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SUMMARY

In a ground-breaking paper, Linder and Sundberg developed a statistical framework for the calibration of bilinear
data (Chemometrics Intell. Lab. Syst. 1998; 42: 159–178). Within this framework they formulated three different
predictor construction methods (J. Chemometrics accepted), namely a so-called naive method, a least squares
(LS) method and a refined version of the latter that takes account of the calibration uncertainty. They showed that
the naive method is statistically less efficient than the others under the assumption of white noise. In the current
work a close relationship is established between the generalized rank annihilation method (GRAM) and the naive
method by comparing expressions for prediction variance. The main conclusion is that the relatively poor
efficiency of GRAM is the price one pays for obtaining the second-order advantage with a single calibration
sample. Copyright  2001 John Wiley & Sons, Ltd.

KEY WORDS: bilinear calibration; generalized rank annihilation method; least squares; prediction variance;
second-order advantage

1. INTRODUCTION

Building on the work of Ho et al. [1] and Lorber [2], Sánchez and Kowalski [3] developed a method
for quantitative and qualitative multicomponent analysis, which later became known as the
generalized rank annihilation method (GRAM). GRAM performs the ambitious task of calibrating for
the desired analytes in the presence of unknown interferences. Its input consists of two bilinear data
matrices, i.e. one for the unknown and one for the calibration sample. Essentially, a GRAM
calculation amounts to performing a singular value decomposition (SVD) and solving an eigenvalue
problem. Which data matrix is subjected to SVD depends on the composition of the samples. Wilson
et al. [4] proposed an alternative algorithm, while a straightforward generalization of the Sánchez and
Kowalski method to multiple calibration samples was discussed by Leurgans et al. [5].

The capability of handling an unknown background is often referred to as the second-order
advantage. It is important to note that GRAM owes much of its popularity to achieving the second-
order advantage using a single calibration sample only. However, for assessing the true merit of this
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method, the question of the statistical efficiency must be addressed as well. In other words, how does
the method perform with respect to prediction variance? Very recently, Linder and Sundberg [6,7]
developed a statistical framework for the calibration of bilinear data that centres on obtaining a small
prediction variance under the standard assumption of white noise. The purpose of the current paper is
to use previously derived expressions for prediction variance [8–10] to show that GRAM is closely
related to what Linder and Sundberg [7] have termed the naive predictor. With respect to prediction
variance, this predictor is clearly inferior to other predictors derived within their framework, namely
the so-called least squares (LS) and refined LS predictors. Discussing the second-order advantage in
relationship with prediction variance is believed to guide correct application of GRAM.

2. LINDER AND SUNDBERG’S NAIVE PREDICTOR

Linder and Sundberg [6,7] consider the case where a model is constructed using K calibration samples
with R constituents, and write the data matrix for the kth calibration sample as

Z�k� � AC�k���T � E�k� �1�

where the column and row profiles collected in A and B are constrained so that ��r� = ��r� = 1,
r = 1,…,R, C(k) is the diagonal concentration matrix, � is a diagonal matrix with scale parameters, the
superscript ‘T’ symbolizes transposition and E(k) represents noise. The constraints are introduced to
make the parametrization unique. The elements of C(k) are assumed to be known with negligible
error; the calibration model consists of estimates of A, B and �.

Likewise, the data matrix for the unknown sample is written as

Z0 � AC0��
T � E0 �2�

where the meaning of the symbols is as explained above.
Linder and Sundberg [7] argue that an intuitively natural way to obtain a prediction for the

unknown concentration matrix C0 is to use left inverses of estimates of A, B and � such that
�A� �A � �B��B � ���1�� � I, with I the identity. This procedure yields what they call a naive predictor,

�C0 � �A�Z0�B�T���1 � �A�AC0��
T�B�T���1 � �A�E0�B�T���1 �3�

The choice of particular left inverses affects the precision of the prediction. Since typically the second
term on the right-hand side of (3) will dominate this precision, Linder and Sundberg aim at
minimizing this term. Defining the rank of the left inverses to be equal to the number of constituents
(R), the best choice follows as the Moore–Penrose pseudoinverse. By further assuming (for
simplicity) that the noise in the data is uncorrelated and homoscedastic, the prediction variance of
constituent r is given by

V ��cr� 	 c2
r
�A�V���r�A�T�rr � �B�V� ��r�B�T�rr � ���1V ���rr���1�rr

� 2��A�C���r� ��r�B�T�rr � ���1A�c���r� ��rr��r � ���1B�c� ��r� ��rr��r��

� �ATA��1
� �

rr
���TB���1

� �
rr
�2 �4�

where V[⋅], C[⋅,⋅] and c[⋅,⋅] contain variances and covariances of the associated parameter estimates
and �2 denotes the variance of the (white) noise in the data.
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As explained by Linder and Sundberg, Equation (4) can be interpreted as

prediction variance � model term � unknown sample term �5�

The model term depends on the specific estimation method. In contrast, the unknown sample term is
independent of the estimation method. It is a hard lower bound for prediction variance, which is
exactly attained if the true model is available. In the next section it is shown that a similar expression
holds for GRAM, with identical unknown sample term and with a model term that is also proportional
to c2

r .

3. GENERALIZED RANK ANNIHILATION METHOD

Originally, the methods of Sánchez and Kowalski [3] and Wilson et al. [4] were formulated in terms
of a single calibration sample. Thus, to accommodate multiple calibration samples, GRAM must be
adapted. Several generalizations are conceivable, depending on which method is taken as the starting
point. Since the expression for prediction bias is more transparent for the Sánchez and Kowalski
method, this method is preferred, although prediction variance is approximately the same; see
Reference [8] for more details. The rather straightforward generalization of the Sánchez and
Kowalski method discussed by Leurgans et al. [5] is based on the following two matrices:

Q � Z0 �
�

Z�k� � XYT � EQ �6�
Z0 � X��T � E0 �7�

where X and Y contain the column and row profiles respectively and � = C0(C0 �
�

C(k))�1 is a
diagonal matrix that contains all information about the unknown sample concentrations. Equations
(6) and (7) are consistent with the parametrization favoured by Faber et al. [11]. This parametrization
can be made unique by imposing constraints on X and Y. One may always choose, for example,
X = A and Y = B�C0�

�1. Since all C matrices are diagonal, columns of X and A are proportional,
likewise columns of Y and B. Using this specific parametrization, Faber et al. showed that a
prediction for � can be written as

�� � �X�Z0 �Y�T �8�

where X̂ and Ŷ are the profile matrices estimated by GRAM. The form of (8) is evident from (7), but
GRAM is unique in the sense that ��, X̂ and Ŷ are obtained simultaneously by solving an eigenvalue
problem. The prediction for C0 follows as

�C0 �
�

C�k� ���I � ����1 �9�

Assuming that the uncertainty in the concentrations of the calibration samples is negligible, the
expression derived by Faber et al. [8–10] for the prediction variance of constituent r simplifies to

V ��cr� 	 s�2
r �hr � 1��2 �10�

where sr and hr are the sensitivity and unknown sample leverage for constituent r respectively. The
squared sensitivity is given by
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s2
r � r�Q�r

cQ�r

� �2

� �x�
r ��2�y�

r ��2

�cr �
�

c�k�r �2
�

�XTX��1
rr

� ��1
�YTY��1

rr

� ��1

�cr �
�

c�k�r �2
�11�

where r�Q�r and cQ,r denote the net analyte signal (NAS) and concentration of constituent r associated
with the sum matrix Q, and x�

r and y�
r are the rth columns of X�T and Y�T respectively. The NAS is

the part of the signal that is orthogonal to the contribution of the interferences. Hence, according to
Lorber [12], it constitutes the only part of the signal that is useful for calibration. Lorber’s definition
of multivariate sensitivity has been generalized by Faber et al. [10] to multilinear data. The last step in
(11) has been proved by Bauer et al. [13].

The leverage in (10) is given by

hr � c2
r�

�
�c�k�r �2 �12�

and it is seen that it takes the form of the prediction leverage for a univariate zero-intercept model.
The consistency of this observation is noteworthy. In univariate calibration an explicit background
correction has to be applied to deal with interferences: the NAS is obtained as the difference between
the gross signal and the interferences’ contribution. However, in bilinear calibration the second-order
advantage implies that interferences can be removed (to some extent, of course) by an implicit
background correction: here orthogonality with respect to interferences is the key concept, and the
NAS is obtained using the pseudoinverse matrices in (8). (For correct estimates of X� and Y�, none
of the interferences will contribute to the prediction for �, hence C0.)

Comparing (10) and (5) identifies the model term as s�2
r hr�

2 and the unknown sample term as
s�2

r �2. Again, the first term is proportional to c2
r (through hr). However, the latter one is not a hard

lower bound for prediction variance, since the unknown sample data matrix Z0 contributes to the
GRAM model. (Equation (10) is always approximate, unless the data are without error and the
prediction variance trivially equals zero.)

Making the substitutions A = X and ��T � C�1
0 �YT, the second term in (4) can be worked out as

�ATA��1
� �

rr
��BTB���1

� �
rr
�2 � �XTX��1

rr �YTY��1
rr cr �

�
c�k�r

� �2
�2 � s�2

r �2 �13�

which establishes the desired relationship between GRAM and the naive predictor.
Two remarks seem to be in order here. First, the expressions for prediction variance (4) and (10) are

derived using the same first-order approximations. This is certainly a requirement for a valid
comparison. Second, a critical step in the derivation of (10) is the observation that Q is reproduced by
the reconstructed profiles X̂ and Ŷ in the least squares sense; that is, analogous to (6), Q = X̂ŶT � ÊQ

(see manipulations leading to (22) in Reference [9]). Thus, for (10) to be valid, it is not required that X̂
and Ŷ reproduce the true profiles X and Y well separately. This rather surprising result also illustrates
why current quality assessment of the GRAM results using the correlation between true and
reconstructed profiles is misleading if the goal is prediction. It seems to be suitable only if curve
resolution is the goal.

4. DISCUSSION

The preceding sections imply that the second-order advantage obtained when using GRAM comes at
a certain price. It is important to note that Linder and Sundberg [7] have developed a procedure,
similar to residual bilinearization (RBL) [14], that may add the second-order advantage to their
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prediction methods. However, it is not clear how prediction variance is affected when this procedure
has been used to correct for interferences. Some afterthought shows that GRAM achieves the second-
order advantage by constructing a joint model for the unknown and calibration sample(s). By contrast,
the predictors developed by Linder and Sundberg are based on modelling the calibration samples
separately from the unknown sample. Correction methods such as RBL work best if the analyte of
interest is present at sufficiently high concentrations, which most likely precludes their use in trace
analysis. Moreover, GRAM works with a single calibration sample, whereas the prediction methods
of Linder and Sundberg assume that the calibration is done with at least as many samples as
constituents. It follows that correct application of GRAM is limited to cases where very few
calibration samples are available and the second-order advantage is strictly required. It is emphasized
that obtaining the second-order advantage using a single calibration sample may have important
practical consequences: avoiding an extensive calibration enables one to bypass the model transfer
problems that seriously impede application of multivariate calibration methodology. Many correction
procedures have been proposed in that context; see Reference [15] for a recent overview, but a
general solution is not in sight. In addition, having to apply a correction procedure will invalidate
expressions for prediction variance.

An area where GRAM should find useful application is the analysis of biological or environmental
samples. One cannot expect the complete composition of, for example, blood serum to be known.
Thus many applications exist where the importance of the second-order advantage is absolutely
unequivocal. Recently, Van der Voet et al. [16] reported the development of a detection limit
estimator for gas chromatography/mass spectrometry (GC/MS) data. Critical for the success of the
proposed estimator is the expert assessment of the probability that certain expected peak ratios are
generated by the analyte rather than by interferences. The second-order advantage implies that (10)
enables the construction of a detection limit estimator that does not require an expert assessment. This
work is currently in progress (R. Boqué et al., in preparation).

Finally, it is noted that several alternatives exist to GRAM, namely the relatively old method of
alternating least squares (ALS) [17], as well as a suite of relatively new methods, i.e. alternating
trilinear decomposition (ATLD) [18], alternating coupled vector resolution (ACOVER) [19],
alternating slice-wise diagonalization (ASD) [20], alternating coupled matrices resolution
(ACOMAR) [21] and self-weighted alternating trilinear decomposition (SWATLD) [22]. It will be
reported in the near future that GRAM compares well with these methods (N. M. Faber and P. K.
Hopke, in preparation).
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14. Öhman J, Geladi P, Wold S. Residual bilinearization. Part 1: theory and algorithms. J. Chemometrics 1990;
4: 79–90.

15. Anderson CE, Kalivas JH. Fundamentals of calibration transfer through Procrustes analysis. Appl. Spectrosc.
1999; 53: 1268–1276.

16. Van der Voet H, De Boer WJ, De Ruig WG, Van Rhijn JA. Detection of residues using multivariate
modelling of low-level GC-MS measurements. J. Chemometrics 1998; 12: 279–294.

17. Harshman RA. Foundations of the PARAFAC procedure: models and conditions for an ‘exploratory’ multi-
mode factor analysis. UCLA Working Papers Phonet. 1970; 16: 1–84.

18. Wu H-L, Shibukawa M, Oguma K. An alternating trilinear decomposition algorithm with applications to
calibration of HPLC-DAD for simultaneous determinaton of overlapped chlorinated aromatic hydrocarbons.
J. Chemometrics 1998; 12: 1–26.

19. Jiang J-H, Wu H-L, Li Y, Yu R-Q. Altenated coupled vectors resolution (ACOVER) method for trilinear
analysis of three-way data. J. Chemometrics 1999; 13: 557–578.

20. Jiang J-H, Wu H-L, Li Y, Yu R-Q. Three-way data resolution by alternating slice-wise diagonalization
(ASD) method. J. Chemometrics 2000; 14: 15–36.

21. Li Y, Jiang J-H, Wu H-L, Chen Z-P, Yu R-Q. Alternating coupled matrices resolution method for three-way
arrays analysis. Chemometrics Intell. Lab. Syst. 2000; 52: 33–43.

22. Chen Z-P, Wu H-L, Jiang J-H, Li Y, Yu R-Q. A novel trilinear decomposition algorithm for second-order
linear calibration. Chemometrics Intell. Lab. Syst. 2000; 52: 57–86.

748 SHORT COMMINICATION

Copyright  2001 John Wiley & Sons, Ltd. J. Chemometrics 2001; 15: 743–748


