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Abstract. A previous study proposed a new model for generating random spatial patterns for modelling the
dispersion of different colors in an image (Chiarello et al., 1996). These simulations represented spatial structures
in the sense of landscape ecology and they had to be compared to a real image. Thus, the aim of the present study
was to measure the discrepancy between a set of simulations of multicolored mosaics and an observed pattern in
order to build a Monte Carlo test. The multicolored mosaics were considered as random closed sets and described
with the hitting function for all pairs of colors. This description provided large three-dimensional data tables
(distances× color pairs× images) that were analyzed with the help of multiway data analyses. The partial triadic
analysis was used. It provided a synthesis of the hitting function since the intrastructure enabled a typology of
the distances for each image: the factorial coordinates of supplementary columns were plotted as ordinates against
distances as abscissa. This synthetic descriptor provided a graphic tool for measuring the differences between the
spatial dispersions of a same set of colors in several images.
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1. Introduction

This paper deals with spatial statistics for image analy-
sis. The proposed approach is to broaden the classical
analyses (for which data are identically and indepen-
dently distributed) to those that recognize the presence
and importance of spatial information [8]. Such analy-
ses are very important because satellites are amassing
huge amounts of data, and only a small fraction of
which is being analyzed [14]. Nevertheless, the class
of patterns of two or more components forming a mo-
saic was until recently the least explored [26], so it is
useful to propose new methods. The view is put on spa-
tial statistics and not on pattern recognition and vision.
It is based on the fact that data that are close together in
space are often more alike than those that are far apart.
The problems are principally ones of scale dealing up

to more than a million data points(1024×1024) in each
satellite image. The beginning of an “exploratory data
analysis” for images has been already proposed [27],
and we followed this way of investigation in this study.

Multicolored mosaics were considered as particular
realizations of random closed sets [23]. The present pa-
per proposed a method, which measured the dispersion
of the components of the mosaics, in order to measure
the discrepancy between simulations of mosaics (syn-
thetic images) and observed spatial patterns (ecological
maps in our case). The objective consisted in building
a Monte Carlo test [10] for the multicolored mosaics.
The method was based on well established tools, math-
ematical morphology and data analysis, but they were
articulated to propose a global descriptor of the mo-
saics. Because the spatial generator of our multicolored
mosaics has been described previously [7], the problem



              
P1: KCU/JHR P2: VTLP1: KCU/JHR P2: VTL

Journal of Mathematical Imaging and Vision kl487-05-Chiarello August 12, 1997 16:37

360 Chiarello and Chassery

of the mosaic generator is not discussed. We just recall
that it is based on the stochastic pyramid [19, 24]. It
should be noted that comparisons of images pixel by
pixel and measures of correlation were rejected because
they do not describe spatial structures of multicol-
ored mosaics. The analysis was performed as follows.
Firstly multicolored patterns were described with the
hitting function used in the random set theory [23] for
each pair of colors. In this way a Monte Carlo test for
each pair of colors was built and a three-dimensional
data set was obtained. Secondly a multiway data analy-
sis, the partial triadic analysis [11, 30], was performed
on the whole data set. It provided a synthetic descriptor
of all the pairs of colors. A complete Monte Carlo test
was then available for multicolored mosaics.

2. Describing Random Sets

From the theory of random sets [23, 28], the hitting
function, which is a Choquet capacity, yields to func-
tions that can measure the spatial dispersion of a
component and the mutual associations between com-
ponents in a given set, as for example the probability
distribution function defines wholly a random variable.
The theory of random sets is based on the hit-or-miss
topology. It reflects the way image data are analyzed.
It is well known that some sort of systematic probing
is needed, which leads to the use of structuring ele-
mentsB to check whether “B hits A” (B ∩ A 6= ∅) or
“ B missesA” (B ∩ A = ∅) [23]. A summary of the
main definitions and results of random-set theory [20,
23] and mathematical morphology [28] is needed for
introducing the method proposed here.

2.1. Hit-or-Miss Topology

Let E = IR2 be a locally compact, Hausdorff, and
separable space, and defineF to be the set of all closed
subsets ofE, including the empty set∅. Let K denote
the set of all compact sets. For anyA ⊂ E, define

FA = {F ∈ F | F ∩ A = ∅}
and

FA = {F ∈ F | F ∩ A 6= ∅}.
Then for anyK ∈ K compact and anyG1, . . . ,Gn

open, the sets of formFK ∩ FG1 ∩ · · · ∩ FGn of F is a
base for a topology onF, called the hit-or-miss topol-
ogy, and the topological spaceF is compact, Hausdorff,

and separable. By taking countable unions and inter-
sections of the open sets of the topological spaceF, a
σ -algebraσF onF is generated.

A random closed set is defined as a measurable map-
ping A from a probability space(Ä, , µ) into the
measurable space(F, σF). Let P be the law ofA, in-
duced onσF by ∀V ∈ σF, P(V) = µ(A−1(V)).

In order to study any random set with theσ -algebra
generated byPG = {X ∈ P(IR2) : X ∩G 6= ∅}, G open
andP(IR2) the set of all subsets of IR2, it is equivalent to
study its closure using theσ -algebraσF. This is due to
the equivalenceX ∩G 6= ∅ if and only if X̄ ∩G 6= ∅.

It is important to find what important events make
two random sets different. It is shown that it is not
necessary to explore all compactK and all open
G1, . . . ,Gn. Indeed, for anyK ∈ K, the hitting (or
capacity) functionTX is defined asTX(K ) = P(X ∈
FK ) = P(X ∩ K 6= ∅). ThenTX has the following
properties [23]:

1) TX(1) = 0 and 0≤ TX ≤ 1
2) TX is increasing
3) TX satisfies the following recurrence relations: for

anyn ≥ 0, let Sn(B0; B1, . . . , Bn) denote the prob-
ability that X missesB0 but hitsB1, . . . , Bn; then:

S0(B0)= 1− TX(B0) ≥ 0

S1(B0; B1)= TX(B0 ∪ B1)− TX(B0) ≥ 0

Sn(B0; B1, . . . , Bn)= Sn−1(B0; B1, . . . , Bn−1)

− Sn−1(B0 ∪ Bn; B1, . . . ,

Bn−1) ≥ 0

TX is a Choquet capacity of infinite order. Conversely
if a givenT onK is a Choquet capacity of infinite order,
then there exists a necessarily uniquePT on σF such
that,∀K ∈ K, PT (FK ) = T(K ) [20, 22].

A random closed set is wholly characterized by its
hitting function T(K ). The problem of finding the
ways to reduce the hitting-function test sets down from
the full complementK is not discussed here.

2.2. Hitting Function and Functional

One can considerP(A∩ K 6= ∅) or P(A∩ K =∅), i.e.,
the hitting functionT(K )= P(A∩ K 6= ∅)= P(FK ),

∀K ∈ K, or its functionalQ(K )= 1− T(K ). For K
located at the originO, the hitting function of a random
closed set isT(K )= P(A∩ K 6= ∅)= P(O ∈ A⊕ K̆ ).
If K is translated at any pointx, the hitting function
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becomesT(Kx) = P{Kx ⊂ A} = P{x ∈ A⊕ K̆ } and
the functional isQ(Kx) = P{Kx ⊂ Ac} = P{x ∈
Ac ª K̆ }.

It is necessary to have many realizations of the setA,
and then to estimate its hitting function in each pointx
with an experimental frequency. Stationarity is gen-
erally assumed and, ifA is ergodic,T(K ) is com-
puted with a single realization [17] with, respectively,
T(K )=Area(A ⊕ K̆ ) or Q(K )=Area(AC ª K̆ ),
whereArea is the area fraction, i.e., the area per unit
area.

Each compactK is associated to some particular
information about the setA which is considered as a
realization of the random set.

2.3. Multicomponent Sets

When the setA is made of several components(A1, . . . ,

An), it is characterized by a family of structuring ele-
ments(K1, . . . , Kn); and the hitting function becomes:

T(K1, . . . , Kn)

= P((K1∩ A1 6= ∅)∩ · · · ∩ (Kn ∩ An 6= ∅))
= P((K1 ↑ A1)∩ · · · ∩ (Kn ↑ An))

= P(O ∈ {A1⊕ K̆1∩ · · · ∩ An ⊕ K̆n})
Q(K1, . . . , Kn)

= P((K1∩ A1 = ∅)∩ · · · ∩ (Kn ∩ An = ∅))
= P

((
K1 ⊂ AC

1

)∩ · · · ∩ (Kn ⊂ AC
n

))
= P

(
O ∈ {AC

1 ª K̆1∩ · · · ∩ AC
n ª K̆n

})
Practically, mutual associations are studied between

all pairs of componentsAi and Aj . Two classes of
points of view are possible, according to the fact that
these morphological transformations are applied on a
single or on two components [18, 29]. They can also
be both presented using the symmetrical case, one of
the structuring element being reduced to a single point.

Consequently,T(Ki , K j ) = P(O ∈ {(Ai ⊕ K̆i )

∩ (Aj ⊕ K̆ j )}) can be used, but the functional is not
tractable sinceP(O ∈ {(Ai ª K̆i )∩ (Aj ª K̆ j )}) =
0. A more sophisticated morphological transforma-
tion, the closing, is also used. Then the functional is
T(Ki , K j ) = P(O ∈ {((Ai ⊕ K̆i ) ª Ki )∩ ((Aj⊕
K̆ j )ª K j )}).

Several components can be grouped together. The
hitting function is analytically known [18] but it is bet-
ter to compute a new image of the setA, the union

of the components of interest being labelled with the
same value.

The measurements depend on the structuring el-
ements Ki and K j . The bipoint {x, x + d} and
the closed ball Bx(d) of radius d centred at x
are the most commonly used. When the com-
pacts are(Ki ={x}, K j ={x}), the hitting function
is expressed asAi j =Area(Ai ∩ Aj ), ∀(i, j )∈ [1, n]2.
WhenKi ={x}andK j ={x, x+d}, the crossed covari-
ance between the two components is obtained:Ci j (d)
=Area(Ai ∩ (Aj )−d), ∀(i, j )∈ [1, n]2. It should be
noticed that the functionalQ(x, x+h) is the covariance
C(Ac, h) of Ac. We use the covariance ofA because it
is equivalent to studyA or Ac.

Because the covariance has little discriminatory
power [9, 27], the compactsKi = Bx(d) andK j = {x}
are more usually used. Thus the morphological trans-
formations propose a measure not only of the mutual as-
sociation between components, but also of the shape of
the considered components. The four following func-
tions are measured:

φi j (d) = Area((Ai ⊕ B̆(d))∩ Aj ) ∀(i, j ) ∈ [1, n]2

θi j (d) = Area(((Ai ⊕ B̆(d))ª B(d))∩ Aj )

∀(i, j ) ∈ [1, n]2

ψi j (d) = Area((Ai ⊕ B̆(d))∩ (Aj ⊕ B̆(d)))

∀(i, j ) ∈ [1, n]2

ϕi j (d) = Area(((Ai ⊕ B̆(d))ª B(d))∩ (Aj ⊕ B̆(d))

ª B(d))) ∀(i, j ) ∈ [1, n]2

These measures are particular realizations of the hit-
ting function. They describe mutual associations be-
tween pairs of components. But they do notcharacter-
izea mosaic, because two different mosaics may have
the same measurements. However, we hope that in
practice these measures can discriminate real mosaic
images. Consequently, each simulation of a multicol-
ored mosaic can be described with hitting functions.
We proposed to introduce these functions in a Monte
Carlo test.

3. Monte Carlo Test with the Hitting Function

3.1. Monte Carlo Test

A Monte Carlo test is used when distribution theory is
not manageable. It is based on the rank of an observed
value of a statistic among a set of simulations. Letu1
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be the observed value of a statisticU , and letuk/k=2,...,t

be the corresponding values generated by independent
random sampling from the distribution ofU under a
simple hypothesisH (complete spatial randomness, for
example). Letu( j ) denote thej th largest value amongst
uk/k=1,...,t . Then underH, P{u1 = u( j )} = 1

t , j =
1, . . . , t , and rejection ofh on the basis thatu1 ranks
hth largest or higher gives an exact, one sided test of
sizeh/t [10].

Such a test is often used in spatial statistics when
studying spatial mapped point patterns. LetH(d) be
a statistic of a spatial pattern. In the case of com-
plete spatial randomness, the theoretical distribution
H(d) is assumed to be known. This statistic is esti-
mated for each simulationk, k = 2, . . . , t , and also
for the observationk = 1 and is marked, respectively,
Ĥk/k=2,...,t (d) andĤ1(d). Then, upper and lower sim-
ulation envelopes,U (d) = Maxk=2,...,t {Ĥk(d)} and
L(d) = Mink=2,...,t {Ĥk(d)} are defined. These en-
velopes can also be plotted againstH(d), and have
the property that under complete spatial randomness,
and for eachd, P{Ĥ1(d) > U (d)} = P{Ĥ1(d) <
L(d)} = 1

t . They are intended to help in the interpre-
tation of the plot ofĤ(d) againstd. Then it is possible
to see for which distanced there is or not a discrepancy
between simulations and observation.

Two possible approaches for the construction of
an exact Monte Carlo test can be considered: firstly
choosed0 that corresponds to a particular and per-
tinent case for the problem, and then defineuk =
Ĥk(d0), ∀k, k = 1, . . . , t ; or secondly defineuk to
be a measure of the discrepancy betweenĤk(d) and
H(d), over the whole range ofd asuk =

∫ {Ĥk(d) −
H(d)}2dd, ∀k, k = 1, . . . , t . In each case, the test is
based on the rank ofu1. The second has the advantage
of objectivity, even if the comparison between curves is
not trivial. When the theoretical distributionH(d) is not
known, a test can still be carried out ifH(d) is replaced
by the estimationH̄k(d) = 1

t−1

∑
s6=k Ĥs(d) ∀k, k =

1, . . . , t . Theuk are no longer independent under com-
plete spatial randomness, but the required property that
all rankings ofu1 are equiprobable still holds [10]. So,
the second approach has been chosen and applied to
the hitting function.

3.2. A Data Analysis Problem

The hitting function yielded a set of descriptors for the
random closed setA as functions of the distanced.
Several types of analyses were available, depending on

the choice of the structuring elements. Consequently,
a Monte Carlo test could be performed for each couple
of components(Ai , Aj ), as described previously, us-
ing any of the statisticsCi j (d), φi j (d), θi j (d), ψi j (d)
andϕi j (d), ∀(i, j ) ∈ [1, n]2. Let Hi j (d) be one of
them, computed for each simulationk/k = 2, . . . , t ,
and also for the observationk = 1. The results of
the Monte Carlo test were organized in a single table,
in which each estimationk = 1, . . . , t was associ-
ated with an arbitrary color. Data images are shown
in Fig. 1: three simulations (red, green, blue) and an
observation (black). Figure 2 shows this table for the
covariance function.

Tab
(
Hk

i j (d)
) =

j
↓

i →

Hk
11(d)k=1,...,t · · · Hk

n1(d)k=1,...,t
... Hk

i j (d)k=1,...,t
...

Hk
1n(d)k=1,...,t · · · Hk

nn(d)k=1,...,t


Another table could be also calculated, which pre-

sented the observation, the mean of the simulation and
the upper and lower envelopes of the Monte Carlo test
for each pair of components(i, j ): Tab(Ht

i j (d), H̄ k
i j (d),

U (d), L(d)). The scale of representation was specific
for each(i, j )with a same scale, only the quantitatively
more numerous components would be readable.

The discrepancies between simulations and reality
for each(i, j ) were graphically readable. But at the
same time these results were too dispersed and did
not provide a global response to the question: was the
model good enough? So a synthesis of this information
with the tools of data analysis was useful.

4. Synthesis of Data

The tableTab(Ht
i j (d), H̄ k

i j (d),U (d), L(d)) could be
considered as a three-dimensional data tables that could
be studied with multiway data analyses. Many solu-
tions for the analysis of such tables were available [21,
31]. But one of the simplest was the partial triadic
analysis [12, 16, 30]. It is performed in three steps
called interstructure, compromise and intrastructure
(Fig. 3), which were recalled here. Firstly, it is nec-
essary to present briefly the principal component anal-
ysis (PCA), which is fundamental for the partial triadic
analysis. Then the partial triadic analysis is described,
and the results are discussed.
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Figure 1. Four images(128×128)with different spatial structures. The first three images were the simulations, they were associated to colors
(red, green and blue); and the fourth played the role of the observation (black). These four images had the same set of ten colors and had been
simulated with a spatial generator of random patterns [7].
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Figure 2. TableTab(Hk
i j (d)) of the horizontal covariancesCi j (d) = Area(Ai ∩ (Aj )−d), ∀(i, j ) ∈ [1, n]2, d ∈ [0, 50], αd = 0◦, t = 4, n =

10, computed on the 4 images of the Fig. 1.
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Figure 3. Schematic representation of the triadic partial analysis which was performed in three steps: interstructure, comprise and intrastructure.
Initial data were tables of the horizontal covariances of Fig. 2. Only a PCA program was needed.
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Figure 4. Factor maps generated by the interstructure: a) factor map of the columns of the interstructure showing a global description of the 4
images; b) factor map of the rows of the interstructure showing a description of the distances (1 to 50) relative to the typology of the images for
each pair of colors (1/1 to 10/10); in addition some associated covariances were presented as small diagrams (numbered 1/1, 6/6, 7/7, 8/8, 7/8
and 9/9).
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4.1. Data Preparation

We considered the tableSk (n2 = m pairs of compo-
nents× q distances,d ∈ [1,q]) of size(m×q) for the
simulationk:

Sk =

Hk
11(1) · · · Hk

11(q)
...

...

Hk
nn(1) · · · Hk

nn(q)

 ∀k ∈ [1, t ]

In order to normalize the tables, the data were first
computed into percentages per column, providing the
tableZk, ∀k ∈ [1, . . . , t ]:

Zk
i j (d) =

Hk
i j (d)× 100∑n,n

i=1, j=1 Hk
i j (d)

∀d ∈ [1,q],

Each column ofZk was therefore a probability distri-
bution of the pairs of colors. Then eachZk was centred
by rows to move each gravity center of eachZk to the
origin O; the data matricesXk/k=1,...,t obtained were:

Xk
i j (d)= Zk

i j (d)−
1

t · q
t∑

k=1

q∑
d=1

Zk
i j (d)

∀(i, j ) ∈ [1, n]2

4.2. Principal Component Analysis

For the analysis of a data tableX (m rows andq
columns), the method uses a linear projection algo-
rithm, which maps the set ofm q-dimensional patterns
onto ag-dimensional space, whereg < q · g = 2
is usually chosen because this permits visual exami-
nation of the initial multivariate data. Two diagonal
matrices of weights are defined for rows and columns,
Qm = 1

m Im andQq = 1
q Iq, in the canonical basis(ei )

and( f j ); these matrices correspond to metrics in the
two Euclidean spaces IRm and IRq; Im andIq are the as-
sociated unity matrices, the weights here are uniform.
The scalar product in the sense ofQm between two cen-
tred variablesx0 andy0 equals the covariance between
the variablex andy: (x0 | y0)Qm = cov(x, y).

The principal component analysis of the triplet(X,
Qm, Qq) leads to the principal axesε= [ε1, . . . , εq]
in IRq, which are theQq-normed eigenvectors of
X′QmX Qq. The new coordinates of the rows inε are
the principal components:ϕ = [ϕ1, . . . , ϕq]: N =
X Qqε. In the same way, the columns have new coordi-

nates: P= X′Qmϕ whereϕk= 1√
λk

X Qq(εk) ∀k, k =
1, . . . ,m.

The separate analysis of each tableXk was out of in-
terest for our question because we were looking for an
analysis that took into account all the tablesXk/k=1,...,t

simultaneously. The central theorem of the partial tri-
adic method allowed that, but a new basis for the tables
had to be defined.

4.3. New Basis

EachXk belonged toL(IRt∗ , IRm), called the space of
tables, and where IRt

∗
was the algebraic dual space of

IRt . Thus there existed a linear applicationf between
IRt∗ andL(IRt∗ , IRm), (e∗i ) being the basis of IRt

∗
, de-

fined as [12, 16]:

f : IRt∗ →L(IRt∗ , IRm)

e∗s 7→ f (e∗s) = Xk

The space of tablesL(IRt∗ , IRm)was canonically iso-
morphic to IRt∗ ⊗ IRm, and it could be supplied with
the basis of the vectorse∗i ⊗ f j ; consequently eachXk

could be written in a single column [12]. Therefore,
the data matrixXk/k=1,...,t of size(m× q × t) could
be transformed in a single matrixX with m× q rows
andt columns. This matrix was associated to the linear
application f .

The new data matrixX was:

[Xi j ] =
m∑

i=1

q∑
j=1

Xi j fi⊗ j =



X111 Xt11
... · · · ...

X11q Xt1q
...

...
...

...

X1m1 Xtm1
... · · · ...

X1mq Xtmq


The scalar product in IRt was(· | ·)Ä; its matrix was

Ä = It . In L(IRt∗ , IRm), the scalar product was(· | ·)1
and was defined by its matrix1 = 1

m Im ⊗ 1
q Iq =

1
mq Imq in the basis( fi⊗ j ).

The first step of a triadic partial method was thus re-
duced to the non centred principal component analysis
of the triple (X, It ,

1
mq Imq): it was called interstruc-

ture (Fig. 3). An overall description of the images was
obtained.
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4.4. Compromise and Intrastructure

Under the constraint‖ε‖2It
= 1, the interstructure

(Fig. 3) provides a first eigenvectorε1 that maximizes
‖XQ(ε)‖21= (XQ(ε) |XQ(ε))1= Trace(Y′DY Q) =

1
mqTrace(Y′Y), which was the inertia of a new table,
markedY, of size (m × q). This means that the
table X, juxtaposition of the tablesXk/k=1,...,t , was
summarized in a single tableY which was by con-
struction the most representative, because the new sta-
tistical triple (Y, 1

m Im,
1
q Iq) had the most important

inertia. This is the reason why this step is called
compromise. The tableY was a linear combination
of the initial tablesXk/k=1,...,t , where the coefficients
were precisely the components of the first eigenvec-
tor ε1 = (a1, . . . ,at ) : Y = ∑t

k=1 ak Xk. Y was also
analyzed with a PCA. It should be noticed that the
interstructure needs the principal component analysis
of the compromise as optimal. The analysis of the
compromise enabled the simultaneous representation
of distances and pairs of colors.

The last step of the analysis was the intrastructure
(Fig. 3), which consisted as a double projection of the
rows and columns of the initial tablesXk/k=1,...,t as sup-
plementary individuals and supplementary variables.
A typology of distances for each image and a typol-
ogy of each pair of colors for each image were then
computed.

4.5. Results

The interstructure presented a new space in which 95%
(λ1= 0,4567·10−3, λ2= 0,227·10−3), of the variance
was retained after PCA of the triple(X, It , 1

mq
Imq). The

data were strongly structured (autocorrelation of the
distances). The projection of columns of the tableX

(images) gave a global description of them (Fig. 4(a)).
Image 1 was only close to image 4 on the factor map,
whereas images 2 and 3 were distant.

4.5.1. Description of Colors. The projection of the
rows ofX indicated for which pairs of colors the prox-
imities and oppositions were important (Fig. 4(b)). A
description of the distances in relation to the typology
of images was thus obtained for each pair of colors.

The first factor corresponded to a classical size ef-
fect (Fig. 4(b)), which related the overall structure of
the data. The most abundant colors in the images were
successively 9 and 8, 1, and finally 7. Consequently,
their covariances were high, particularly for the short
distances. The factor F1 opposed the crossed covari-
ances to the covariances: the first were increasing, see

7/8 for example, although the second were decreasing,
8/8 or 9/9. One should remark that the distances associ-
ated to 9/9 or 8/8 cross the factorial map, in the opposite
sense of the factor F1. This related to the fact that for
the higher distances, the covariances were similar to
the crossed covariances since they had quite similar
quantities of pixels.

The second factor indicated oppositions and proxim-
ities between images, and which pairs of colors were
concerned. The image 2 differed from the image 3 be-
cause its covariance for the pair of colors 8/8 had higher
values. In a similar way, the image 3 differed from the
others because its covariances for the pairs of colors
9/9 and 6/6 were different from the other images.

The non centred PCA of(Y, 1
m Im,

1
q Iq) proposed,

with an inertia of 95%, a synthetic summary(λ1=
3,766·10−4, λ2 = 0,5842·10−4) of the pairs of colors
with an interpretation key given by the map of the dis-
tances (Fig. 5). The projection of the columns of the

Figure 5. Factor maps generated by the compromise: a) factor map
of the columns of the compromise corresponding to an averaged
typology of the distances (1 to 50); b) factor map of the rows of the
compromise corresponding to an averaged typology of the pairs of
colors (1/1 to 10/10).
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Figure 6. Factor maps generated by the intrastructure: a) typology of the distances (1 to 50) for the 4 images showing the discrepancy between
images for all the distances; b) typology of the pairs of colors for the 4 images, with some associated covariances presented as small diagrams
(1/1, 1/9, 8/8, 8/9, 9/1, 9/7, 9/8, 9/9).
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Figure 7. Synthetic covariance: a) with the axis F1 of the intrastructure; b) with the axis F2. Both were global descriptions of the spatial
structures of the images for all the distances: b) related the discrepancy between the spatial structures of the 4 images while (a) indicated they
had the same colors.
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Figure 8. Application of the method on a larger image(850× 900) of the Rĥone River floodplain (a, black) at Br´egnier-Cordon (France)
(from Pautou et al. [25] and Bravard et al. [3]). Each color of the map represented an ecological unit; the simulations (b, c, d: red, green and
blue) were computed with a controlled version of the stochastic pyramid from Meer and Connelly [24] and (Chiarello et al. [6]). The descriptor
Hi j (d) of the mosaics was the dilatationφi j (d) = Area((Ai ⊕ B̆(d))∩ Aj ), ∀(i, j ) ∈ [1, n]2, d ∈ [0, 100], t = 4, n = 15. The results of the
Monte Carlo test are shown on diagrams of synthetic dilatation: (e) with the axis F1 and (f) with the axis F2. One can note (f) the discrepancy
between simulations (red, green and blue curves) and reality (black curve).
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compromise gave indeed an average typology of the
distances, which completely splited the very short dis-
tances from the others, and which showed the strong
autocorrelation between distances (Fig. 5(a)). It would
be better to remove such a structuring effect from the
data because it was trivial. In spite of this weakness,
the typology of the distances allowed the interpreta-
tion of the averaged typology of the pairs of colors, ob-
tained after projection of the rows of the compromise
(Fig. 5(b)). The factors then had the same meanings
as those of the interstructure. These maps enabled the
interpretation of the intrastructure.

The intrastructure (Fig. 6) represented the more in-
teresting step of the analysis in our case, because we
obtained two synthetic descriptions of the initial tables:
a typology of the distances and a typology of the pairs
of colors for each image, the first being the interpreta-
tion key of the second, andvice versa.

The typology of the colors for each image was ob-
tained by projection of the initial tables as supplemen-
tary rows in the PCA of the compromise (Fig. 6(a)). We
could see the images for each pair of colors. The inter-
pretation of the factors did not change. The factor F1
opposed pairs of similar colors (covariances) to pairs
of different colors (crossed covariances). The factor
F2 related proximities and differences between images.
The typology of the distances was an interpretation key
because it indicated for which distances the differences
between images were important.

The typology of the distances for each image was ob-
tained by projection of the initial tables as supplemen-
tary columns in the PCA of the compromise (Fig. 6(b)).
In that case, we could see the images for each distance.
The key given by the typology of the pairs of colors
showed the ones for which the differences between im-
ages were the most important. Image 3 differed from
the others for the short distances (from 1 to 10), be-
cause of its streamlined shapes. Image 4 was different
for greater distances (from 10 to 30) because it was
smoothed, and consequently, its regions were more ho-
mogeneous and rounder.

4.5.2. Synthetic Description. The last step consisted
in the synthesis of the hitting function for a Monte
Carlo test. Since the intrastructure enabled a typology
of the distances for each image, it was possible to plot
the factorial coordinates of the supplementary columns
as ordinate against the distance as abscissa (Fig. 7).
Two graphs were obtained, one on F1 (Fig. 7(a)) and
the other on F2 (Fig. 7(b)). A synthetic descriptor was

created which could be called “synthetic covariance”
when Hi j (d) = Ci j (d). Factor F1 indicated that the
images had globally the same colors and quite similar
structures. But the factor F2 gave a measure of the dis-
crepancy between images: the synthetic covariance 4
differed from the others (smoothed image), while the
synthetic covariance 3 was very particular (streamlined
shapes) (Fig. 7(b)).

5. Conclusion

The proposed solution integrated in a genuine Monte
Carlo test some basic tools of image analysis, random
set theory and data analysis. A multicolored mosaic
was then seen as a tessellation of random closed sets,
and was consequently analysed with the hitting func-
tion. The data were synthetized with the triadic par-
tial analysis. A visual measure of the distance between
spatial structures of simulations and observation was fi-
nally obtained. The discrepancy between a real map of
the vegetation, the Rhône River floodplain in Brégnier-
Cordon (France) (Fig. 8(a)) and its associated models
(Fig. 8(b), (c) and (d); [7] was then quantified (Fig. 8(e)
and (f). It is clear that the model did not fit the data
(Fig. 8(f)).

Such analyses for spatial data are very necessary.
We recalled above that satellites are amassing a lot of
data. These data are landscape images that have to
be compared. It is important to measure the changes
between successive dates, but also to give a sense to
these changes. It can be shown indeed that image at
time t does not match to image at timet + 1. But the
images have perhaps the same spatial structures, be-
cause landscapes are above all shifting mosaics. When
such situations occur, new challenges are proposed to
conceptors of geographic information systems [4, 15]
because landscape have not to be recorded as fixed
mosaics but as shifting mosaics [13]. Consequently
dynamic spatial models [1, 2, 6, 8] are necessary.

Appendices

Translation: Ah= A⊕ h

={a+ h | a ∈ A}
Transposition: Ă={−a | a ∈ A}
Multiplication by

a scalar: λA={λa | a ∈ A}
Complementation: AC ={x ∈ IR2 : x /∈ A}
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Minkowski addition:

A⊕ B={x ∈ IR2, ∃b ∈ B, x − b ∈ A}
= {a+ b | a ∈ A, b ∈ B}

Minkowski substraction:

Aª B={x ∈ IR2, ∀b ∈ B, x − b ∈ A}
= (AC ⊕ B)C

= ∩ {A⊕ b : b ∈ B}
Erosion: EB(A)= Aª B̆

={x ∈ IR2 : Bx ⊆ A}
Dilatation: DB(A)= A⊕ B̆

={x ∈ IR2 : A∩ Bx 6= ∅}
Opening: OB(A)= (Aª B̆)⊕ B

Closing: F B(A)= (A⊕ B̆)ª B
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