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Abstract

Progress in the analysis of multicomponent processes and mixtures relies on the combination of sophisticated instrumental
techniques and suitable data analysis tools focused on the interpretation of the multivariate responses obtained. Despite the
differences in compositional variation, complexity and origin, the raw measurements recorded in a multicomponent chemical
system can be very often described with a simple model consisting of the composition-weighted sum of the signals of their
pure compounds.

Multivariate resolution methods have been the tools designed to unravel this pure compound information from the
non-selective mixed original experimental output. The evolution of these chemometric approaches through the improvement
of exploratory tools, the adaptation to work with complex data structures, the ability to introduce chemical and mathematical
information in the algorithms and the better quality assessment of the results obtained is revisited. The active research on
these chemometric area has allowed the successful application of these methodologies to chemical problems as complex and
diverse as the interpretation of protein folding processes or the resolution of spectroscopic images.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The characterization of a multicomponent system
requires as a first step recording a relevant and suffi-
ciently discriminating experimental output. This can
be done by analysing a sample with a hyphenated
technique or monitoring a process in a multivariate
fashion. In these and similar examples, all the data
collected form a table or data matrix where one di-
rection (the elution or the process direction) is related
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to the compositional variation of the system and the
other direction refers to the variation in the response
collected. The existence of these two directions of
variation helps to differentiate between components.

In this context, it is important to note the wide con-
cept of component, defined as any entity giving a dis-
tinct and real pure response. This includes examples
as diverse as a chemical compound, a conformational
state or a pollution source, whose response could be
a profile including the relative apportionment of its
different pollutants. Within the variety of multicom-
ponent systems, processes and mixtures can be placed
at the two extremes. The term process holds for reac-
tion data, where the compositional changes respond
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to a known physicochemical model, or for any evolv-
ing chemical system (e.g. a chromatographic elution),
whose sequential compositional variation can be
caused by physical or chemical changes and whose
underlying physicochemical model, if any, is too
complex or simply unknown. Mixtures would have a
complete random variation along the compositional
direction of the data set. An example could be a series
of spectra collected in independent multicomponent
samples. Other data sets lie between these two groups
because they lack the global continuous compositional
evolution of a process, but they can present it locally.
It is the case of spectroscopic images that can have a
smooth compositional variation in neighbouring pixels
or of environmental data sets, where close geograph-
ical sampling points can be compositionally related.

In the analysis of any multicomponent system, the
main goal is transforming the raw experimental out-
put into useful information. We aim at passing from
a plain visual sketch of the overall measured vari-
ation in our chemical data to a clear description of
the contribution of each of the components present
in the mixture or the process. Despite the diverse na-
ture of multicomponent systems, the variation in their
related experimental outputs can, in many cases, be
expressed as a simple composition-weighted linear
additive model of pure responses, with a single term
per component contribution. Although such a model
is known to be often followed because of the nature of
the instrumental responses measured, the information
related to the individual contributions involved cannot
be drawn in a straightforward way from the raw mea-
surements. The common purpose of all multivariate
resolution methods is filling in this gap and providing
the linear model of individual component contribu-
tions using solely the raw experimental measure-
ments. Resolution methods are powerful approaches
with low demanding needs; thus, none of the pure
components in a system should be known beforehand
and any information available about the system may
be used, but is not essential either. Actually, the only
indispensable condition is the inner linear structure of
the data set. The mild requirements needed have pro-
moted the use of resolution methods to tackle many
chemical problems that could not be solved otherwise.

The evolution of resolution approaches through the
improvement of exploratory tools, the adaptation to
work with complex data structures, the ability to in-

troduce chemical and mathematical information in the
algorithms and the better quality assessment of the re-
sults obtained is revisited here.

2. Resolution methods: general definition and
limitations

All resolution methods decompose mathematically
a global mixed instrumental response into the pure
contributions due to each of the components in the
system[1–9]. This global response is organized in
a matrixD containing raw information about all the
components present in the data set. Resolution meth-
ods allow for the decomposition of the initial mixture
data matrixD into the product of two data matrices
C andST, each of them including the pure response
profiles of then mixture or process components asso-
ciated with the row and the column direction of the
initial data matrix, respectively (seeFig. 1). In matrix
notation, the expression valid for all resolution meth-
ods is:

D = CST + E (1)

whereD(r × c) is the original data matrix,C(r × n)

andST(n× c) are the matrices containing the pure re-
sponse profiles related to the data variation in the row
direction and in the column direction, respectively, and
E(r × c) is the error matrix, i.e. the residual varia-
tion of the data set that is not related to any chemi-
cal contribution. Parametersr andc are the number of
rows and the number of columns of the original data
matrix, respectively, andn is the number of chemical
components in the mixture or process.C andST of-
ten refer to concentration profiles and spectra (hence
their names), although resolution methods are proven
to work in many other diverse problems[10–18].

From the early days in resolution research, the math-
ematical decomposition of a single data matrix, no
matter the method used, is known to be subject to am-
biguities[1]. This means that many sets of pairedC-
andST-type matrices can reproduce the original data
set with the same fit quality. In plain words, the cor-
rect reproduction of the original data matrix can be
achieved by using response profiles differing in shape
(rotational ambiguity) or in magnitude (intensity am-
biguity) from the sought (true) ones[19].



A. de Juan, R. Tauler / Analytica Chimica Acta 500 (2003) 195–210 197

Fig. 1. Data set decomposition provided by resolution methods and graphical representation of the information obtained for a HPLC-DAD
example.

These two kinds of ambiguities can be easily ex-
plained. The basic equation associated with resolution
methods,D = CST, can be transformed as follows:

D = C(TT−1)ST (2)

D = (CT)(T−1ST) (3)

D = C′S′T (4)

whereC′ = CT andS′T = (T−1ST) describe theD
matrix as correctly as the trueC andST matrices do,
thoughC′ andS′T are not the sought solutions. The
rotational ambiguity problem indicates that a resolu-
tion method can potentially provide as many solutions
asT matrices can exist, i.e. infinite, unlessC andS

are forced to obey certain conditions. In a hypothetical
case with no rotational ambiguity, the basic resolution
model could still be rewritten as shown below:

D =
n∑

i=1

(
1

ki

ci

)
(kis

T
i ) (5)

D = C′S′T (6)

whereki are scalars. The concentration profiles of the
newC′ matrix would have the same shape as the real

ones, but beingki times smaller, whereas the spectra of
the newS′ matrix would be shaped like theS spectra,
thoughki times more intense.

How seriously ambiguity problems can affect reso-
lution results has a different answer in each data set. In
different manners, the main purpose of past and cur-
rent investigation is finding ways to suppress, when
feasible, or minimize this source of uncertainty in res-
olution results and to assess the effect on the quality
of the profiles recovered.

3. Resolution-oriented exploratory analysis

One of the attractive features of the resolution meth-
ods is that there is no need of any previous knowl-
edge, either chemical or mathematical, to analyse the
data set of interest. However, the preliminary informa-
tion that can be obtained from an exploratory analysis
of the measurements can influence positively the res-
olution of the system. Thus, exploratory information
can be used to build good initial estimates of concen-
tration profiles and responses. It can also be included
in the optimisation process in the form of constraints
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and can help to validate the results obtained. When a
good exploratory analysis is carried out, the resolved
profiles cannot disagree with the previous information
obtained.

Many exploratory procedures are often methods de-
rived from Principal Component Analysis (PCA), one
of the most basic and widely used chemometric tools
devoted to find the number and direction of the relevant
sources of variation in a bilinear data set[7,20,21].
The information provided by the global and local ap-
plication of Principal Component Analysis to the data
set can be essential in resolution. Thus, the first step
in many resolution methods is the determination of
the total number of chemical components in the data
set and the ambiguity of the final solutions depends
basically on the distribution and overlap of these com-
pounds along the data set, i.e. on the local rank infor-
mation obtained.

Much recognition should be given to the pioneering
methods Evolving Factor Analysis (EFA)[22–24]and
Fixed Size Moving Window-Evolving Factor Analy-
sis (FSMW-EFA)[25,26]which are still widely used.
EFA is specially applicable to sequential processes and
performs subsequent PCA runs on windows gradually
enlarged by addition of a row in the process direc-
tion. This analysis is performed building the windows
from the beginning to the end of the process (forward
EFA) and in the opposite direction (backward EFA).
The proper display of the evolution of the eigenvalues
obtained from these PCA runs allows for the detec-
tion and location of the emergence and decay of the
compounds in a process and, as a consequence, the
concentration window and the zero-concentration re-
gion for each component in the system are easily set
(seeFig. 2b). The diverse uses of this latter informa-
tion have given rise to most of the non-iterative resolu-
tion methods[27–36]. The information obtained from
EFA allows for the derivation of estimates of the con-
centration profiles for these compounds, that are often
used as starting point in iterative resolution methods
[37,38]. FSMW-EFA conducts a series of PCA runs
moving a window of a fixed size one row downwards
every time from top to bottom of the data set. The visu-
alisation of these results gives a local rank map of the
data set, i.e. a representation of how many components
are simultaneously present in the different zones of the
data set (seeFig. 2b). The local rank map helps to lo-
cate easily selective zones in the data set and to know

the degree of compound overlap along the data set. It is
especially sensitive to the detection of minor species.
New algorithms based on EFA and FSMW-EFA have
refined the performance of the parent methods[39,40]
and have widened their applicability to the study of
systems with concurrent processes[41] or complex
spatial structure, such as spectroscopic images[42].

Other exploratory methods in resolution work find-
ing the purest variables (rows or columns) in a data
matrix, i.e. those marking the most dissimilar row and
column profiles in the raw measurements[43]. Some
of these procedures work on the abstract space of prin-
cipal components[44,45]and some others directly on
the space of the real variables of the measurements
[46–48]. As additional benefits, some of them can also
be used to determine the total number of components
in the data set and are very sensitive to detect minor
compounds. The purest variables in the concentration
direction provide the purest responses in the original
measurements and the purest response variables give
the purest concentration profiles. These purest profiles
are used as starting point in iterative resolution meth-
ods and are either the most dissimilar in the data set
or those spanning the data space most efficiently ac-
cording to the criterion of the selection method. This
kind of initial estimates are particularly useful for data
sets where the evolution of the concentration profiles
of the different compounds is not sequential, as it is
the case of spectroscopic images[42,49] or environ-
mental data[14,15].

4. Introducing knowledge in the optimisation:
the role of constraints

Although resolution does not require previous
knowledge about the chemical system under study,
additional knowledge, when existing, can be used to
improve the results obtained and to tailor the sought
pure profiles according to certain known features.

The working procedure of the different resolution
methods is very diverse but many of them start with
initial estimates ofC or S and work by optimising
iteratively the concentration and/or response profiles
using the available information about the system
[19,50–55]. The introduction of this information is
carried out through the implementation of constraints.
A constraint can be defined as any mathematical
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Fig. 2. (a) Concentration profiles of an HPLC-DAD data set. (b) Information derived from the data set in (a) by Evolving Factor Analysis
(EFA): scheme of PCA runs performed. Combined forward EFA (solid black lines) and backward EFA (dashed black lines) plot. The
thick lines with different linestyles are the derived concentration estimates. The shaded zone marks the concentration window for the first
eluting compound. The rest of the elution range is the zero-concentration window. (c) Information derived from the data set in (a) by
Fixed Size Moving Window-Evolving Factor Analysis (FSMW-EFA): scheme of the PCA runs performed. The straight lines and associated
numbers mark the different windows along the data set as a function of their local rank (number). The shaded zones mark the selective
concentration windows (rank 1).
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or chemical property systematically fulfilled by the
whole system or by some of its pure contributions
[56]. Constraints are translated into mathematical lan-
guage and force the iterative optimisation process to
model the profiles respecting the conditions desired.

Although generally accepted nowadays, there is
still a certain controversy related to the application of
constraints, due presumably to misuses and rudimen-
tary implementations of these conditions in the past.
The application of constraints should be always pru-
dent and soundly grounded and they should only be
set when there is an absolute certainty about the va-
lidity of the constraint. Even a potentially applicable
constraint can play a negative role in the resolution
process when factors like experimental noise or in-
strumental problems distort the related profile so as it
is no longer obeyed or when the profile is modified so
roughly that the convergence of the optimisation pro-
cess is seriously damaged. Resolution methods have
progressed through the new formulation and better
implementation of constraints.

Most of the constraints firstly implemented were
directly linked to chemical properties fulfilled by
the pure concentration or response profiles. Non-
negativity applied to concentrations and to many in-
strumental signals[1,3,19,50,51,53,57]. Unimodality
(i.e. the presence of only one maximum per profile)
was useful in many concentration profiles related
to processes, like reaction profiles or peaks in a
chromatographic elution process[19,51,53,58,59]. It
also applied to some particular signals, like some
voltammetric responses[60]. Closure (or mass
balance) was valid in many reaction systems as
well [19,22,28,38,53]. The most recent progress in
chemical-related constraints refers to the implemen-
tation of a physicochemical model into the resolution
process[61–69]. Such a strategy has reconciled the
separate worlds of hard- and soft-modelling and has
allowed for the resolution of chemical systems unable
to be successfully tackled by any of these two pure
methodologies. In resolution methods where hard- and
soft-modelling coexist, advantages from both aspects
can be taken. Thus, the strictness of the hard model
constraint decreases dramatically the ambiguity of
the related profiles and provides fitted parameters of
physicochemical[61–68]and analytical interest[69],
such as equilibrium and kinetic constants or total
analyte concentrations (seeFig. 3). The soft-part of

the algorithms allows for the modelling of complex
systems, where the central reaction system evolves in
the presence of absorbing interferents[63,69].

Chemical information associated with the knowl-
edge of pure spectra or pure concentration profiles
can also be introduced in the optimisation as an addi-
tional equality constraint[5,19,28,53,62]. The known
profiles may be set to be invariant along the iterative
process. Following this concept, the knowledge of a
profile does not need to be complete to be used. When
some elements are known, they can also be fixed. This
has opened the possibility to use two-way resolution
methods for quantitative purposes. Thus, some data
sets analogous to those used in multivariate calibra-
tion, formed by the signals recorded in a series of cal-
ibration and unknown samples, can be analysed. The
quantitative information is obtained by resolving the
system using an additional constraint that fixes the
known concentration values of the analyte(s) in the
calibration samples in the related concentration pro-
file(s)[70]. This approach provides also the qualitative
information related to resolution methods in the form
of pure signal profiles associated with the analyte and
interferents and has proven to be as powerful as clas-
sical multivariate methods in examples where the net
signal of the analyte is not very minor.

Other constraints are related to mathematical fea-
tures and can be applied to all data sets, regardless of
their chemical nature. These constraints are associated
with the concept of local rank, i.e. how the number
and distribution of components vary locally along
the data set. The key constraint within this family
is selectivity. It holds for concentration and spectral
windows where only one component is present and
suppresses completely the ambiguity linked to some
of the profiles in the system. The strong effect of this
constraint and the easy link with the analogous chem-
ical concept explain its early and wide application in
resolution problems[1,5,19,53]. Not so common, but
equally recommended is the use of other local rank
constraints in iterative resolution methods[19,53,71].
Setting which components are absent in data set
windows with a number of components smaller than
the total rank always contribute to the correct reso-
lution of profiles and can be particularly helpful in
multicomponent systems like spectroscopic images
or mixtures, where more process-related constraints
(unimodality, closure, etc.) are not applicable.
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Fig. 3. Application of a hard-model constraint based on the acid–base equilibrium model to an FTIR titration of an analyte in the presence
of interferents. (a) Structure of the column-wise data set with a sample and a standard matrix. (b) Physicochemical model used for the
diprotic acid analyte in the hard-model constraint. (c) Pure concentration profiles and 2nd derivative spectra obtained. The bold lines refer
to the analyte system. Thin solid lines come from an evolving interferent.CA: total concentration of the analyte in the sample is obtained
as a parameter obtained from the fitted hard-model (see[69] for more details).

Improvements in the implementation have signifi-
cantly increased the efficiency and reliability of con-
straints. Flexibility and smoothness could be the two
key words to summarize the main objectives in this
area. In this context, the word flexibility encompasses
a double meaning. On one hand, it concerns the com-
plete freedom of combinations in the way to constrain
the profiles linked to the different directions and com-
ponents in a data set. On the other hand, it affects
the degree of tolerance in the application of the con-
straints, i.e. how strict we are going to be to consider

that a profile does not obey a certain constraint. To
cope with noise-related problems in real data, the im-
plementation of constraints often allows for small de-
viations from the ideal behaviour before correcting a
profile [19,53,56].

Once a constraint should enter in action, there is a
big variability in the way a profile can be corrected.
When well implemented and fulfilled by the data
set, constraints can be seen as the driving forces of
the iterative process to the right solution and, often,
they are found not to be active in the last part of
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the optimisation process. The goal is modifying the
wrong-behaved profile upsetting as little as possible
the convergence of the iterative optimisation. The first
methods to be used were substitution methods, where
the wrong elements in a profile were updated by oth-
ers that fulfilled the sought constraint (e.g. negative
values were replaced by zeroes in non-negativity).
These straight replacements could eventually bring
the system far from the convergence pathway when
done too abruptly in very complex systems. In these
approaches, there has been a significant gain in
smoothness of constraint formulation. The most re-
cent alternative tends to implement the constraints
in a least-squares sense[72–74], keeping unmodi-
fied the monotonic convergence associated with the
main least-squares optimisation step, characteristic
of many iterative resolution methods. Constraints
like non-negativity, unimodality and other equality
constraints have been successfully implemented fol-
lowing this approach[75–77]. Despite their optimal
mathematical properties, there is still a need for a
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Fig. 4. General procedure followed for the resolution of spectroscopic images.

larger flexibility and speed in the use of these more
rigorously implemented constraints. Given the itera-
tive nature of resolution methods, the power of sub-
stitution strategies to solve systems that need a very
flexible application of constraints and the accepted
fact that the final results obtained are not significantly
different between rigorous and approximate constraint
implementation methods in most cases, both alterna-
tives should be kept in use and under active research to
widen the span of chemical problems to be resolved.

5. Resolution of complex data arrangements

New kinds of data sets, such as those produced by
the most recent instrumentation, like spectroscopic
images, can be analysed with resolution methods that
can adapt easily to their huge size and complex spatial
structure[42,49,78]. A spectroscopic image can be
displayed as a data cube with two dimensions related
to the x, y coordinates of the surface scanned and a



A. de Juan, R. Tauler / Analytica Chimica Acta 500 (2003) 195–210 203

third spectral dimension. However, the measurement
variation in an image data set follows a bilinear model,
where the mixed signal recorded in each pixel is de-
scribed by the concentration-weighted sum of the pure
signals of the chemical compounds present. The pure
spectra and distribution maps for the different com-
pounds are resolved as in any other two-way data set.
The only additional operations required are purely for-
mal and consist of unfolding the original image cube
into a matrix of pixel spectra and refolding the ele-
ments in the obtained concentration profiles according
to the original spatial structure of the image to get the
distribution map (seeFig. 4).

More important than the treatment of formally
complex data sets, like the images mentioned above,
advances in resolution have helped to expand the ap-
plicability of resolution methods from the treatment
of one experiment (a single data matrix or a two-way
data set) to the analysis of more complex data sets,
organised forming a data cube or as row-, column-
or row- and column-wise augmented matrices. These
complex arrangements are known under the name of
three-way data sets (seeFig. 5).

The resolution of three-way data sets provides pure
profiles for the compounds that relate to the three
informative directions of the data set. These triads
can be directly provided by the algorithms[79–92],
e.g. Parallel Factor Analysis (PARAFAC) or Tucker
models, or the profiles related to the third direction
can be easily derived from the results of the anal-
ysis of augmented matrices when they have a rele-
vant chemical meaning, like in Multivariate Curve
Resolution-Alternating Least Squares (MCR-ALS)
(see Fig. 6) [53]. Working with three-way data
sets has overcome typical problems associated with
two-way data analysis. As a general gain, there is a
significant decrease in the ambiguity of the resolu-
tion results because of the use of more and richer
information about the multicomponent system under
analysis.

The implementation of constraints finds in the
three-way data sets an area for further development.
Thus, the concept of flexibility extends to the possi-
bility of constraining the profiles in the three direc-
tions of a data cube differently[81,93]. In augmented
matrices, the profiles constrained and the constraints
applied can also vary in the relatedC andS subma-
trices[7,19,53].

Fig. 5. Different arrangements of three-way data sets. (a) Data
cube; (b) row-wise augmented matrix; (c) column-wise augmented
matrix; (d) row-and column-wise augmented matrix.

Other kinds of constraints have arisen because of
the special structure of three-way data sets. In mathe-
matical terms, three-way data sets divide into trilinear
and non-trilinear. A data set is said to be trilinear when
each compound in all experiments treated together can
be described by a triad of invariant pure profiles. This
would be the case of a three-way data set formed by
several samples monitored by fluorescence. The three
kinds of profiles to be recovered (excitation spectrum,
emission spectrum and sample-to-sample quantitative
variation) are invariant for one compound, i.e. the
pure spectral shape does not change from sample to
sample. A non-trilinear data set could come from
several HPLC-DAD runs, with the derived elution
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Fig. 6. Examples of data set decomposition derived from three-way
resolution methods. (a) Resolution of trilinear data by PARAFAC.
(b) Resolution of a column-wise data matrix by MCR-ALS.

profiles, spectra and quantitative profiles. In this case,
the elution profile of a compound can suffer shifts
or shape changes among runs and a common invari-
ant elution profile per compound for all runs would
not describe the system properly. Trilinearity is the
most essential three-way related constraint because,
when applicable, it ensures the uniqueness of the res-
olution results, i.e. the resolved profiles do not have
ambiguity [79–84]. Some resolution methods, like
PARAFAC or Direct Trilinear Decomposition, have
an inner trilinear structure, whereas others, like Mul-
tivariate Curve Resolution-Alternating Least Squares,
can optionally apply this constraint [7,53]. It is cru-
cial to know the real inner structure of the three-way
data set to be analysed (trilinear or non-trilinear)
to select the three-way resolution method that can
provide the best results [95–97]. Other constraints
based on the chemical knowledge, like the cor-
respondence of species, allow the introduction of
information related to the presence or absence of

compounds in the different matrices treated together
[53,94].

Working with three-way data sets improves the de-
scription of complex processes. In these situations, the
same process can be monitored with different instru-
mental techniques and the different sets of measure-
ments collected can be simultaneously analysed in a
row-wise augmented data matrix [98,99]. Using this
strategy, intermediates in protein folding processes
have been successfully detected and modelled. In this
concrete example, only the simultaneous analysis of
measurements collected with circular dichroism in the
far-UV (sensitive to changes in the protein secondary
structure) and in the near-UV (sensitive to changes
in the protein tertiary structure) provided enough
information to resolve the concentration profile and
spectrum of an intermediate conformation (with a de-
natured tertiary structure and a native-like secondary
structure) in the thermal-induced protein folding of
�-apolactalbumin (see Fig. 7). In other cases, the
analysis of column-wise augmented matrices formed
by experiments on the same system in slightly differ-
ent conditions (e.g. different metal-to-ligand ratio in
complexation processes or different temperatures) can
help in the resolution of all species in all experiments,
even in those where they have a minor contribution or
an incomplete evolution [59,71,100–102]. Analysis of
column- and row-wise augmented matrices is feasible
when the two circumstances mentioned above concur
[103,104].

If the two-way resolution analysis has mainly fo-
cused on the qualitative information derived from the
shapes of the pure signal and concentration profiles,
the resolution of three-way data sets often provides
additional quantitative information. Indeed, the third
direction in many three-way data sets is devoted to
explain the sample-to-sample differences in concen-
tration for the different compounds (e.g. in the exam-
ple of series of chromatographic runs or the series of
excitation–emission fluorescent samples). In contrast
to multivariate calibration methods, the information
related to a sample is not a vector (e.g. a spectrum) but
a whole matrix. The quantitative information is derived
from the varying scale of the pure concentration pro-
file of a compound in the different matrices (samples)
[94,105–111]. The richer information about the sam-
ple and the possibility to use the powerful three-way
resolution methods has two obvious advantages with
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Fig. 7. Resolution of the protein folding of �-apolactalbumin. (a) Detection of changes in protein secondary structure (far-UV circular dichroism measurements). (b) Detection
of changes in protein tertiary structure (near-UV circular dichroism measurements). (c) Complete description of protein folding. Resolution of the row-wise data set formed
by near-UV (D1) and far-UV (D2) circular dichroism measurements. Solid line: native conformation; dash-dotted line: intermediate conformation; dotted line: unfolded
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respect to traditional calibration approaches; strictly
speaking, only one standard is needed because the
concentration of the analyte in any other sample can
be derived from the scale ratio with the profile in
the standard and, equally important, the quantita-
tion can be performed in the presence of unknown
interferents.

Three-way resolution methods have allowed the
analysis of rank-deficient systems, that could not be
tackled with any two-way resolution approach. The
name of rank-deficient systems originates because
the number of mathematically distinguishable pure
contributions (rank) is lower than the total number
of chemical compounds in the data set. This hap-
pens when the profiles of some compounds (signals
or concentration profiles) can be described as linear
combinations of the profiles of others. This would
happen when two compounds have identical signals,
identical concentration profiles (e.g. B and C in an
A → B + C reaction) or when several closed systems
coexist [112,113]. In this situation, the failure of the
two-way resolution methods does not come from the
limitations of these approaches, but from the inner
structure of the data matrix. Rank-deficiency can
only be solved by matrix augmentation in the direc-
tion (signal or concentration) where this problem is
present, i.e. adding one or more matrices with new and
appropriate information so that the linear dependence
of the pure profiles of the original rank-deficient data
matrix does not hold anymore (e.g. column-wise aug-
menting a matrix with the reaction A → B + C with
a matrix with the process A → B). The analysis of
the three-way full-rank augmented matrix will pro-
vide the correct resolved profiles for the compounds
present in the original two-way rank-deficient matrix.
[69,109,114,115].

6. Quality assessment of results

Until recently, research in resolution was mainly
focused on the design and improvement of the algo-
rithms used and not much in providing procedures to
assess the quality of the results obtained. The main
sources of uncertainty associated with the resolution
results are the ambiguity of the recovered profiles and
the experimental noise of the data. Providing method-
ologies to quantify this uncertainty is not only a topic

of interest in the current research, but a necessary step
to introduce the use of resolution methods in standard
analytical procedures.

The possible existence of ambiguity in resolution is
known since the earliest research in this area [1]. After
years of experience, it has been possible to set res-
olution theorems that indicate clearly the conditions
needed to recover uniquely the pure concentration
and signal profiles of a compound in a data set. These
conditions depend mainly on the degree of overlap
among the region of occurrence of the compound and
the rest of constituents and on the general distribu-
tion of the different compound windows along the
data set [116]. Therefore, in the same system, some
profiles can be recovered uniquely and some others
will be necessarily affected by a certain ambiguity.
When ambiguity exists, a compound is represented
by a band of feasible solutions and not by a unique
profile. Calculating the boundaries of these bands is
not straightforward and the first attempts proposed
were valid only for systems with two or three com-
ponents [3]. More recent approaches extended their
applicability to systems with no limit in the number
of contributions [4,117]. The latest tendency uses
optimisation strategies to find the minimum and max-
imum solution band boundaries by minimising and
maximising objective functions subject to selected
constraints that, using different parameters, represent
the ratio between the signal contribution of a certain
compound and the total signal from all compounds
in the data set. These strategies are more powerful
than previous ones and allow for an accurate study
of the effect of the different constraints in the mag-
nitude of the bands of feasible solutions (see Fig. 8)
[118,119].

Even in the absence of ambiguity, the experimen-
tal error contained in real data can propagate in the
resolution results. This source of uncertainty affects
the results of all kinds of data analysis methods and,
in simpler approaches, like multivariate or univariate
calibration, is easily quantified with the use of well
established and generally accepted figures of merit.
Although some figures of merit have been proposed
for higher order calibration methods, [120] finding
analytical expressions to assess the error associated
with resolution results is an extremely complex prob-
lem because of the huge number of non-linear pa-
rameters that are calculated, as many as elements in
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Fig. 8. (a) True concentration profiles and spectra of an HPLC-DAD data set. (b) Resolved concentration profile and spectrum for the bold
component in (a) (solid line: result from MCR-ALS analysis, dashed lines: upper and lower solution boundaries subject to non-negativity,
unimodality and spectra normalisation). (c) Resolved concentration profile and spectrum for the bold component in (a) (solid line: result
from MCR-ALS analysis, dashed lines: upper and lower solution boundaries subject to local rank, non-negativity and spectra normalisation)
(for more detail, see [119]).
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all the pure profiles resolved. To overcome this prob-
lem and still give a reliable approximate estimation
of the error propagation in resolution, other strate-
gies known under the general name of resampling
are used [121–123]. In these strategies, an estimation
of the dispersion in the resolution results that would
be obtained after the resolution of a huge number of
replicates is obtained. To simulate these replicates,
a data matrix can be resolved repeatedly removing
some rows or columns every time or, in the case of a
three-way data set removing complete data matrices
[62,124] (jackknife), the complete data set can be
resolved multiple times after adding a certain amount
of noise on top of the experimental measurements
(noise-added method) [121] or the replicates of the
data set can be constructed by addition of a certain
amount of noise to a noise-free simulated or repro-
duced data set (Monte Carlo simulations). These
strategies that provide an enormous number of results
coming from the different resolution runs allow for an
estimation of the uncertainty coming from the noise in
the resolved profiles and, eventually, for the compu-
tation of the accuracy linked to some parameters, like
rate constants or equilibrium constants, that can be
indirectly derived from the profiles obtained [62,125].

Although ambiguity and noise are two distinct
sources of uncertainty in resolution, their effect on the
resolution results cannot be considered completely
independent. Thus, the boundaries of the compound
windows can be clearly blurred due to the noise effect
and this can give rise to ambiguities that would be ab-
sent in noise-free data sets. A definite advance would
be the proposal of approaches that may consider
this combined effect in the estimation of resolution
uncertainty.

7. Conclusions

The evolution of multivariate resolution methods is
continuous, fast and efficient. With the improvements
in exploratory tools, introduction of chemical infor-
mation, adaptation for the analysis of complex data
structures and quality assessment of the results, it can
be envisioned an important increase in the range of
application of these methods and a more generalised
and standardised use of multivariate resolution by the
analytical community.
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