) x randn(l,J) x anoise k=12,....K
Xk=X"+Ex, k=12...,K

X ={X.x}

whereanoise IS a scalarcontrolling the noise leved added rand(l,F) is anl x F matrix with random

elementgaking valuesin the range(0,1), randn(l,J) is anl x J matrix with randam entries chosen
from a normaldistribution with mean zeroandvariane one,andMax(X”, ) is the maxmal entry of

matrix XP, .

5.2. Implementation of PALS

For all the data arrays, randominitialization was carried out to start the iterative optimization
procedureof PALS. Theoptimization procedurés terminatedvhenthefollowing criterionreaches
certainthresholde (¢ =1 x 10~ ° in the presentpapej—a maximal iteration numberof 3000 is
adoptedo avoid possibleunduly slow convegence(a maxmal iterationnumker of 5000is setfor
PARAFAC):

2

SSHY — Z Xk — (A)™diag(((&)")™)((B)")™
k=1 F

SSH™ — SSR™ Y

. SSRTD | =°

whereSSRis the residud sumof squaresandm is the currentiteration number.

5.3. Convergncepropeties of PALS

Tenrandan dataarraysof size 20 x 20x 5 weresimulated All thedataarraysareof three-conponent
systemsinto eachdataarray,noise with a,iserangng from 0004 to 002 at intervals of 0004 was
addedThereforeatotal of 50 dataarraysweresimulatedto investigatethe convergene propertes of
PALS. Each data array was decompoed 20 times by PALS with N=3, A=1 and randam
initialization.
Out of the 1000 trials, 9814% of runs have reachedthe desiredglobd optima (or near globd

optima),andthe obtainedoading matrices A, B andC arein perfectagreementwith the actualones
(Figure1 shows oneexampt). Only 16 runshavebeentrappedin local optima,which canbe easily
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Figurel. True (dottedline) andresolved(full line) loadingmatrices(a, A; b, B; ¢, C) in threemodesby PALS
(N=3 and\ =1) for arandomlysimulatedthree-componendataarray of size 20 x 20 x 5 with aneise= 002.

perceivedfrom the obviousdifferencebetwea their residualsuns of squaes(SSR andthosewhen
the globd optima are attained (for instane, SSR=0[0935 for a certain locd optimum, while
SSR=0[0230for theglobd optimumfor a dataarraywith a,ise= 0[02). The optimization patten of
PALS is different from that of PARAFAC. In our studies,SSRin 521% of trials decreases
consisently (Figure2a),andmog of the otherrunsshowa minor increaseén SSRaftera consstent
decreasegFigure 2b). The increag is so smdl (for instan@, from SSR=921318329 10~ * to
SSR=921318516x 10 * during 10iterations)thatit shout notinfluencethefinal resuls (actualy,

it doesnot). It shouldbe mentionedhatout of the 1000trials, thereexig severatrials with oscillating
optimization behavour. To our surpiise,these'abnamal individuals’ havealsoattainedthe desired
globaloptima.ln our opiniontheability of PALSto convegeto thedesiredoptimamaybedueto the
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Figure 2. Two typical convergencepatternsof PALS with N=3 and A =1 for randomly simulatedthree-
componentdataarraysof size20 x 20 x 5.

intrinsic relatonship among the three objective functions employal by PALS. For a deeper
understading of this phenonenon,further work is needed.

Concening the convegenceefficieng/, PALS cangenerdly convergewithin 50—300iterations,
with ahighfrequeng arourd 100iterationslteration numkerslargerthan500arerarely encourered
in our simulaion. Varying the noise level a,yise Within a certainrange(from 0004 to 002) haslittle
influenceon the optimization efficiengy of PALS. Therefoe, althoughthe optimizaion patten of
PALS may not be a consbtently decreasingone as in PARAFAC, its ability to convege to
satisfactoy resultswithin a rea®nablenumberof iterationsis without doubt

5.4. Influenceof N (nunber of factorsusedin calculation) on PALS

Althoughit hasbeenprovedin Apperdix Il thatthe exces factors usedin PALS will not affectthe
final results, the above conclusionis drawn condiionally on E =0. Therefoe, when E # 0,
simulaion studes on the possibe influence of exces factorson the perfamanceof PALS are
necessy.

Tablel lists theresuts of PALS (A = 1) for a randomlysimulaed three-conponentdataarray of
size20 x 20x5 with agise= 0[02. As expectedanincrea® in the numberof exces factors haslittle
effectonthequality of theresluts obtanedby PALS. Thechoiceof anN thatis two timesthenumber
of actualfactors only slightly deteioratedthe qualty of the results.Evenwhen N =10, theresdved
profilesof theundetying factorsin thethreemodesarein goodagreenentwith thetrue ones(Figure
3). It is worth pointing outthatwhen excesdactorsareusedn calculaton, thecolumnsof theloadng
matrices resdved by PALS will eitherequalthe correspading columnsof the undetying loadng
matrices or represeat noise. Moreovwer, for everycolumnof the undelying loadingmatrices thereis
anequalcolumnin the corresponihg loadng matrices, regardessof sone scaleindeterminag. The
noiseprofilescanbedistinguishedrom the profilesof the undetying factors, since theymakeavery
small contributionto the varianesof the dataarrayscomparedto that of the undetying factors. In
chemicalapplicationsthe tak is further simplified by the fact that the profiles of the undetying
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Tablel. Influenceof N onfinal resultsof PALS (A = 1) for arandomlysimulateddataarrayof threecomponents
with aneise= 002 (for eachN value,five randomlyinitialized runswere performed)

Mode 1 Mode 2 Mode 3
N IND? 1 2 3 1 2 3 1 2 3

3 Max 009997 00999 00994 09997 00997 00998 00998 00998 09996
Min 00997 00999 09994 00997 00997 00998 00998 00998 009996
Ave 00997 00999 009994 00997 0@997 00998 00998 00998 00996
Var o° 0 0 0 0 0 0 0 0

4 Max 00@998 00999 00994 00997 00997 0©998 00998 00998 00996
Min 00997 00999 00994 00997 00997 00998 00998 00998 009996
Ave 00998 00999 00994 00997 00997 00998 00998 00998 00996
Var 20x10~° 0 0 0 0 0 0 0 0

5 Max 00998 00999 00995 00997 00997 0©998 008999 00998 00996
Min 00997 00970 00993 00997 00981 00998 00998 00997 00996
Ave 00998 00993 0©Q994 00997 00994 00998 00998 00998 00996
Var 30x107° 17x10° 70x10~° 0 5% 10~ 0 30x 10~ ° 2[0x10~° 0

6 Max 00997 00999 0@994 0©Q997 00997 00998 00999 00998 00997
Min 00997 00984 09993 00997 00968 00998 00998 00996 009996
Ave 00997 00996 00994 00997 0©@991 00998 00999 00998 0[©Q997
Var 0 4Bx10~7 20x10~° 0 17x10~4 0 20%x 10~ ° 80x10~° 30x10~°

10 Max 0@998 00999 00994 00997 00996 00998 00998 00997 00996
Min 00997 00846 09992 00996 00881 00993 00996 00987 00993
Ave 00997 00@968 0©@993 00996 0@971 00996 0©997 00995 0@995
Var 30x107° 4Bx107° 50x107° 20x10~° 2Bx10~° 53x10% 12x10~8 20x 10~ 7 1@2x108

2IND, Max, Min, Ave andVar denote'index’, ‘maximuni, ‘minimum’, ‘averagé and‘variance’ respectively.

®0[@997 is the relative coefficient between the resolved and the true profile. For convenience of presentation, all relative
coefficients in this paper have only four significant digits after the decimal point.

¢ Since the numbers following the fourth decimal digit after the decimal point are cut away, PALS and PARFAC will
sometimes have replications with no ‘apparent variance’, though actually the algorithms converge to different answers at
machine precision.

chemial factorsgenerdly havesomedistingushablecharactemstics,while thos of the noisedo not.
In contrastagoodquality of theperformanceof PARAFAC depend heavilyonthecorrectchoice of
thenumker of factors (Tablell). Justoneexcesdactorcancausehefinal resuts to bemisleading(the
relativecoefiicientbetweerresolval andtrue loadng in theseconl modemaybeassmallas02035).
Themoreexcesdactorsthatareusedtheloweris theconfidertein obtainirg satsfactoryresuts and
theworseis the performanceof PARAFAC. Owing to the difficulty in estmating the actualnumber
of factors, comparel with PARAFAC, PALS may be more user-friendly in practice. Since a
correspadingincreagin iterationsfollowing anincremeniof N wasobsewvedfor PARAFAC aswell
asPALS (Table ll1), the grossestimationof the numberof undetying factorsin the dataarraysmay
be compens&ed by the reductionin computationtime, andhencerecanmendel in practice.

5.5. Choiceof \

Thebehaviournf PALSwith respectto theparameten wasalsoscrutirized. TablelV indicateghata
very small A (suchas0[001) is not enoughto ensue thatthefinal resultsof PALS areimmune from
excesdactors. Different runs may convege to differentfinal resuts which havealmostthe same
SSR.On the otherhand,a larger A (such as A =1) will endowPALS with the capability of being
insensiive to exces factors.All 10 runswith A = 1 haveconvepgedto saisfactoryresults.A further
increae in A will make PALS performevenbetterin termsof variane amongdifferenttrials and
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Figure3. True (dottedline) andresolved(full line) loadingmatrices(a, A; b, B; ¢, C) in threemodesby PALS
(N=10and) = 1) for arandomlysimulatedthree-componerdataarrayof size20 x 20 x 5 with a,jse= 002.

computdional burden, althoughin our simulaions no obvious deteriordion of the quality of results
hasbeenobsewedwith \ varying from 001 to 10°. A large A suchas10® shoul beusedwith special
carebecaseof thelargebiasit mightintroduce.In practice therebre,amodeatevaluesuchasi = 1
is preferred.

6. REAL DATA ARRAY
The real dataarray usedin this secton is a colledion of fluoresent excitaion—emssionresponse

matrices of 11 mixturesof tyrosine,tryptophanandphenylabninewith differentconcentrationratios.
All the responsematrices were recordedby a Hitachi 850 fluorescene spectrgphotaneter with
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Tablell. Influenceof N onfinal resultsof PARAFAC for arandomlysimulateddataarrayof threecomponents
with aneise= 002 (for eachN value,five randomlyinitialized runswere performed)

Mode 1 Mode 2 Mode 3
N IND 1 2 3 1 2 3 1 2 3

3 Max 00999 00999 00995 09998 00998 00999 00999 009998 00999
Min 009999 00999 00995 00998 00998 00998 00999 00998 00999
Ave 00999 09999 00995 00998 00998 00998 00999 00998 00999
Var 0 0 0 0 0 20x10~° 0 0 0

4 Max 00999 00999 00996 00998 00998 00998 00999 00998 019999
Min 00988 00979 0B828 0155 02035 09923 08816 09996 00770
Ave 00995 09995 00726 00426 0B405 00983 00648 00998 00950
Var 2Bx1077 80x107 2Bx10"° 1Bx10"2 1383x10"* 1Mx10~° 2Bx 10~ 2 80x 10 ° 10x10~*

5 Max 00999 00999 00992 00998 00998 09998 00999 10000 10000
Min 00995 O0B701 02240 05854 00979 05326 08877 009995 00938
Ave 00998 009150 07473 00085 00993 0[B870 00395 00998 00986
Var 2Bx1077 20x1072 6[x1072 3Bx 102 6Bx 107 4dx10 2 2[7x 10~ 2 32x 108 73x10~°

6 Max 00999 09994 00994 09999 00994 09998 00999 09999 0©999
Min 00998 00428 0B605 02274 02475 009895 07878 09993 0B139
Ave 00999 06206 00631 0[B453 0B598 00976 00241 00997 00227
Var 30x107° 27x107* 3Bx107 2 12x10~* 5Bx1072 20x10~° 10x10~2 56x10~ 8 30x10~?2

excitdion and emisson wavelengths ranging from 205 to 290nm and from 270 to 385nm
respedwely in intervalsof 5 nm. Therefoe the dataarray is of size 18 x 24 x 11.

The resultsof PARAFAC and PALS for the real data array are listed in Tables V and VI
respediely. Sincethesystenmunderstudyis athreecomponensystemit is naturalfor PARAFACto
attainthe bestresuts when N = 3. The quaity of the resultsobtainedby PARAFAC showsa rapid
deterioraion asN increagsfrom 3 to 6. Themulti-optimum featue of PARAFAC when N > 3 cause

Tablelll. Influenceof N on iterationsof PALS and PARAFAC for a randomlysimulateddataarray of three
componentsith a,eise= 002 (for eachN value,20 randomlyinitialized runswere performed)

Iterations Time periteration(s)
N IND PALS PARAFAC PALS PARAFAC
Max 176 168
Min 50 86 427 139
Ave 69 127
Var 70 x 10° 68 x 10
4 Max 675 2019
Min 129 120 4175 154
Ave 244 694
Var 17 x 10* 32 x 10°
5 Max 737 2955 523 186
Min 190 62
Ave 411 1091
Var 30 x 104 70 x 10°
6 Max 1012 4954
Min 127 702 5B1 170
Ave 519 2107
Var 409 x 10* 14 x 10°
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Table V. Influenceof N on final resultsof PARAFAC for real dataarray (for eachN value, five randomly
initialized runswere performed)

Excitation profiles Emissionprofiles Concentratiomprofiles
N IND 12 2 3 1 2 3 1 2 3

3 Max 00997 00996 00845 09994 00990 009936 00986 00969 00953
Min 009997 00996 00844 00994 00990 00936 00986 00968 00953
Ave 00997 00996 00844 009994 00990 00936 00986 00968 00953
Var 0 0 30x107° 0 0 0 0 30x10~° 0

4 Max 100000 00996 00896 00997 00995 0©@977 00989 0©@970 019982
Min  0B584 00980 0B631 0B006 00990 00897 08575 00967 07072
Ave 00716 09988 00604 00178 00992 00952 00704 00968 00143
Var 40x107% 6@2x1077 30x10~° 32x1072 6[7x 102 13x10"° 40x 10~ 2 27x 108 16x 102

5 Max 00999 00980 00©711 009995 00995 09980 00995 0[©Q980 0©O883
Min 00963 00948 0B869 08841 00990 00939 00859 009913 00845
Ave 00981 09962 0B226 009515 00993 00963 00925 008940 0[O865
Var 30x107 % 2B8x107° 10x1072 20x 10~ 2 7Bx10 8 28x10"° 4@x10~° 11x10° 1@x10~°

6 Max 00997 00981 00904 00995 00968 00988 00988 0[Q983 00986
Min 009239 00710 01024 09013 01048 00851 08572 009315 00878
Ave 00797 009923 05134 00665 07815 00921 00659 00846 00941
Var 1M1x107 % 1@x10" % 10x10 2 1Bx10~ % 1B8x10* 20x10"° 3Bx 10~ 2 88x 10 * 23x10~°

2 Numbersl, 2 and3 representyrosine,tryptophanand phenylalanie respectively.

largevariatiors in thefinal resuts in differentruns,which will preventexperimengrsfrom drawing
correctconclusons.In comparisonfor eachN value, all five runsof PALS havereahedthe same
results,andno variatiors amang runswere obsewed. It wasobservedhatthe quality of the results
obtainel by both PARAFAC and PALS for phenylalanneis obviously inferior to thatfor the other

two componentslts emisson andexcitaion profiles(Figure4) resdved by PARAFAC (N = 3) show

TableVI. Influenceof N onfinal resultsof PALS with A = 1 for realdataarray(for eachN value,five randomly
initialized runswere performed)

Excitation profiles Emissionprofiles Concentratiorprofiles
N IND 1 2 3 1 2 3 1 2 3

Max 00993 00967 009839 009993 09989 09938 00966 00©878 09505
Min 09993 00967 00839 00993 09989 09938 09966 09878 0O505
Ave 00993 00967 00839 00993 09989 09938 09966 09878 0B505
Var 0 0 0 0 0 0 0 0 0
4 Max 00997 009987 09861 09993 00987 00985 00977 00869 09509
Min 009997 09987 09861 09993 00987 00985 00977 009869 09509
Ave 09997 00987 00861 00993 00987 09985 09977 09869 0O509
Var 0 0 0 0 0 0 0 0 0
5 Max 00998 09986 09839 09992 09989 00992 08978 00864 00543
Min 0@998 00986 0O839 09992 09989 00992 00978 00864 009543
Ave 009998 009986 00839 00992 00989 00992 09978 09864 009543
Var 0 0 0 0 0 0 0 0 0
6 Max 00997 00984 009379 09988 09970 09976 00982 00865 0O606
Min 09997 09984 09379 00988 00970 00976 00982 09865 09606
Ave 09997 00984 00379 00988 009970 09976 09982 09865 0©606
Var 0 0 0 0 0 0 0 0 0
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Figure4. Expected(dottedline) andresolved(full line) emission(a) andexcitation(b) profilesby PARAFAC
with N =3 for threecomponentsn real system.

someaberraionsfrom the expeded ones.Paricularly in therange280—-290nm the excitdion profile
of phenyhlanineexhibits anincreasng trendopposte to thatof the expectedrofile. Althoughin the
excitationprofilesresdved by PALS with N =5 and\ = 1 (Figure5b) suchanincreasingrend is not
soprominent, the quality of the correspading emissionprofile (Figure 5a) andconcentrationprofile
(Table V1) still reveals the existenceof someabnomal respnseof phenyhlaninein this sysem.
Therefoeit maybemorereasmableto evaluae the performanceof PALS with respectto N basedn
the resultsfor tyrosine andtryptophan.As N increagsfrom 3 to 6, the relative coefficients of the
loading matrices in the three modes for both tyrosine and tryptophan show no significant
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Figure5. Expected(dottedline) andresolved(full line) emission(a) andexcitation(b) profilesby PALS with
N =5 and X =1 for threecomponentsn real system.
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deteriordion. Forinstancetherelative coefficientbetwee therealandresdved excitaion profilesof
tyrosine remainsalmostunchamed(varying in therange09993-09998)asN increagsfrom 310 6.
The agreenent amang the reslts for tyrosine and tryptophanobtaned by PALS with different N
valuesfurther demongtatesits capalility of beingresistanto the influenceof N.

All the prograns usedin this paperarewritten in Matlab 51 andrunonapersnalcomputerwith a
Pentiumll processor.

7. CONCLUSIONS

The problemof PARAFAC requiring an accuate estimaton of the number of factors in the system
under study hasbeensolved by the PALS algaithm desighed in this paper.PALS is a unique
algorithmwhichtriesto altematelyoptimize threedifferentobjectivefunctionsto obtan thesolutions
for the trilinear mode. It hasbeen provedthat the result obtainedby PALS with N=F is unique
regardess of somre scaling and permutaion indeterminay. When N > F, the loadng matrices
obtainal by PALS shout alsocontain the correspading actualprofilesof the undelying factors in
thethreemodesAlthoughtheaboveconclusionwasattainedcondtionally ontheabseie of noise, it
wasalsoconfirmedby simulakedandreal dataarrays.Owing to the multi-objectivefunction propety
of PALS, a straightbrwardanalsis of its convergene propertesis difficult andhencesimulations
areresotedto. Simuldionshaverevealedhatalthoughthe optimizationprocedureof PALS maynot
decreasemondonically asin PARAFAC, it can often convergeto satisfactoy resultswithin a
reasonald conmputationtime. The paraneter\ hassomeinfluenceon the performanceof PALS. For
satisfactoy resultsanda reasoable computatimal burdena moderate is preferredin practice.

Although PALS hasmary advantags, it shouldbe regardedas only one of the altemativesfor
trilinear decompaition. Owing to the possibé bias introduced by the paraneter A in PALS, it is
recommenddto usePALS only when theactual numker of undetying factorsis notavailable. If one
hasconfidertein theestimaton of theundelying factors, PARAFAC maybethefirst choicebecase
of its statistcal merits.
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APPENDX I. NOMENCLATURE

Xijk theijkth element of the three-wy array X
8k theijkth element of the three-wg residuearray E
A« B e Ck xE the three undetying loadng matrices of X with dimensons

| x F, Jx F and K x F respectivey (for simplicity, in this
paper,matrices A, « g, By« r and Cx . ¢ are representedby
matrices A, B andC respectivéy)

ait, by, Cur theifth, jfth andkfth elementsof the threeunderlyingloadng
matrices A, B andC respectivéy

I, J,K the dimensons of differentmodes in three-wayarrays

F the numkber of undelying factors, i.e. the total numter of

detectald species including the conponentsof interestand
interference(syaswell asbackgound
N the numter of factors usedin calculation

Copyright 2001 JohnWiley & Sons,Ltd. J. Chemometric001;15: 149-167



PALS ALGORITHM FORTRILINEAR DECOMPOSITION 163

Al n By Croxn thethreeresdved loadingmatrices of X with dimensons| x N,
J x NandK x N respectivey (in this paperA. % N BJ «nand
Ck « n areoften simply written asA, B andC resgectively)

(A)* the Moore—Renrosegeneralizé inverse of matrix A

X k= AdiaQCI)BT—i— E « the kth frontal slice of the threeway array X

Xj.= Cdiag(b:l-)ATJr E;. the jth lateralslice of the threeway array X

X; =Bdiag@d)C"™+ E;_ theith horizontalslice of the three-wayarray X

EwE;j Ei. the kth frontal, jth lateral andith horizontalslicesof the three-
way residuearray E respectively

diag@."), diaga"), diagh(;") diagonalmatrices with elementsequalto the kth, ith and jth

. rowsof C, A andB resgectively
diag(€J)"), diag(@)"). diag(b)") diagonalmatrices with elementsequalto the kth, ith and jth
rowsof C, A andB resgectively

APPENDX 1
II. 1. Theuniguenessof the solutionsobtainedby PALSwhenN = F

I1.1.1. The existenceof soluions A, . ¢, By ¢ and Cx . ¢ satisfing S@A)=0, S@)=0 and
S(C) = 0 underthe conditionsk = 0 and rank(A) = rank(B) = F.
Supposehe actualloadng matrices of the PARAFAC modd areA, B andC, i.e.

X x = Adiag(c{)B", k=1,...,K
Thenthe following two equatiams hold:
(A)"X x = (A)*Adiag(c])BT = diagic;)B", k=1,2...,K
X «(BT)* = Adiag(c])B"(BT)* = Adiag(c]), k=1,2...,K

Therefoe thereexig at leastloadng matricesA. ~F=A,B;.r=Band éK « £ = C which satisfy
S(A)=0,9B)=0andgC)=0.

I.1.2. Providedthat rank(A) = rank() = F and E = 0, solutions A. < Es BJ <« and CK « £ Which
satisfy the equatiors S@\) 0, S(B) 0 and S(C) 0 should be unique up to sone scaling and
permuttion freedom.

It hasbeenproved by Kruskalthatundersomemild condiions[19,2Q thetrilinear deconposition
model X,,k:A.XFdiag(cI)BijF, k=1,...,K, in itself is unique up to some scalig and
permutaion freedom Thereore it can be easily verified that the solutions satisfyng SA) =0,
S(é):o and S(C)=0 should al®o be unique in the same senseas in PARAFAC when
rank(A) = rank@®) = F andE = 0.

[1.2. Theproperty of PALSof insensitivity to excesgactorsusedin calculation (N > F)

11.2.1. The existenceof soluions A, , n, By . n and Cx . n satisfing SA) =0, S@) =0 and
S(C) = 0 whenE = 0 andrank(A) = rank®) = F

For simplicity of descrigtion it is assumedhatF = 4 andN = 6 (notethatthe valuesof F andN are
setrandomly;theywill not affectthe geneality of the following conclsions).
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Bixr = (b1, b2, b3, ba)

164

Aixr = (a1, a2,83 &)

CkxF = (€1,C2,C3,Ca)

arethe undetying loadingmatricessatisfying X x = A|«gdiag(cl)B] ¢, k=1,...,K.
Define
A= (A1,A), A=A, Ay = (ag,a)
B = (B1,By), B1 = Byxr, B2 = (b1, by)
C = (%c1, 3¢z, s, Ca, e1, 2c2)

Accordingto Reference[22], one has

Gy (A ATAKGIALATAL @) _ (B ~BiBKa'BIE) B
Ka'AZ(AD) AL | Kg'B3(B{)"B{
Ka=1+AJ(AD)TATA,, Kg=1+B}(Bf)"B{B;
Suppose
paj pb]
al bl
A]_Jr = p _|2_ 5 B]_+ = pb?
pas po;
paj pb;
Then
a] 3pb]
wa; apb;
. al . bl
A =P @y = | P
pay pby
hay apb]
Py apb;
from which it follows that
X.x = Adiag((&)")(B)", k=1,...,K
(A)" Xy = diag((&))(B)", k=1,...K
X x((B)")" = Adiag((&)"), k=1,...,K

Copyright 2001 JohnWiley & Sons,Ltd.
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Therefoe

2 2

K
> (2] - Adiagi (60")(®)"

T A(quk«B)T)* ~ Adiag((6)")

k=1 F E

R R 2

+ || (A)"X i — diag((6)")(B)"|| ) =0
F

K ) 2 R R 2
> (|[X .k — Adiag((@))(B)T|| + /\H ((B)")" — Adiag((&)")| ) =0
k=1 F F
K 2 R 2
> (. Adiagi (60" @]+ A&~ dag 6B ) =0
k=1 F F

11.2.2. Condtional on rank(A) = rank®) = F and E = 0, the columnsof the soluions A«
B . n and Ck . n Which satlsfySQA) =0, S(B) 0 and S(C) 0 shouldbe the actual profiles of
underlyingfactorsin corresponthg modesptherwis zero.

Since§A) =0, S(é) =0 and§C) =0, onehasthe following equatias:

« = Adiag((&)")(B)", k=1....K

(A)"X x = diag((&)")(B)", k=1,...,K
Therefoe
(A)"Adiage] )BT = diagiex)' (B)T, k=1,2...,K

Suppose

R . di T 0
N-F

whereAg of sizel x F is a column full-rank matrix. Sinceonehas

(AE — AbAN K TAL L (AD)TAL )
KTALF(AF)TAE

K=1+AL (AL ALAN £

Copyright[0 2001 JohnWiley & Sons,Ltd. J. Chemometcs 2001;15: 149-167



166 Z.-P.CHEN, Y. LI AND R.-Q.YU
hence
A (A ARAGKTIAL p(AD)TAY
(A)*Adiag((&)")(B)" = (A, An_F)

Ki'ALe (AF)TAE

diag(c] ;) 0
X ( ’ ) (BF, BN,F)T
0 dianI,NfF)

diag(c] ¢) 0
( . ) (Be,Bn_rF)"
0 diag(cly_¢)
which canbe rewrittenasthe following equatiams:
(I = AfAN KA g (Af))diag(cle )BT
+AL( - AN*FKIlAIlfF(A;)T)AN*Fdiag(CI,NfF)B-I{FF = diag(CI’F)BE
KIlAL#(A;)Tdiag(cI’F)BE + KIlA?\—IfF(A;)TA;AN*Fdiag(C-I[,NfF)BL7F
= diag(C-IE,N—F)B-Il\—J—F
Thuswe have
AL—F(AE)Tdiag(CI,F)B-Fr +A.II\-I—F(AIJ—:)TAEAN*Fdiag(CI,N—F)B-II\-I—F
= Kadiag(cin_¢)BY ¢
which is equivakntto
(K1 — AR (AD) AL AN r)diagiciy ¢)BY ¢ = AN ¢ (Af) diag(cir)Br
Finally we get
diag(cey_r)BN_F = AL—F(A;)Tdiag(CI,F)BE
If Ay =0, it is obviousthat
Xk = Ardiag(c ¢ )Bf
If Ay — £ # 0, thefollowing equatio holds:

X.k = Ardiag(c)BE + An_rdiag(cyy_¢)Bl_¢

= (AF + AN_FALJ(A,}*)T)diag(CI’F)BE

Accordingto the theaem of Kruskal[19,20, thetrilinearmodelis unique up to somescaing and
permugation indeterminay:

Xk=A deiag(CI,F)B}xF

Copyright 2001 JohnWiley & Sons,Ltd. J. Chemometric001;15: 149-167



PALS ALGORITHM FORTRILINEAR DECOMPOSITION 167

Assuning the columnsof B, .. ¢ andBg arearrangedaccordng to the samecriterion, then
BrF = BixF

whereA is a diagonalmatrix.

This concluson impliesthatloadingmatrix Bg is alsoa column full-rank matrix. Similarly, it can
easily be denpnstratedthat the columns of loadng matrices A and Cr shoull also be the
correspading profiles of the actwal factors with physical meaning in the first and third modes
respectivey. For any column of A, a # 0, ther existF — 1 othercolumnsAg _ ; which satisfy
rank([Ar _ 1,a]) = F. Thusthe correspadingb; shouldbe theprofile in the secondnodeof acertain
underlyingfactor,whichindicatesthata; andc; aretherespectiveprofilesin thefirst andthird modes
of thecertan undetying factor. In conclusion,the columnsof theloadng matncesA. « N BJ «nand
CK « n Shoutl be the profilesin the correspading modes of the underlyingfactors, otherwise zero.
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