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Abstract. Canonical decomposition is a key concept in multilinear algebra. In this paper we
consider the decomposition of higher-order tensors which have the property that the rank is smaller
than the greatest dimension. We derive a new and relatively weak deterministic sufficient condition
for uniqueness. The proof is constructive. It shows that the canonical components can be obtained
from a simultaneous matrix diagonalization by congruence, yielding a new algorithm. From the
deterministic condition we derive an easy-to-check dimensionality condition that guarantees generic
uniqueness.
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1. Introduction. An increasing number of problems in signal processing, data
analysis, and scientific computing involves the manipulation of quantities whose ele-
ments are addressed by more than two indices. In the literature these higher-order
analogues of vectors (first order) and matrices (second order) are called higher-order
tensors, multidimensional matrices, or multiway arrays. The algebra of higher-order
tensors is called multilinear algebra. This paper presents some new contributions
concerning a tensor decomposition known as the canonical decomposition (CANDE-
COMP) [9] or parallel factors model (PARAFAC) [24, 41].

In the following subsection we first introduce some basic definitions. In section 1.2
we have a closer look at the CANDECOMP. In section 1.3 we set out the problem
discussed in this paper and define our notation.

1.1. Basic definitions.
Definition 1.1. An n-mode vector of an (I1 × I2 × · · · × IN )-tensor A is an

In-dimensional vector obtained from A by varying the index in and keeping the other
indices fixed [27].

Definition 1.2. A real higher-order tensor is supersymmetric when it is invari-
ant under arbitrary index permutations.

Definition 1.3. An N th-order tensor A has rank 1 if it equals the outer product
of N vectors U (1), U (2), . . . , U (N):

ai1i2...iN = u
(1)
i1

u
(2)
i2

. . . u
(N)
iN

for all values of the indices.
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The outer product of U (1), U (2), . . . , U (N) is denoted by U (1) ◦ U (2) ◦ · · · ◦ U (N).
Example 1. Consider the (2 × 2 × 2)-tensor A defined by

a111 = −a121 = 3, a211 = −a221 = 6, a112 = −a122 = 1, a212 = −a222 = 2.

The 1-mode, 2-mode, and 3-mode vectors are the columns of the matrices(
3 −3 1 −1
6 −6 2 −2

)
,

(
3 6 1 2
−3 −6 −1 −2

)
, and

(
3 6 −3 −6
1 2 −1 −2

)
,

respectively. The tensor is rank 1 because it can be decomposed as

A =

(
1
2

)
◦
(

1
−1

)
◦
(

3
1

)
.

Definition 1.4. The rank of a tensor A is the minimal number of rank-1 tensors
that yield A in a linear combination [31].

Definition 1.5. The scalar product 〈A,B〉 of two tensors A,B ∈ R
I1×I2×···×IN

is defined as

〈A,B〉 =

I1∑
i1=1

I2∑
i2=1

. . .

IN∑
iN=1

ai1i2...iN bi1i2...iN .

This definition generalizes the standard scalar product of vectors (〈A,B〉 = ATB)

and the standard scalar product of matrices (〈A,B〉 =
∑I1

i1=1

∑I2
i2=1 aijbij , with

A,B ∈ R
I1×I2). Note that, for two (I1 × I2 × · · · × IN ) rank-1 tensors A = U

(1)
1 ◦

U
(1)
2 ◦ · · · ◦ U (1)

N and B = V
(1)
1 ◦ V (1)

2 ◦ · · · ◦ V (1)
N , we have

〈A,B〉 =

I1∑
i1=1

I2∑
i2=1

. . .

IN∑
iN=1

u
(1)
i1

u
(2)
i2

. . . u
(N)
iN

v
(1)
i1

v
(2)
i2

. . . v
(N)
iN

= (UT
1 V1)(U

T
2 V2) . . . (U

T
NVN ).(1.1)

Definition 1.6. The Frobenius norm of a tensor A ∈ R
I1×I2×···×IN is defined

as

‖A‖ =
√
〈A,A〉 =

(
I1∑

i1=1

I2∑
i2=1

. . .

IN∑
iN=1

a2
i1i2...iN

) 1
2

.

Definition 1.7. The Kruskal rank or k-rank of a matrix A, denoted by rankk(A),
is the maximal number r such that any set of r columns of A is linearly independent
[31].

By definition, we have that rankk(A) � rank(A).
Example 2. Consider the matrix

A =

(
1 2 4
2 1 2

)
,

which has rank 2. The k-rank of A is 1, because its last two columns are proportional.
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A
= + · · ·++

U
(1)
1

λ1 λ2 λR

U
(1)
2 U

(1)
R

U
(2)
1 U

(2)
2 U

(2)
R

U
(3)
1 U

(3)
2 U

(3)
R

Fig. 1.1. Visualization of the CANDECOMP for a third-order tensor.

1.2. The canonical decomposition. We now introduce the decomposition
that is dealt with in this paper.

Definition 1.8. A canonical decomposition of a tensor A ∈ R
I1×I2×···×IN is a

decomposition of A as a linear combination of a minimal number of rank-1 terms:

A =

R∑
r=1

λr U
(1)
r ◦ U (2)

r ◦ · · · ◦ U (N)
r .(1.2)

The decomposition is visualized for third-order tensors in Figure 1.1.

The supersymmetric variant in which U
(1)
r = U

(2)
r = · · · = U

(N)
r , r = 1, . . . , R,

was already studied in the nineteenth century in the context of invariant theory [11].
Around 1970, the unsymmetric decomposition was independently introduced in psy-
chometrics [9] and phonetics [24]. Later on, the decomposition was also applied in
chemometrics and the food industry [1, 6, 41]. In these various disciplines the CAN-
DECOMP is used for the purpose of multiway factor analysis. The term “canonical
decomposition” is standard in psychometrics, while in chemometrics the decompo-
sition is called a “parallel factors model.” Recently, the CANDECOMP has found
important applications in signal processing. In wireless telecommunications, it pro-
vides powerful means for the exploitation of different types of diversity [38, 39]. It also
describes the basic structure of higher-order cumulants of multivariate data on which
all algebraic methods for independent component analysis (ICA) are based [10, 14, 26].
Moreover, decomposition is finding its way into scientific computing, where it leads
to a way around the curse of dimensionality [4, 5].

To a large extent, the practical importance of the CANDECOMP stems from
its uniqueness properties. It is clear that one can arbitrarily permute the different
rank-1 terms. Also, the factors of a same rank-1 term may be arbitrarily scaled, as
long as their product remains the same. We call a CANDECOMP unique when it
is only subject to these trivial indeterminacies. The following theorem establishes a
condition under which uniqueness is guaranteed.

Theorem 1.9. The CANDECOMP (1.2) is unique if

N∑
n=1

rankk(U
(n)) � 2R + N − 1,(1.3)

where R is the rank and N is the order.
This theorem was first proved for real third-order tensors in [31]. A concise proof

that also applies to complex tensors was given in [38]. The result was generalized to
tensors of arbitrary order in [40].
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Note that, contrary to singular value decomposition (SVD) in the matrix case,
no orthogonality constraints are imposed on the matrices U(n) to ensure uniqueness.
Imposing orthogonality constraints yields a different decomposition that has different
properties [20, 29, 30].

Contrary to matrices, there is no easy way to find the rank of higher-order tensors,
except for some special cases [11, 16]. In addition, the rank of an (I1 × I2 × · · ·× IN )-
tensor is not bounded by min(I1, I2, . . . , IN ) [11, 31]. The determination of the rank
of a given tensor is usually a matter of trial and error.

For a given R, it is common practice to look for the canonical components by
straightforward minimization of the quadratic cost function

f(Â) = ‖A − Â‖2(1.4)

over all rank-R tensors Â, which we will parametrize as

Â =
R∑

r=1

λ̂r Û
(1)
r ◦ Û (2)

r ◦ · · · ◦ Û (N)
r .(1.5)

It is possible to resort to an alternating least-squares (ALS) algorithm, in which the
vector estimates are updated mode per mode [6, 9, 38]. The idea is as follows. Define

Û(n) = [Û
(n)
1 Û

(n)
2 . . . Û

(n)
R ],

Λ̂ = diag([λ̂1 λ̂2 . . . λ̂R]).

Now let us imagine that the matrices Û(m), m �= n, are fixed and that the only un-
knowns are the components of the matrix Û(n) · Λ̂. Because of the multilinearity of the
CANDECOMP, the estimation of these components is a classical linear least squares
problem. An ALS iteration consists of repeating this procedure for different mode
numbers: in each step the estimate of one of the matrices U(1),U(2), . . . ,U(N) is op-
timized, while the other matrix estimates are kept constant. In [34] a Gauss–Newton
method is described, in which all the factors of the CANDECOMP are updated si-
multaneously; in addition, the inherent indeterminacy of the decomposition has been
fixed by adding a quadratic regularization constraint on the component entries. We
also mention that the canonical components can in principle not be obtained by means
of a deflation algorithm. The reason is that the best rank-1 approximation of A gen-
erally does not correspond to one of the terms in (1.2), and that the residue is in
general not of rank R− 1 [13, 28, 45].

In [16] we studied the special case of an (I1 × I2 × I3)-tensor A of which (i)

the rank R � min(I1, I2), (ii) the set {U (1)
r }(1�r�R) is linearly independent, (iii)

the set {U (2)
r }(1�r�R) is linearly independent, and (iv) the set {U (3)

r }(1�r�R) does
not contain collinear vectors. In this case, the canonical components can be obtained
from a simultaneous matrix decomposition. Simultaneous matrix decompositions have
become an important tool for signal processing and data analysis in the last decade
[2, 3, 8, 19, 23, 35, 36, 42, 43, 44]. Let us, for instance, consider a simultaneous
diagonalization by congruence:

M1 = W · Λ1 · WT

...

MN = W · ΛN · WT ,(1.6)
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in which M1, . . . ,MN ∈ R
P×P are given symmetric matrices, W ∈ R

P×P is an un-
known nonsingular matrix, and Λ1, . . . ,ΛN ∈ R

P×P are unknown diagonal matrices.
Theoretically, W can already be obtained from two of these decompositions. Let us
assume for convenience that Mn is nonsingular and that all the diagonal entries of
Λm · Λ−1

n are mutually different. Then W follows from the eigenvalue decomposition
(EVD) Mm · M−1

n = W · Λm · Λ−1
n · W−1 [32]. From a numerical point of view,

it is preferable to take all the equations in (2.13) into account when the matrices
M1, . . . ,MN are only known with limited precision. Equation (2.13) then has to be
solved in some optimal way—for instance, by minimizing

g(Ŵ, Λ̂1, . . . , Λ̂N ) =

N∑
n=1

‖Mn − Ŵ · Λ̂n · ŴT ‖2.

1.3. This paper. In this paper we consider the special case of tensors that are
tall in one mode. More precisely we assume that IN � R. This case occurs very often
in practice. The tall mode may, for instance, be formed by different samples over
time or different samples from a population. Note that in this case condition (1.3)
generically reduces to

N−1∑
n=1

min(In, R) � R + N − 1.(1.7)

(We call a property generic when it holds everywhere, except for a set of Lebesgue
measure 0.) Hence, the maximum value R for which uniqueness of the CANDECOMP

is guaranteed is bounded by
∑N−1

n=1 In −N + 1.
In this paper we derive a new sufficient condition for uniqueness in the case that

IN � R. The proof is constructive. It shows that the canonical components can
be obtained from a simultaneous matrix diagonalization by congruence. The case
of third-order tensors is treated in section 2. Fourth-order tensors are discussed in
section 3. Along these lines, the approach can be generalized to tensors of arbitrary
order. In section 4 some numerical results are shown. The presentation is in terms of
real tensors. Complex tensors can be dealt with in the same way.

The derivation in section 2.1 was inspired by the ICA algorithm presented in
[7]. In the latter paper, a “rank-1 detecting device” was proposed that is similar to
mapping Φ in Theorem 2.1. It was subsequently shown that this device could be used
to find the ICA solution from the fourth-order cumulant tensor of the data via an
EVD of a real symmetric matrix. In the derivation the symmetries of the cumulant
tensor were exploited. Here we only make use of the algebraic structure of the CAN-
DECOMP. The canonical components are computed by means of the (approximate)
simultaneous decomposition of a set of matrices instead of the decomposition of a
single matrix. The ICA application is worked out in more detail in [18].

Notation. In this paper scalars are denoted by lowercase italic letters (a, b, . . . ),
vectors are written as italic capitals (A, B, . . . ), matrices correspond to boldface
capitals (A, B, . . . ), and tensors are written as calligraphic letters (A, B, . . . ). This
notation is consistently used for lower-order parts of a given structure. For instance,
the entry with row index i and column index j in a matrix A, i.e., (A)ij , is symbolized
by aij (also (A)i = ai and (A)i1i2...iN = ai1i2...iN ). The ith column vector of a matrix
A is denoted as Ai, i.e., A = [A1A2 . . . ]. Italic capitals are also used to denote index
upper bounds (e.g., i = 1, 2, . . . , I). The zero tensor is denoted by O. The symbol ⊗
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denotes the Kronecker product,

A ⊗ H
def
=

⎛
⎜⎝

a11H a12H . . .
a21H a22H . . .

...
...

⎞
⎟⎠ ,

and 	 represents the Khatri–Rao or columnwise Kronecker product [37]:

A 	 H
def
= (A1 ⊗H1 . . . AR ⊗HR) .

The operator diag(·) stacks its vector argument in a square diagonal matrix. We
denote the 2-norm condition number of a matrix, i.e., the ratio of its largest to its
smallest singular value, by cond(·). The (N × N) identity matrix is represented by
IN×N . The (I×J) zero matrix is denoted by 0I×J . Finally, PJ·I×I·J is the (IJ×IJ)
permutation matrix of which the entries at positions ((j − 1)I + i, (i − 1)J + j),
i = 1, 2, . . . , I, j = 1, 2, . . . , J , are equal to one, the other entries being equal to zero.

2. The third-order case.

2.1. Deterministic uniqueness condition and algorithm. Consider an (I×
J ×K)-tensor T of which the CANDECOMP is given by

tijk =

R∑
r=1

airbjrckr ∀i, j, k(2.1)

in which A ∈ R
I×R, B ∈ R

J×R, C ∈ R
K×R. We assume that min(IJ,K) � R.

Consider a matrix T ∈ R
IJ×K in which the entries of T are stacked as follows:

(T)(i−1)J+j,k = tijk.

We have

T = (A 	 B) · CT .(2.2)

We assume that both A	B and C are full column rank. Both conditions are generi-
cally satisfied if R � min(IJ,K), as will be explained in section 2.2. Note that, in this
case, the rank of the tensor T is equal to the rank of its matrix representation T. We
notice that if A 	 B is not full column rank, (2.1) is not unique [33]. As a matter of
fact, in this case a decomposition with a smaller number of terms is possible. (If, for

instance, AR ⊗BR =
∑R−1

r=1 αrAr ⊗Br, then T =
∑R−1

r=1 Ar ◦Br ◦ (Cr +αrCR).) On
the other hand, if C is not full column rank, then the rank of T may nevertheless be
equal to R and the CANDECOMP may still be unique (e.g., (1.3) may be satisfied).
In that case, the rank of T cannot be estimated as the rank of T, and the algorithm
below will fail.

Consider a factorization of T of the form

T = E · FT ,(2.3)

with E ∈ R
IJ×R and F ∈ R

K×R full column rank. Because of (2.2) and (2.3), we
have

A 	 B = E · W(2.4)



648 LIEVEN DE LATHAUWER

for some nonsingular W ∈ R
R×R. The task is now to find W such that the columns

of E ·W are Kronecker products. A vector that is equal to the Kronecker product of
a vector A ∈ R

I and a vector B ∈ R
J can be represented as an (I×J) rank-1 matrix;

cf. (2.14)–(2.15) below. Matrices with rank at most 1 and matrices of which the
rank is strictly greater than 1 can be distinguished by means of the bilinear mapping
introduced in the following theorem.

Theorem 2.1. Consider the mapping Φ : (X,Y) ∈ R
I×J × R

I×J → Φ(X,Y) ∈
R

I×I×J×J defined by

(Φ(X,Y))ijkl = xikyjl + yikxjl − xilyjk − yilxjk.(2.5)

Then we have Φ(X,X) = O if and only if X is at most rank 1.
Proof. The “if” part is obvious. For the “only if” part, let the SVD of X be given

by U · Σ · VT , with Σ = diag([σ1 . . . σM ]), where M = min(I, J). We have

xikxjl =

M∑
r,s=1

σrσsuirvkrujsvls,

xilxjk =

M∑
r,s=1

σrσsuirvlrujsvks,

Φ(X,X) = 2
M∑

r,s=1

σrσs(Ur ◦ Us ◦ Vr ◦ Vs − Ur ◦ Us ◦ Vs ◦ Vr).(2.6)

Rank-1 terms corresponding to the same r= s cancel out in (2.6). Due to the orthog-
onality of U and V, the other terms are mutually orthogonal, as can be verified by
means of (1.1). Because of the linear independence of these terms, we must have that
σrσs = 0 whenever r �= s. Hence, Σ is at most rank 1.

Another way to see this is by observing that the entries of Φ(X,X)/2 correspond
to the determinants of the different (2×2) submatrices of X. A necessary and sufficient
condition for X to be at most rank 1 is that all these determinants vanish.

Define matrices E1, . . . ,ER ∈ R
I×J corresponding to each column of E in (2.3)

so that

(Er)ij = e(i−1)J+j,r ∀i, j, r

and let Prs = Φ(Er,Es). Note that Φ is symmetric in its arguments; hence

Prs = Psr ∀r, s.(2.7)

Since Φ is bilinear, we have from (2.4)

Prs =

R∑
t,u=1

(W−1)tr(W
−1)usΦ

(
AtB

T
t , AuB

T
u

)
.(2.8)

Assume at this point that there exists a symmetric matrix M of which the entries sat-
isfy the following set of homogeneous linear equations (we will justify this assumption
below):

R∑
r,s=1

mrsPrs = O.(2.9)
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Substitution of (2.8) in (2.9) yields

R∑
r,s=1

R∑
t,u=1

(W−1)tr(W
−1)usmrsΦ

(
AtB

T
t , AuB

T
u

)
= O.

According to Theorem 2.1, we have Φ
(
AtB

T
t , AtB

T
t

)
= O, 1 � t � R. Hence

R∑
r,s=1

R∑
t,u=1

t�=u

(W−1)tr(W
−1)usmrsΦ

(
AtB

T
t , AuB

T
u

)
= O.

Furthermore, due to (2.7) and the symmetry of M we have

R∑
r,s=1

R∑
t,u=1

t<u

(W−1)tr(W
−1)usmrsΦ

(
AtB

T
t , AuB

T
u

)
= O.(2.10)

Denote

λtu =

R∑
r,s=1

(W−1)tr(W
−1)usmrs.(2.11)

Let us now make the crucial assumption that the tensors Φ
(
AtB

T
t , AuB

T
u

)
, 1 � t <

u � R, are linearly independent. Then (2.10) implies that λtu = 0 when t �= u. As a
consequence, (2.11) can be written in a matrix format as

M = W · Λ · WT ,(2.12)

in which Λ is diagonal. Actually, one can see that any diagonal matrix Λ generates a
matrix M that satisfies (2.9). Hence, if the tensors {Φ(AtB

T
t , AuB

T
u )}t<u are linearly

independent, these matrices form an R-dimensional subspace of the symmetric (R×R)
matrices. Let {Mr} represent a basis of this subspace. We have

M1 = W · Λ1 · WT

...

MR = W · ΛR · WT ,(2.13)

in which Λ1, . . . ,ΛR are diagonal. Equation (2.13) is of the form (1.6). The matrix
W can be determined from this simultaneous matrix decomposition by means of the
algorithms presented in [6, 9, 16, 19, 34, 42, 43, 44]. Comparing these algorithms is
outside the scope of this paper.

Once W is known, A	B can be obtained from (2.4). Let the columns of A	B
be mapped to (I × J) matrices Gr as follows:

(Gr)ij = (A 	 B)(i−1)J+j,r, r = 1, . . . , R.(2.14)

Then we have

Gr = ArB
T
r , r = 1, . . . , R,(2.15)
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from which A and B can be obtained. On the other hand, from (2.2), (2.3), and (2.4)
it follows that

C = F · W−T .(2.16)

Equation (2.13) can also be interpreted as the CANDECOMP of a cubic (R ×
R×R)-tensor M of rank R. In M, the matrices M1, . . . , MR are stacked as follows:

mijk = (Mk)ij ∀i, j, k.

Define a matrix L ∈ R
R×R as follows:

L =

⎛
⎜⎝

(Λ1)11 · · · (Λ1)RR

...
...

(ΛR)11 · · · (ΛR)RR

⎞
⎟⎠ .

Then (2.13) can be written as

M =
R∑

r=1

Wr ◦Wr ◦ Lr,

which is indeed a CANDECOMP of M. Hence the computation of the CANDECOMP
(2.1), with possibly R < I and/or R < J , has been reformulated as a problem of the
type discussed in [16].

We conclude that the CANDECOMP in (2.1) is unique if C is full column rank
and if the tensors {Φ(AtB

T
t , AuB

T
u )}1�t<u�R are linearly independent. This is an

easy-to-check deterministic sufficient (but not necessary) condition for uniqueness. If
it is satisfied, the canonical components may be computed from the equations derived
above. Algorithm 2.1 summarizes the procedure.

If C is column rank deficient, and rank(T ) = R, then the algorithm fails, as
already explained above. If {Φ(AtB

T
t , AuB

T
u )}1�t<u�R are linearly dependent, then

(2.9) has solutions that cannot be decomposed as in (2.12), and the algorithm fails as
well.

In practice, tensor T may only be known with limited precision. In this respect,
some comments concerning the practical implementation of Algorithm 2.1 are in order:

Step 2. The rank R may be obtained as the number of significant singular values
of T.

Step 3. This factorization may, for instance, be obtained as follows: Let the SVD
of T be given by T = U · S · VT . Let Ũ ∈ R

I×R, S̃ ∈ R
R×R, Ṽ ∈ R

J×R denote the
dominant part of U, S, V, respectively. Then we may take E and F equal to

E = Ũ · S̃, F = Ṽ.

Step 4. Actually only Prs, r � s, have to be computed, because of (2.7).
Step 6. Because of (2.7) and the symmetry of M, the equation can be written as

R∑
s=1

mssPss + 2

R∑
s,t=1

s<t

mstPst = O.(2.17)

This equation has to be solved in the least-squares sense. Stack Pst in a vector
Pst ∈ R

I2J2

, 1 � r � s � R. Let the R singular vectors of the coefficient matrix
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Algorithm 2.1

In: T ∈ R
I×J×K satisfying

T =

R∑
r=1

Ar ◦Br ◦ Cr,

with both {Cr}1�r�R and {Φ(AtB
T
t , AuB

T
u )}1�t<u�R linearly independent.

Out: rank R and CANDECOMP factor matrices A ∈ R
I×R, B ∈ R

J×R, C ∈
R

K×R.
1. Stack T in T ∈ R

IJ×K as follows:

(T)(i−1)J+j,k = (T )ijk ∀i, j, k.

2. R = rank(T).
3. Compute factorization

T = E · FT ,

with E ∈ R
IJ×R and F ∈ R

K×R full column rank.
4. Stack E in E ∈ R

I×J×R as follows:

(E)ijr = (E)(i−1)J+j,r ∀i, j, r.

5. Compute Prs ∈ R
I×I×J×J , 1 � r, s � R, as follows:

(Prs)ijkl = eikrejls + eiksejlr − eilrejks − eilsejkr ∀i, j, k, l.

6. Compute the kernel of

R∑
s,t=1

mstPst = O

under the constraint mst = mts ∀s, t. Stack R linearly independent
solutions in symmetric matrices M1, . . . , MR ∈ R

R×R.
7. Determine W ∈ R

R×R that simultaneously diagonalizes M1, . . . , MR:

M1 = W · Λ1 · WT

...

MR = W · ΛR · WT .

8. A 	 B = E · W and C = F · W−T .
9. Stack A 	 B in G1, . . . , GR ∈ R

I×J as follows:

(Gr)ij = (A 	 B)(i−1)J+j,r ∀i, j.

10. Obtain Ar, Br from

Gr = ArB
T
r ∀r.
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[P11, . . . , PRR, 2P12, 2P13, . . . , 2PR−1,R], corresponding to the smallest singular val-
ues, be denoted by (w1,1,r, . . . , wR,R,r, w1,2,r, w1,3,r, . . . , wR−1,R,r)

T , 1 � r � R. Then
we may take Mr equal to

Mr =

⎛
⎜⎜⎜⎝

w1,1,r w1,2,r · · · w1,R,r

w1,2,r w2,2,r · · · w2,R,r

...
...

. . .
...

w1,R,r w2,R,r · · · wR,R,r

⎞
⎟⎟⎟⎠ ∀r.

Step 7. The matrices Mr may be weighted according to their expected relative
precision. The singular values of the coefficient matrix in step 6 give an indication of
this precision.

Step 10. Ar and Br are obtained from the best rank-1 approximation of Gr.
Remark 1. It turns out that our deterministic sufficient condition for uniqueness

has also, in an entirely different manner, been derived in [22]. In that paper, a matrix

U ∈ C
I2J2×R(R−1)/2 is defined as follows:

(U)
(i1−1)(IJ2)+(i2−1)J2+(j1−1)J+j2,

(u−2)(u−1)
2 +t

=

∣∣∣∣ ait aiu
akt aku

∣∣∣∣ ·
∣∣∣∣ ajt aju
alt alu

∣∣∣∣ ,
(2.18)

1 � i1, i2 � I, 1 � j1, j2 � J, 1 � t < u � R.

It is shown that the CANDECOMP is unique if U and C are full column rank. It is
easy to verify that

(U)
(i1−1)(IJ2)+(i2−1)J2+(j1−1)J+j2,

(u−2)(u−1)
2 +t

=
(
Φ(AtB

T
t , AuB

T
u )

)
i1i2j1j2

.(2.19)

In other words, the columns of U are vector representations of the tensors {Φ(AtB
T
t ,

AuB
T
u )}1�t<u�R. Hence, the uniqueness conditions in this paper and in [22] are the

same.

2.2. Generic uniqueness condition. In this section we examine under which
conditions on R both {Cr}1�r�R and {Φ(AtB

T
t , AuB

T
u )}1�t<u�R are generically lin-

early independent. We will derive bounds on R that depend only on the dimensions
of the tensor. A generic tensor whose rank and dimensions satisfy these constraints
has a CANDECOMP that is unique and comprises components that can be computed
by means of Algorithm 2.1. We start from the following lemma.

Lemma 2.2. Consider A ∈ R
I×R and B ∈ R

J×R. Generically we have

rank(A 	 B) = min(IJ,R).

Proof. Denote R̃ = rank(A 	 B). Let us assume that R̃ < min(IJ,R). The
theorem follows from the observation that a generic perturbation of the vectors Ar	Br

makes the set linearly independent. Let us map Ar 	Br to the (I×J) matrix ArB
T
r ,

r = 1, . . . , R. Assume, without loss of generality, that A1B
T
1 lies in the vector space

V generated by ArB
T
r , r = 2, 3, . . . , R. It suffices to prove that a generic perturbation

of A1B
T
1 does not lie in V. Let V⊥ ∈ R

I×J be orthogonal to V, i.e., the scalar
product of V⊥ and any matrix in V is zero. We have 〈A1B

T
1 ,V

⊥〉 = AT
1 V⊥B1 =

0. Let the perturbed version of A1B
T
1 be denoted by Ã1B̃

T
1 . Generically we have

〈Ã1B̃
T
1 ,V

⊥〉 = ÃT
1 V⊥B̃1 �= 0, i.e., the perturbation has a component orthogonal
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to V. As a consequence, Ã1 	 B̃1 has a component orthogonal to Ar 	 Br, r =
2, 3, . . . , R.

Remark 2. That matrices A and B are full rank or full k-rank does not guarantee
their Khatri–Rao product will be full rank. Consider, for instance,

A =

(
1 0 1 1
0 1 1 −1

)
, B =

(
1 0 1 1
0 1 2 −2

)
.

We have rank(A) = rankk(A) = rank(B) = rankk(B) = 2. However,

A 	 B =

⎛
⎜⎜⎝

1 0 1 1
0 0 2 −2
0 0 1 −1
0 1 2 2

⎞
⎟⎟⎠ ,

such that rank(A 	 B) = rankk(A 	 B) = 3 < 4.
Before continuing with Lemmas 2.3 and 2.4, we explain the intuition behind

Lemma 2.2. We start with a geometric description of the surface formed by the
matrices of which the rank is at most 1; cf. [12, 25] and the references therein.

Let SN be the sphere consisting of the unit-norm vectors in R
N . Define the outer

product SI × SJ as the set formed by the outer products of any vector on SI and
any vector on SJ . This corresponds to the set of unit-norm rank-1 matrices in R

I×J .
It consists of two disjoint parts, consisting of the positive and negative semidefinite
rank-1 matrices, respectively. Each of these parts corresponds to a highly symmetric
surface in R

I×J . Namely, each part is mapped onto itself by any transformation of
the form

f : R
I×J → R

I×J : X → f(X) = QI · X · QJ ,

in which QI and QJ are orthogonal matrices in R
I×I and R

J×J , respectively, rep-
resenting rotations and/or reflections. The full set of (I × J) matrices of which the
rank is at most 1, represented by R

I×J
R�1, is obtained by allowing arbitrary scalings of

the elements of SI × SJ . Hence R
I×J
R�1 corresponds to a double cone built on SI × SJ .

Let us focus on the case of symmetric (2×2) matrices, which form a vector space
of dimension 3, and hence allow for a visual representation (see Figure 2.1). The
symmetric positive semidefinite unit-norm rank-1 matrices form a circle. Reflection
around the origin yields a second circle, corresponding to the symmetric negative
semidefinite unit-norm rank-1 matrices. Arbitrary symmetric rank-1 matrices are
obtained by scaling, i.e., they form a double cone built on the two circles. It is now
clear that, with probability one, three arbitrarily chosen points on the double cone are
not confined to a common two-dimensional plane. This is equivalent to saying that
the rank of A	A for A ∈ R

2×3 is generically equal to 3, since the columns Ar ⊗Ar

of A	A can be interpreted as a vector representation of the rank-1 matrices ArA
T
r .

The situation for R
I×J
R�1 is completely similar. Randomly sampling points on

the double cone yields a set that is maximally linearly independent. This has been
formalized in Lemma 2.2.

We now have the following two lemmas.
Lemma 2.3. Let V = {Vm|1 � m � M} be a set of linearly independent vectors

in R
N2

. Let W1, . . . , WR be vectors in R
N . Let WR = {Wp⊗Wq|1 � p < q � R}. If

R � N + 1 and M +
R(R− 1)

2
� N2,(2.20)
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+

−

+/−

I2×2

−I2×2

02×2

Fig. 2.1. Visualization of the vector space of symmetric (2 × 2) matrices. The double cone is
formed by the rank-1 matrices. The upper cone contains the positive definite matrices. The lower
cone contains the negative definite matrices. The surrounding space contains the indefinite matrices.
Taking at random three points on the double cone yields a linearly independent set. The three points
indicated by a little square belong to the same subspace, represented by the dashed plane. After a
(generic) small displacement of these points on the double cone, they are no longer constrained to a
two-dimensional subspace.

then the vectors in V ∪ WR are linearly independent for a generic choice of Wr,
1 � r � R.

Proof. Let WR−1 = {Wp ⊗Wq|1 � p < q � R − 1}. The proof is by induction.
We first show that the lemma holds for M � N2 − 1 and R = 2. Then we show that,
assuming that the lemma holds for (M,R − 1), it still holds for (M,R) if (2.20) is
satisfied.

Let V ⊥ ∈ R
N2

be orthogonal to the vectors in V. To initialize the induction,
it suffices to show that W1 ⊗ W2 generically has a component in the direction of
V ⊥. Define a matrix V⊥ ∈ R

N×N by (V⊥)n1n2
= (V ⊥)(n1−1)N+n2

. Then we have

(W1 ⊗W2)
TV ⊥ = WT

1 V⊥W2, which is indeed generically different from zero.

Now we prove the induction step. The matrices [W1 . . .WR−1], [W2 . . .WR] ∈
R

N×R are generically full column rank if R � N + 1. By a property of the Kronecker
product, [W1 . . .WR−1]⊗ [W2 . . .WR] is also full column rank. The set WR, consisting
of columns of the latter matrix, is thus linearly independent. Now suppose that the set
V∪WR is linearly dependent. We prove that the set becomes linearly independent by
a generic perturbation of the vector WR. We prove this by contradiction. Let WR be
replaced by a vector W̃R that is not proportional to WR. The set WR is consistently
replaced by W̃R. Suppose that V ∪ W̃R is still linearly dependent. Generically,
we may assume that V1 can be written as a linear combination of the vectors in
(V \ {V1}) ∪WR. We may also assume that V1 is a linear combination of the vectors
in (V \ {V1}) ∪ W̃R. In other words, V1 is in the intersection of the subspaces U and
Ũ generated by (V \ {V1}) ∪ WR and (V \ {V1}) ∪ W̃R, respectively. U equals the
sum of the subspace generated by (V \ {V1}) ∪ WR−1 and the subspace generated
by {W1 ⊗ WR, . . . ,WR−1 ⊗ WR}. Ũ equals the sum of the subspace generated by
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(V \ {V1}) ∪ WR−1 and the subspace generated by {W1 ⊗ W̃R, . . . ,WR−1 ⊗ W̃R}. U

cannot be equal to R
N2

since dim(U) � M − 1 + R(R − 1)/2 < N2; neither can

Ũ be equal to R
N2

. Taking into account that the vectors {W1 ⊗ WR, . . . ,WR−1 ⊗
WR,W1 ⊗ W̃R, . . . ,WR−1 ⊗ W̃R}, being the columns of [W1 . . .WR−1]⊗ [WR W̃R], are
linearly independent, we conclude that the intersection of U and Ũ is equal to the
subspace generated by (V \ {V1}) ∪ WR−1. Since V1 is in the intersection of U and
Ũ, it is a linear combination of the vectors in (V \ {V1}) ∪ WR−1. This means that
the set V ∪ WR−1 is linearly dependent, which is in contradiction to the induction
hypothesis.

Lemma 2.4. Let V = {Vm|1 � m � M} be a set of linearly independent vectors

in R
I2J2

. Let A1, . . . , AR be vectors in R
I and let B1, . . . , BR be vectors in R

J . If

R � IJ + 1 and M +
R(R− 1)

2
� I2J2,(2.21)

then the vectors in V ∪ {Ap ⊗Bp ⊗Aq ⊗Bq|1 � p < q � R} are linearly independent
for a generic choice of Ar and Br, 1 � r � R.

Proof. The proof is analogous to the proof of Lemma 2.3. The role of [W1 . . .WR−1],
[W2 . . .WR] is now played by [A1⊗B1 . . . AR−1⊗BR−1], [A2⊗B2 . . . AR⊗BR] ∈ R

IJ×R.
The latter matrices are generically full column rank if R � IJ + 1 because of Lemma
2.2.

We now have the following theorem.
Theorem 2.5. The CANDECOMP in (2.1) is generically unique if R � K and

R(R− 1) � I(I − 1)J(J − 1)/2.
Proof. The second inequality implies that R � IJ . According to Lemma 2.2,

A 	 B is generically full column rank, which is a necessary requirement for (2.1) to
be a CANDECOMP (cf. above). We will prove the theorem by checking that the
deterministic conditions for uniqueness derived in section 2.1 are generically satisfied.
According to the first inequality of the theorem, C is tall. Hence, it is generically
full column rank. We will now show that the second inequality generically guarantees
linear independence of {Φ(ApB

T
p , AqB

T
q )}p<q.

Consider the following bijective mapping of vectors in R
I2J2

to tensors in R
I×I×J×J :

(F1(X))ijkl = x(i−1)IJ2+(j−1)J2+(k−1)J+l.

The image vector of Φ(ApB
T
p , AqB

T
q ) under the inverse mapping F−1

1 is given by

Ap ⊗Aq ⊗ (Bp ⊗Bq −Bq ⊗Bp)

+ Aq ⊗Ap ⊗ (Bq ⊗Bp −Bp ⊗Bq)

= (Ap ⊗Aq −Aq ⊗Ap) ⊗ (Bp ⊗Bq −Bq ⊗Bp)

= [(II2×I2 − PI2×I2) · (Ap ⊗Aq)] ⊗ [(IJ2×J2 − PJ2×J2) · (Bp ⊗Bq)]

= [(II2×I2 − PI2×I2) ⊗ (IJ2×J2 − PJ2×J2)] · [Ap ⊗Aq ⊗Bp ⊗Bq]

def
= G · [Ap ⊗Aq ⊗Bp ⊗Bq].(2.22)

Linear independence of {Φ(ApB
T
p , AqB

T
q )}p<q is equivalent to linear independence of

the image vectors. The latter are linearly independent if and only if the intersection
of the kernel of G and the subspace generated by {Ap ⊗ Aq ⊗ Bp ⊗ Bq}p<q contains
only the null vector. In other words, a basis of the kernel of G and the vectors
Ap ⊗ Aq ⊗ Bp ⊗ Bq, p < q, have to form a linearly independent set. The dimension
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of the kernel of G is I2J2 − rank(G). According to Lemma 2.4, the set formed by
a basis of the kernel and the R(R − 1)/2 vectors Ap ⊗ Aq ⊗ Bp ⊗ Bq is generically
linearly independent if

R(R− 1)

2
� rank (G) .(2.23)

We now compute rank(G). Consider Y ′ ∈ R
I2

and Y ∈ R
I×I , linked by y′(i1−1)I+i2 =

yi1i2 , i1, i2 = 1, . . . , I. The matrix PI2×I2 is such that PI2×I2Y ′ and YT are linked
in the same way, i.e., (PI2×I2Y ′)(i1−1)I+i2 = yi2i1 . Hence the kernel of II2×I2 −
PI2×I2 corresponds to the I(I+1)/2-dimensional space of symmetric (I×I) matrices.
Therefore rank(II2×I2−PI2×I2) = I(I−1)/2 and rank(IJ2×J2−PJ2×J2) = J(J−1)/2.
By a property of the Kronecker product we obtain

rank (G) = I(I − 1)J(J − 1)/4.(2.24)

Combining (2.23 ) and (2.24) yields that the set {Φ(ApB
T
p , AqB

T
q )}p<q is generically

linearly independent if and only if

R(R− 1)

2
� I(I − 1)J(J − 1)

4
.

3. The fourth-order case.

3.1. Deterministic uniqueness condition and algorithm. Now consider an
(I × J ×K × L)-tensor T of which the CANDECOMP is given by

tijkl =

R∑
r=1

airbjrckrdlr,(3.1)

in which A ∈ R
I×R, B ∈ R

J×R, C ∈ R
K×R, D ∈ R

L×R.
Consider a matrix T ∈ R

IJK×L in which the entries of T are stacked as follows:

(T)(i−1)JK+(j−1)K+k,l = tijkl ∀i, j, k, l.

We have

T = (A 	 B 	 C) · DT .(3.2)

We assume that both A 	 B 	 C and D are full column rank. Both conditions are
generically satisfied if R � min(IJK,L) (generic properties will be examined in detail
in section 3.2). In this case, the rank of T is equal to the rank of T.

Consider a factorization of T of the form

T = E · FT ,(3.3)

with E ∈ R
IJK×R and F ∈ R

L×R full column rank. Because of (3.2) and (3.3), we
have

A 	 B 	 C = E · W(3.4)

for some nonsingular W ∈ R
R×R. The task is now to find W such that the columns

of E ·W correspond to third-order rank-1 tensors. Therefore, we will make use of the
following third-order variant of Theorem 2.1.
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Theorem 3.1. Consider the mappings Ψ1 : (X ,Y) ∈ R
I×J×K × R

I×J×K →
Ψ1(X ,Y) ∈ R

I×I×J×J×K×K , Ψ2 : (X ,Y) ∈ R
I×J×K × R

I×J×K → Ψ2(X ,Y) ∈
R

I×I×J×J×K×K, and Ψ : (X ,Y)∈R
I×J×K×R

I×J×K→Ψ(X ,Y)∈R
I×I×J×J×K×K×2,

defined by

(Ψ(X ,Y))ijklmn1 = (Ψ1(X ,Y))ijklmn

= xikmyjln + yikmxjln − xjkmyiln − yjkmxiln,(3.5)

(Ψ(X ,Y))ijklmn2 = (Ψ2(X ,Y))ijklmn

= xikmyjln + yikmxjln − xilmyjkn − yilmxjkn.(3.6)

Then we have Ψ(X ,X ) = 0 if and only if X is at most rank 1.
Proof. The “if” part is obvious. For the “only if” part, let us first consider the

condition

xikmxjln − xjkmxiln = 0,(3.7)

following from (3.5). Define a matrix X(1) ∈ R
I×JK by the elementwise equation

(X(1))i,(j−1)K+k = xijk ∀i, j, k.

The columns of X(1) correspond to the different mode-1 vectors of X . Equation (3.7)
is equivalent to

det

((
xikm xiln

xjkm xjln

))
= 0.

Imposing constraint (3.7) for all indices is equivalent to claiming that the determinant
of any (2 × 2) submatrix of X(1) vanishes. This is satisfied if and only if X(1) is at
most rank 1. In other words, (3.7) holds for all index combinations if and only if all
the mode-1 vectors of X are proportional. Similarly, the condition

xikmxjln − xilmxjkn = 0,(3.8)

following from (3.6), is satisfied for all indices if and only if all the mode-2 vectors
are proportional. Consider the matrices Xk ∈ R

I×J , 1 � l � K, defined by the
elementwise equation (Xk)ij = xijk. If all mode-1 vectors are proportional to a
vector A and if all mode-2 vectors are proportional to a vector B, then all matrices
Xk are proportional to ABT :

Xk = ckABT

or

xijk = aibjck

for all indices. Hence, (3.7) and (3.8) guarantee that X is at most rank 1, and vice-
versa.

Remark 3. One could add a third tensor slice to Ψ(X ,Y), as follows:

(Ψ(X ,Y))ijklmn3 = (Ψ3(X ,Y))ijklmn

= xikmyjln + yikmxjln − xiknyjlm − yiknxjlm.
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However, as the proof of Theorem 3.1 demonstrates, this brings in no additional
information. On the other hand, one may arbitrarily choose which two of the tensor
slices Ψ1(X ,Y), Ψ2(X ,Y), Ψ3(X ,Y) are retained. In what follows, we will work with
Ψ(X ,Y) as defined in Theorem 3.1.

Define tensors E1, . . . , ER ∈ R
I×J×K by

(Er)ijk = e(i−1)JK+(j−1)K+k,r ∀i, j, k, r

and let Qrs = Ψ(Er, Es). Due to the bilinearity of Ψ, we have

Qrs =

R∑
t,u=1

(W−1)tr(W
−1)usΨ(At ◦Bt ◦ Ct, Au ◦Bu ◦ Cu).(3.9)

In analogy with section 2.1, we have that linear independence of {Ψ(At ◦ Bt ◦
Ct, Au ◦ Bu ◦ Cu)}1�t<u�R guarantees that any symmetric matrix M of which the
entries satisfy the following set of homogeneous linear equations

R∑
s,t=1

mrsQrs = O,(3.10)

can be decomposed as

M = W · Λ · WT ,(3.11)

in which Λ is diagonal. Equation (3.10) has R linearly independent solutions, which
lead to a simultaneous matrix diagonalization as in (2.13), from which W can be
obtained. Once W is known, A 	 B 	 C can be obtained from (3.4). On the other
hand, from (3.2), (3.3), and (3.4) we have

D = F · W−T .(3.12)

We conclude that the CANDECOMP in (3.1) is unique if D is full column rank
and if the tensors {Ψ(At ◦Bt ◦Ct, Au ◦Bu ◦Cu)}1�t<u�R are linearly independent. In
that case, the canonical components may be computed using Algorithm 3.1. Similar
comments to those regarding Algorithm 2.1 are in order. With respect to step 10, we
mention that Ar, Br, Cr are obtained from the best rank-1 approximation of Gr.

3.2. Generic uniqueness condition. In this section, we check under which
conditions on R both {Dr}1�r�R and {Ψ(At ◦ Bt ◦ Ct, Au ◦ Bu ◦ Cu)}1�t<u�R are
generically linearly independent. Under these conditions, a generic tensor has a unique
CANDECOMP, the components of which can be computed by means of Algorithm
3.1.

We have the following theorem.
Theorem 3.2. The CANDECOMP in (3.1) is generically unique if R � L and

R(R− 1) � IJK(3IJK − IJ − IK − JK − I − J −K + 3)/4.
Proof. In analogy with the proof of Theorem 2.5, we have that A 	 B 	 C and

D are generically full column rank. We will now show that the second inequality of
the theorem generically guarantees linear independence of {Ψ(Ap ◦Bp ◦Cp, Aq ◦Bq ◦
Cq)}p<q.

Consider the following mapping of vectors in R
I2J2K2

to tensors in R
I×I×J×J×K×K :

(F1(X))ijklmn = x(i−1)IJ2K2+(j−1)J2K2+(k−1)JK2+(l−1)K2+(m−1)K+n.
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Algorithm 3.1

In: T ∈ R
I×J×K×L satisfying

T =

R∑
r=1

Ar ◦Br ◦ Cr ◦Dr,

with both {Dr}1�r�R and {Ψ(At ◦Bt ◦ Ct, Au ◦Bu ◦ Cu)}1�t<u�R linearly inde-
pendent.
Out: rank R and CANDECOMP factor matrices A ∈ R

I×R, B ∈ R
J×R, C ∈

R
K×R, D ∈ R

L×R.
1. Stack T in T ∈ R

IJK×L as follows:

(T)(i−1)JK+(j−1)K+k,l = (T )ijkl ∀i, j, k, l.

2. R = rank(T).
3. Compute factorization

T = E · FT ,

with E ∈ R
IJK×R and F ∈ R

L×R full column rank.
4. Stack E in E ∈ R

I×J×K×R as follows:

(E)ijkr = (E)(i−1)JK+(j−1)K+k,r ∀i, j, k, r.

5. Compute Qrs ∈ R
I×I×J×J×K×K×2, 1 � r, s � R, as follows:

(Qrs)ijklmn1 = eikmrejlns + eikmsejlnr − ejkmreilns − ejkmseilnr,

(Qrs)ijklmn2 = eikmrejlns + eikmsejlnr − eilmrejkns − eilmsejknr.

6. Compute the kernel of

R∑
s,t=1

mstQst = O

under the constraint mst = mts ∀s, t. Stack R linearly independent
solutions in symmetric matrices M1, . . . , MR ∈ R

R×R.
7. Determine W ∈ R

R×R that simultaneously diagonalizes M1, . . . , MR:

M1 = W · Λ1 · WT

...

MR = W · ΛR · WT .

8. A 	 B 	 C = E · W and D = F · W−T .
9. Stack A 	 B 	 C in G1, . . . , GR ∈ R

I×J×K as follows:

(Gr)ijk = (A 	 B 	 C)(i−1)JK+(j−1)K+k,r ∀i, j, k.

10. Obtain Ar, Br, Cr from

Gr = Ar ◦Br ◦ Cr ∀r.
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The image vector of Ψ1(Ap ◦ Bp ◦ Cp, Aq ◦ Bq ◦ Cq) under the inverse mapping F−1
1

is given by

(Ap ⊗Aq −Aq ⊗Ap) ⊗ (Bp ⊗Bq ⊗ Cp ⊗ Cq −Bq ⊗Bp ⊗ Cq ⊗ Cp)

= [(II2×I2 − PI2×I2) · (Ap ⊗Aq)]

⊗[(IJ2K2×J2K2 − PJ2×J2 ⊗ PK2×K2) · (Bp ⊗Bq ⊗ Cp ⊗ Cq)]

= [(II2×I2 − PI2×I2) ⊗ (IJ2K2×J2K2 − PJ2×J2 ⊗ PK2×K2)]

·[Ap ⊗Aq ⊗Bp ⊗Bq ⊗ Cp ⊗ Cq]

def
= G1 · [Ap ⊗Aq ⊗Bp ⊗Bq ⊗ Cp ⊗ Cq].(3.13)

Similarly, the image vector of Ψ2(Ap ◦Bp ◦ Cp, Aq ◦Bq ◦ Cq) under F−1
1 is given by

[(II2K2×I2K2 − PI2×I2 ⊗ PK2×K2) ⊗ (IJ2×J2 − PJ2×J2)]

·[II2×I2 ⊗ PK2·J2×J2·K2 ] · [Ap ⊗Aq ⊗Bp ⊗Bq ⊗ Cp ⊗ Cq]

def
= G2 · [Ap ⊗Aq ⊗Bp ⊗Bq ⊗ Cp ⊗ Cq].(3.14)

Define G = (GT
1 GT

2 )T . The tensors {Ψ(Ap ◦ Bp ◦ Cp, Aq ◦ Bq ◦ Cq)}p<q are linearly
independent if and only if a basis of the kernel of G and the vectors Ap ⊗Aq ⊗Bp ⊗
Bq ⊗ Cp ⊗ Cq, p < q, form a linearly independent set. By reasoning as in the proofs
of Lemma 2.4 and Theorem 2.5, we obtain that this is generically guaranteed if

R(R− 1)/2 � rank(G).(3.15)

We will now compute rank(G). Define

K1,1 = {H ∈ R
I×I×J×J×K×K |hijklmn = hjiklmn},

K1,2 = {H ∈ R
I×I×J×J×K×K |hijklmn = hijlknm},

K2,1 = {H ∈ R
I×I×J×J×K×K |hijklmn = hijlkmn},

K2,2 = {H ∈ R
I×I×J×J×K×K |hijklmn = hjiklnm}.

K1 = K1,1 ∩ K1,2, K2 = K2,1 ∩ K2,2, and K = K1 ∩ K2 are the kernels of G1, G2, and
G, respectively. We have

rank (G) = I2J2K2 − dim(K1 ∩ K2),(3.16)

dim(K1 ∩ K2) = dim(K1) + dim(K2) − dim(K1 + K2),(3.17)

dim(K1) = dim(K1,1) + dim(K1,2) − dim(K1,1 + K1,2),(3.18)

dim(K2) = dim(K2,1) + dim(K2,2) − dim(K2,1 + K2,2),(3.19)

dim(K1 + K2) = dim(K1,1 + K1,2 + K2,1 + K2,2)

+ dim(K1,1) + dim(K1,2) + dim(K2,1) + dim(K2,2)

− dim(K1,1 ∩ K1,2) − dim(K1,1 ∩ K2,1) − dim(K1,1 ∩ K2,2)

− dim(K1,2 ∩ K2,1) − dim(K1,2 ∩ K2,2) − dim(K2,1 ∩ K2,2)

+ dim(K1,2 ∩ K2,1 ∩ K2,2) + dim(K1,1 ∩ K2,1 ∩ K2,2)

+ dim(K1,1 ∩ K1,2 ∩ K2,2) + dim(K1,1 ∩ K1,2 ∩ K2,1)

− dim(K1,1 ∩ K1,2 ∩ K2,1 ∩ K2,2).(3.20)



CANONICAL DECOMPOSITION AND MATRIX DIAGONALIZATION 661

By counting degrees of freedom we obtain

dim(K1,1 ∩ K2,1) =
I(I + 1)J(J + 1)K2

4
,(3.21)

dim(K1,1 ∩ K2,2) =
I(I + 1)K(K + 1)J2

4
,(3.22)

dim(K1,2 ∩ K2,1) =
J(J + 1)K(K + 1)I2

4
,(3.23)

dim(K1,2 ∩ K2,2) =
IJK(IJK + I + J + K)

4
,(3.24)

dim(K1,1 ∩ K1,2 ∩ K2,1 ∩ K2,2) = dim(K1,2 ∩ K2,1 ∩ K2,2)(3.25)

= dim(K1,1 ∩ K2,1 ∩ K2,2)(3.26)

= dim(K1,1 ∩ K1,2 ∩ K2,2)(3.27)

= dim(K1,1 ∩ K1,2 ∩ K2,1)(3.28)

=
IJK(I + 1)(J + 1)(K + 1)

8
.(3.29)

The second condition in the theorem follows from combining (3.15)–(3.29).

4. Numerical experiments. In the numerical experiments in this section, ten-
sors are generated in the following way:

T̃ =
T

‖T ‖ + σN
N

‖N‖ ,(4.1)

in which T is exactly rank R and can be decomposed as in (1.2). The second term
in (4.1) is a noise term. The entries of N are drawn from a zero-mean unit-variance
Gaussian distribution and σN controls the noise level.

Monte Carlo experiments consisting of 100 runs are carried out. The canonical
components are estimated in three different ways. First, Algorithm 2.1 is applied. The
simultaneous matrix diagonalization in step 4 is realized by means of the extended
QZ-iteration proposed in [42]. This iteration is initialized by means of the generalized
Schur decomposition [21] of M1 and M2 in (2.13). Denote subsequent estimates of

Q by Q̂k and Q̂k+1. Then the algorithm is stopped when the Frobenius norm of
the off-diagonal part of Q̂H

k+1Q̂k drops below 1e − 4. Second, the ALS algorithm
described in [6, 9, 38, 41] is applied. It is initialized with 10 different random starting

values. Let U(N) be obtained from U(N) by dividing all columns by their Frobenius
norm. The ALS algorithm is stopped when the Frobenius norm of the difference of

two subsequent estimates Û
(N)

k and Û
(N)

k+1 of U(N), optimally ordered and scaled,
drops below a certain threshold εALS ; at most 500 iteration steps are carried out. Of
the 10 results that are obtained, the best is retained. Third, we used the extended
QZ-result to initialize the ALS algorithm.

A condition number for T is defined as follows:

κ(A) = cond([λ1 U
(1)
1 ⊗ U

(2)
1 ⊗ · · · ⊗ U

(N)
1 , . . . , λR U

(1)
R ⊗ U

(2)
R ⊗ · · · ⊗ U

(N)
R ]).

This definition generalizes the standard 2-norm condition number of a matrix, which

is obtained by taking λr, U
(1)
r , and U

(2)
r equal to the singular values, left singular

vectors, and right singular vectors, respectively. The value of κ(A) indicates how
close the canonical rank-1 components are to an (R − 1)-dimensional subspace. For
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Fig. 4.1. Relative error obtained in the first experiment (R = 4). Left: mean. Right: median.

instance, if two rank-1 terms are close, the condition number will be large. The
condition number will also be large if the norm of one of the rank-1 terms is small.

The accuracy is measured in terms of the relative error e= ‖U(N)− Û
(N)‖/‖U(N)‖,

in which Û
(N)

is the estimate of U(N), optimally ordered and scaled.
In a first experiment, we consider T̃ ∈ R

3×4×12. The entries of U(1), U(2), and
U(3) are drawn from a zero-mean unit-variance Gaussian distribution. We look at the
effect of varying the noise level σN on the error e. We consider two cases: R = 4 and
R = 6. Note that uniqueness of the decomposition in the case R = 6 is not covered
by Theorem 1.9. In the case R = 4, we set εALS = 1e− 7, and in the case R = 6, we
choose εALS = 1e− 8.

The results for R = 4 are plotted in Figure 4.1. The mean ALS accuracy is
much worse than the mean accuracy obtained for Algorithm 2.1. To a large extent,
this is due to the fact that in a number of cases, in particular those in which T
was ill-conditioned, the ALS algorithm did not find the global optimum or did not
converge in 500 steps. The mean and the standard deviations of κ(T ), over all tensor
realizations, were both equal to 5. Exceptionally bad results do not influence the
median curves. By choosing the threshold εALS as small as 1e−7, a median accuracy
similar to that of the extended QZ-iteration was obtained. However, this made the
computational cost of the best ALS iteration (out of 10) typically a factor 500 greater
than that of Algorithm 2.1. We conclude that Algorithm 2.1 was more robust and
less computationally demanding than the ALS algorithm. An additional ALS stage,
after the extended QZ-iteration, did not allow for a significant improvement of the
accuracy.

The results for R = 6 are plotted in Figure 4.2. Clearly, the ALS algorithm did
not find the solution. Moreover, the computational cost of the best ALS iteration (out
of 10), was typically three orders of magnitude higher than that of Algorithm 2.1. We
conclude that this problem was too hard for the ALS approach, while Algorithm 2.1
performed well. An additional ALS stage, after the extended QZ-iteration, allowed
us to marginally improve the accuracy.

In a second experiment, we specifically consider the influence of the condition
number. Tensors T̃ ∈ R

3×3×9 are generated as in (4.1), in which now U(1), U(2),
U(3) are given by

U(1) = U(2) =

⎛
⎝ 1 0 0 1/

√
3

0 1 0 1/
√

3

0 0 1 1/
√

3

⎞
⎠ ,
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Fig. 4.2. Relative error obtained in the first experiment (R = 6). Left: mean. Right: median.
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Fig. 4.3. Relative error obtained in the second experiment. Left: mean. Right: median.

U(3) =

⎛
⎜⎜⎝

−1 −1 −1 1 1 1 1 1 1
1 1 1 −1 −1 −1 1 1 1
1 1 1 1 1 1 −1 −1 −1
1 −1 1 −1 1 −1 1 −1 1

⎞
⎟⎟⎠

T

.

Furthermore, we have λ1 = λ2 = λ3 = 1 and λ4 = 21−n. The condition number κ(T )
is then approximately equal to 2n−1. By varying n between 1 and 6, we make κ(T )
vary between about 1 and 32. The noise amplitude σN is fixed to 1e − 3. We set
εALS = 1e− 7; increasing this tolerance decreases the accuracy obtained by the ALS
algorithm. The results are shown in Figure 4.3. We see that, for increasing values of
κ(T ), ALS breaks down while Algorithm 2.1 continues to work properly. Moreover,
the computational cost of the best ALS iteration (out of 10) was typically a factor
500 greater than that of Algorithm 2.1. An additional ALS stage after the extended
QZ-iteration did not improve the accuracy.

In a third experiment we consider fourth-order tensors T̃ ∈ R
3×2×2×12. The en-

tries of U(1), U(2), U(3), and U(4) are drawn from a zero-mean unit-variance Gaussian
distribution. We look at the effect of varying the noise level σN on the error e. We
consider the case R = 4. We set εALS = 1e−7; increasing this tolerance decreases the
accuracy obtained by the ALS algorithm. The results are shown in Figure 4.4. Similar
conclusions can be drawn to those in the first experiment. The computational cost of
the best ALS iteration (out of 10) was typically two orders of magnitude greater than
that of Algorithm 2.1. An additional ALS stage after the extended QZ-iteration did
not improve the accuracy.
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Fig. 4.4. Relative error obtained in the third experiment. Left: mean. Right: median.

5. Conclusion. In this paper we have considered the CANDECOMP of higher-
order tensors of which at least one dimension is not smaller than the rank. This
problem is key to many applications. We have explicitly addressed the case of third-
and fourth-order tensors. Along these lines, the approach can be generalized to tensors
of arbitrary order.

Under the working assumptions of this paper, the rank of a tensor is equal to
the rank of a matrix representation of that tensor. Hence, it does not have to be
estimated by means of trial and error.

We have derived a new deterministic condition that guarantees uniqueness of the
CANDECOMP. The proof leads to a new algorithm in which the canonical compo-
nents are obtained from a simultaneous matrix diagonalization by congruence. Numer-
ical experiments showed that this algorithm is superior to the standard ALS algorithm
with random initializations, especially when the problem is not well-conditioned or
involves a high number of terms.

From the deterministic condition a simple bound on the tensor rank has been
derived under which the CANDECOMP is generically unique. Assuming an (I1 ×
I2 × · · · × IN )-tensor A of which rank(A) � IN , the bound is roughly proportional to
the product of I1, . . . , IN−1. This is a much weaker constraint than (1.7), in which
the bound is up to a constant equal to the sum of I1, . . . , IN−1.
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