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SUMMARY

A new method, alternating coupled vectors resolution (ACOVER), is developed for trilinear analysis of a three-
way data array. First, based on the least-squares principle, four coupled vectors resolution (COVER) errors are
proposed. Second, a procedure which resolves the profiles of each component successively is developed. This
characteristic of successive resolution provides a natural way to avoid the two-factor degeneracy. Experimental
results show that the ACOVER method has the advantage that the resolved profiles of analytical interest are very
stable with respect to the estimated component number when the number of components is chosen to be equal to
or greater than the actual model dimensionality. This circumvents the dilemma of determining a proper
component number for the model, which is difficult to handle for the PARAFAC algorithm. Moreover, the
method has much higher convergence rate than the PARAFAC algorithm. Copirigg®9 John Wiley &

Sons, Ltd.
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INTRODUCTION

With recent progress in high-order analytical instrumentation and data collection techniques, three-
way data analysis has constituted an active trend in chemometric resedr€here are two main

types of methodologies for three-way data resolution in chemometrics. Methods of the first type are
aimed at resolving directly the ‘true’ profiles on the basis of eigenanalysis or generalized
eigenanalysis. Well-known examples are the generalized rank annihilation method (&RXsid

its extension, the trilinear decomposition (TLD) metHdd® These methods yield direct solutions to

the component profiles in each order. Unfortunately, in the procedures, two pseudosamples need be
constructed to formulate eigenproblems, which leads to a loss of information in multiple samples.
Moreover, the formulation of the generalized eigenproblems does not take the measurement errors
into account. This induces the methods to produce imaginary solutions and exhibit inflated variance.
Generally, these approaches work well only in situations where the signal-to-noise ratio is very high.
Methods of the second typé;**typically exemplified by the PARAFAC algorithdf**seek to fita
trilinear model to the data using an iterative algorithm. These methods allow full use of multisample
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informaion. Howeve, the PARAFAC algorithm is generally computationaly intensive and not
guaranted to locate the global optimum. In addition, the profiles finally estimatedmay deviate
pronowncedly from the actual oneswhen the number of componenrt is incorrectly chose for the
model,creatinga dilemmahardto handlein practicalappications.

In this papera new apprach, alternaing coupkd vectorsresolution (ACOVER), to trilinear
analyss of three-waydatais developedUnlike existingmethods ACOVER estimateghe profilesof
the componentsone at a time by minimizing two least squaredbasedcoupked vectorsresdution
(COVER  errors.A salient virtue of ACOVER is thatthe resolvel profilesof analyticd interest are
very stablewith respecto theestimatedcomponenhumbemwhen thecomponenhumberis chose to
beequalto or greder thanthe acual one,easingthe selectionof a prope componennumter for the
model. Additionally, the algaithm of ACOVER is computdionally more efficient than the
PARAFAC algorithm. Results of a simulaked exanple and a real analtical systemshow that the
propogd methodprovidesacceptale performane in threeway dataresolutian.

THEORY AND METHODS
Least squares-baseé coupled vectors resolution (COVER) error

Supposehat the datameasued on a chemicalprocessor experinentarecollectaed in anl x J x K
threeway array R which is geneatedby the trilinear modef?

M
R=> X®Yy, @z +E (1)
n=1

wherex,, ¥, andz, arethe profilesin threeordersrespedwely of thenth respnse-adize species®
denoteghetensormprodud andE is thearrayof measuementerrors.In generabnalytica practiceone
canassumehat the profile matricesX = (X, X, ..., Xm) andY = (Y1, V2, ..., Ym) havefull column
rank. To guarante unique resdution of the trilinear datg one canfurther assumethatin the third
orderthe profile of eachcomponents linealy independentof that of any othercomponent.Notice
that this premiseis stronger than Kruskal’s condiions?* however it is the casemog generaly
consideed in the chemonetric literature®® To achieveuniquerepresetation of x,, y, andz,, it is
assumedhatX andY arecolumn-wiseof unitlengh; thatis, || x, || =1and|| yn || =1,n=1,2, ..., M,
where||.|| denoesthe Euclidean norm of a vector. The goal of trilinearanalyss of athree-wa data
arrayis to resolvethe‘true’ profilesX, Y andZ =(z,, z,, ..., zy) suchthatposeriorto resdution the
chemial procesr experiment undermeasuementcanbe interpretedwith mitigated difficulty.

By slicing thethreeway dataarrayR along thethird order,thetrilinear modelcanbe expressedn
matrix notationas

Rk = Xdiag(zy)Y" +Ex, k=12...,K 2)

whereR , andE  arethekth slicesof R andE resgectivdy along thethird order, the supersapt T

symbolizes the transpos of a vecir or a matrix, anddiag(z.) denoteshe diagonal matrix whose
diagonalentriesarethe correspading onesof z. Herez, is the kth row of Z. From (1) it canbe
seerthatthetrilinear modeltreatsits paraméer matrices, i.e. the profile matrices in threeorders,jn a
symmaric way. Therdore, if R is slicedalong thefirst andsecoml orders thetrilinear modelcanalso
be written asthe matrix equaions
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Rj. = zdiagy;)X" +Ej, j=12...,] (3)
Ri. = Ydiagx;)Z" +E., i=12...,1 (4)

Sinceit hasbeenassumedhatX andY bothhavefull columnrank,it is known thatthereexistveciors
gn andp, (n=1, 2, ..., M) satisfying

qumZ(Smn, mn=212... M (5)

X Pm=6mn, MnNn=12...M (6)

whereémn,=1if m=nandé,,=0if m # n. Therdore from (2) onecanaobtain
R.kOn = Zo%n + 6oy k=1,2,...,K, n=12....M (7)
R'Pn =2aVn +6) k=12....K, n=12....M (8)

It is notewothy that using q,, and p,, to transbrm the trilinear model (1), which depend on all
componerd, into the models(7) and (8), which are dependenimerely upon one component,is a
critical stepin the developnent of the method.As will be shownlater, basedon fitting the single-
componenmodels(7) and(8), thetrilinear resoluton canbeaccompishedin acomponent-wgseway.

Noticethatin (7) eer)] = E_«0,, whichis avecibr of errors;thenastatistcally plausibleapprachto
estimateq,, x,, and z, is the leastsquaresprinciple. Thatis, g, X, andz, canbe esimatedby the
minimizers of the leastsquaescriterion

K
Ecover(Xn, Un; Zn) = Z 1 ZaXn — Rkl (9)
k=1

Notethatcriterion (9) is derivedfrom (7) in termsof the leastsquaesmethod;thusminimizationof
this criterion providesa leastsquaesfit to modd (7). Becaus thevalue of criterion (9) depend only
on the three paraméer vecbrs x,,, g, andz,, which arethe ‘true’ profiles of one componento be
resolvel, minimization of the criterion over these paraneterswill actualy yield the leastsquares
solutionsto the ‘true’ profiles x, and z, of one component Unfortunatey, thereis no method
availableto deternine directly the solutionsof x,,, g, andz,, which minimizethe criterion. Onehasto
designaniterative algorithmto exploit the soluions. It will be shownthatin the algarithm the three
paraméers are treateddifferently. The first two vectors,x,, andqy,, areresolvel in a coupledway.
Accordingly, thesetwo vectorsarecalled the coupledvecibrs. Becausethe goal of the criterion is to
resolvethe coupled vectorsiit is called the coupledvectorsresdution (COVER) error.
Analogausly, one canderive anotherCOVER error from (2) and(8) as

K
Ecover(Yn, Pni Zn) = Z 2y — RTPall® (10
k=1

Minimizationof this leastsquaescriterion overthe paranetersalso givestheleast squaesestimaes
for the‘true’ profilesy,, andz, of onecomponentParalklly, thefirst two paraméer vecbors,y, and
pn, arecalledthe coupkedvecibrstoo.

In principle, utilizing COVER errors(9) and(10),onecandevebp a methodfor trilinearresdution
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basedntheALS algorithm. Neverthelessto make the algorithm convenent for implementatbn and
derivatian, the followi ng two COVER errorsarealsousedin the study:

|

Ecover(zn, Oy Xn) = Z IXinzn — R a1 (11)
i=1
. 2

Ecover(zn, Pni Yn) = Z 1¥inZn — Rj.pal| (12)
=1

Thesetwo leastsquare<criteria can be deducedfrom (3) and (4) in a manneranalogouswith the
derivation of criterion (9). It is easyto showthat COVER errors (11) and (12) are equivaknt to
criteria (9) and(10) respedately.

It is notewortly that,first, in the pre®entedstudyonedoesnot makethe assumptia thatZ hasfull
columnrank.In this sensahetrilinear modd is inherenty symmaeric only for thex andy ordersand
doesnottreatthethreeordersin anentirely symmeric way. Therdore only four least squaregriteria
canbe derivedfor the resdution of the trilinear model. Secondthe assumptia that X andY both
have full column rank implies | > M and J > M. Therefoe under this premise the number of
componerd is upper-boundd by the minimum of | andJ.

ACOVER method for three-way data resolution

The ratiorale of the ACOVER methodis to idertify the ‘true’ profilesof the componentsoneat a
time. Thatis, afterthe ‘true’ profilesof onecomponentx,, y, andz,, havebeenresdved at atime
usingthe propo®d procedure the three-wayarray is deflaed as

RiI=R-Xn®Y,®2z, (13)

whereR; is the threeway array in which the responseof the componentpreviously resolvedis
annihilaied. Then the resolution process is repeated with the deflated array for recowering the
remainirg componert. In the sequé we will presenin detailthe proceduresfor resdving the ‘true’
profilesof onecomponent

In termsof the COVER errors(9) and(10), two apprachesanbe devebpedfor theidentificaion
of the‘true’ profilesof onecomponentOneapprachis to estimatex,, g, andz, usingtheminimizers
of the COVERerror (9); theny,, is estimaed by minimizingthe COVER error(10) overy,, andp,, for
z, fixed at the previoudy esimatedvalue. The other methodis to estimatey,, p, andz,, using the
minimizersof the COVER error (10); thenx,, is estmatedby minimizing the COVER error(9) over
Xn and g, for z, fixed at the previoudy estimatedvalue. Now we separatel describethesetwo
approachs.

In principle, the minimizers of the COVER error (9) overx,, z, andq,, canbeapprachedasedn
asimpleALS schemeThatis, theminimizerscanbeexploitedby alternaély minimizing Ecover(Xn,
On; Zn) Over X, for fixed g, andz,, minimizing Ecover(Xn, Qn; Zn) OVer g, for fixed z, andx,, and
minimizing Ecover(Xn: On; Zn) Overz, for fixed x,, andq,. Howeve, it wasdiscoveedin experimens
that this schemeconvegesrelativdy slowly. Consequatly, in the presengéd study we will utilize
anotherversionof the ALS algorithmto locatethe minimizersof Ecover(Xn, On; Zn)- This algorithm
is basedon alternatey minimizing Ecover(Xn, On; Zn) OVer X, andq, for fixed z, and minimizing
Ecover(Xn, On; Zn) OVer z, and g, for fixed x,,. Sincethe COVER error (11) is equivaknt to the
COVER error(9), theminimization of Ecover(Xn, On; Zn), €quatian (9), overz, andqy, for fixed x, is
equivaknt to the minimization of Ecover(Zn, On; Xn), €quaton (11), over z, and g, for fixed Xp.
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Therefoe the ALS algarithm for minimizing the COVER error (9) can be accompished by
alternaely minimizing Ecover(Xn, On; Zn), €quation(9), over x,, andq, for fixed z, andminimizing
Ecover(Zn On; Xn), €quatian (11), over z, and g, for fixed x,,. Hereit is noteworthy that sucha
transfornation of the altemating minimization schemeis benefid¢al for the implementatbn of the
algorithm. In fact, one cannoticethatin (9) and(11) the roles of x, andz, arejust interchangd.
Therefor, if theminimizersof (9) overx, andqy, for fixed z,, canbe computedusing someprocedure,
thesoluionsto z,, andg,, minimizing equatia (11) for fixed x,, canalsobe calculatedusingthe same
procedureThis enableoneto implement theupdatng schemeof x,, andq,, for fixed z,, aswell asthe
updatingschene of z,, andq, for fixed x,, usinga singe program

It is shownin Appendix | thatthe solutionsto x,, andq,, minimizing Ecover(Xn, On; Zn) for fixed z,
canbe computel asfollows.

al. Comput the eigenvetor w of the symmetic matrix

K
S0 20znRT R AUNS,
k,h=1

correspading to the largesteigenvalie.
a2. Cdculateq, by

an = aUNS]”zw
a3. Cdculatex, by

K K
Xn = ak; anR.Akqn/ k; Z,

Here Sy is the N x N diagonalmatrix whos diagonalelementsare the first N singularvalues of

K
> RTkR“k, and Uy is the J x N matrix with the nth column being the nth singular vector of
k=1

K
E RT.R k. Thatis, Uy and Sy are given by the truncatedsingula value decompogion (SVD) of

Z RT.R k. HereN is an estimag of the numberof componentsunderlyingthe data Note that the

ACOVER methodresolves the profilesin a compnent-wig way, andthe three-wg arraysubjected
to subsguentanalysisis obtainel by deflaing the origind three-wayarray R succesivey using
equation (13). Therefoe, eachtime thethreeway arrayis deflatedthenumkber of componerd preent
in the obtainal threeway arrayis decreasé by one.Thatis, suppos the estimae of the conponent
numberin theoriginal three-wg arrayis M; atthetime when m componerdg havebeenresolvel, the
numberof componertunderlyingthedeflatedhreewayarrayisM — m+ 1.In stepsa2anda3,ais
a consantto be determired. As it hasbeenassumedhat x,, is of unit length, this consant canbe
determiredeasly. Fromthe computingprocedureal—a3t canbeconcludedthatthelengh of z, will
only affectthelenghsof x,, andq,, andwill notalterthedirectiors of x,, andq,. Herethedirection of a
vector meansthe normalzed vector; for exanple, the direcion of X, is X, = Xd/||Xn||. Sincexp is
assumedto have unit length, then multiplying z, by a scalarwill not alter the soluion of X,.
Therefoe, to calculat x,,, onemerelyneedsto know the normalzed z,, i.e. Z, = z/||z,||.
Analogausly, the computirg procedureof z, and g, minimizing the COVER error (9), or
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equivakently the COVER error (11), for fixed x,, is given asfollows.

bl. Computethe eigenvetor w of the symmaeric matrix

|
SVPUL S xinxunRiRE Un Sy
ih=1

corresponéhg to the largesteigenvalue.
b2. Calculateq, by

g, = bUN S,;l/ZW
b3. Calculatez, by

| |
Zn = bz me[qn/z:xﬁ1
i—1 i—1

K
Herebis aconstanto bedetemined.Notethatin stepb1 onehasmadeuseof thefactthat >~ R, R &
I k=1
hasthesameSVD as)_ R; R . Becaugit hasbeenarguel abovethatthe solution of x,, minimizing
i=1

the COVERerror (9) for fixed z, is uncorrelagdto thelengthof z,, thenwhenoneaimsatresolving
Xn, for fixed z,, the consaintb in stepsb2 andb3 canbe arbitrarily seleced. For simplicity onecan
chooseb suchthatz, is alsoof unit length.

Sofar it hasbeenshown thatthe minimizersof Ecover (Xn, On; Zn) OVeErx, andq, for fixed z, and
the minimizers of Ecover (Xn, On; Zn) OVer z, and g, for fixed x, can be computed using the
procedurs al-a3andbl-b3respediely. Therdore thealgorithm for minimizing the COVER error
(9) canbeimplementedby alternaely updaing x, andq, usingthe computingprocedureal-a3and
updating z, and g, using the computing procedureb1-b3,in which the constant a and b are
determiredto makex, andz, normalzed.Becaus thisalgaithm is essatially anALS algarithm for
theminimizationproblem it canbe concudedthatthisalgarithm tendsto decreas¢he COVER error
(9) mondonically during the iterations. (Strictly spealkng, the algaithm tendsto decrease rank-
reducedversionof the COVER error (9).) Therdore, after the algarithm convergs,one canobtan
the leastsquaesestimatesof x,, z, andqp.

With x,, andz, thusresolvel, y, canbe esimatedby the minimizersof the COVER error (10) over
Y andp, for z, fixed atthe previoudy estimaedvalue. Analogausly, the computingprocedurédor y,,
andp, minimizing the COVER error (10) for fixed z, is given asfollows.

cl. Computethe eigenvetor w of the symmetric matrix

K
DNAVE D zznR R VDy Y2
k,h=1

correspondingo the largesteigenwalue.
c2. Calculatep,, by

b, = cVnDL 2w

c3. Calculatey,, by
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K
Yn= CZ ZR Py
k=1

Here Dy is the N x N diagmal matrix whosediagonal elementsare the first N singular valuesof
K K

> R“kRTk, Vy is theJ x N matrix with the nth columnbeingthe nth singular vecta of 3 R“kR'TAk,
k=1 k=1

andcis a constantwhich canbe determired usingequatia (6); thatis,
¢ = 1/(xXTVNDyY W) (14)

Notethatin the aforemenbnedmethod,z, resolval is normalizd, while y,, is nhot normalizedto
unit length.To keepconsistencyith the scaling convertion thaty,, is of unit length,onecansimply
multiply z, by thelengthof y,, andthennormalize y, to unit length.

As presengd above, one approachto resdve the ‘true’ profiles of one conponenthas been
developedbasedon the COVER errors(9) and(10). This methodestimate,, z, andg, usingthe
minimizers of the COVER error(9) andthenestimagesy,, andp, using theminimizers of the COVER
error (10) for fixed z,,. Alternatively, anotherstraegy canbe propo®d by estimatingy,, p, andz,
usingtheminimizersof the COVER error (10) andthenestimatingx, andg,, usingthe minimizersof
the COVERerror (9) for fixed z,.. Sincethis approactcanbederivedin amannetbastally consisent
with the aforementiond method,we will skip the derivaion of this approachandmerelyoutline its
computingprocedures.

TheALS algarithm for exploiting y,, p, andz, whichminimizethe COVERerror (10) is basecbn
alternaely minimizing Ecover (Yn, Pn; Zn) OVery, andp, for fixed z, andminimizing Ecover (Yn, Pn;
z,) overz, andp, for fixed y,,. Theupdatng procedureof y,, andp, for fixed z, is given asfollows.

d1. Computethe eigenvetor w of the symmaeric matrix

K
DAV ZunznR (R VDy
k,h=1

correspondingo the largesteigervalue.
d2. Calculatep, by

Py = VDY YW
d3. Calculatey,, by
K
Yn= Z ZR Py
k=1

d4. Normalizey, to unit length.

The updatingprocedure of z,, andp,, for fixed y,, is asfollows.

el. Comput the eigenvetor w of the symmetic matrix

J
—1/2 -1/2
Dy"AVE S yinynnR] Rin VDY
j,h=1
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correspondingo the largesteigenwalue.
e2. Calculatep,, by

Pn = Vn Dﬁl/zw

e3. Calculatez, by

J
Zn = Z yjnRJpn
=1

e4. Normalizez, to unit lengh.
Note thatin step el oneutilizes the fact that Z R xR, hasthe sameSVD asz RIR;..

i=

Theproces®f updatingy, andp,, for fixed zn aswell asupdatingz,, andp,, for flxed Ynis continued

until a stoppingcriterion is satisfied After the algorithm conveges,oneobtainsthe estimaesof y,,
andz,. Thenx, is resolvel by the following computirg procedure.

f1. Comput the eigenvetor w of the symmetic matrix

K
SYAUL Y zinznRT R AUNS T
k,h=1

correspading to the largesteigenvalie.
f2. Cdculateq, by

O, = dUngl/zw
f3. Cdculatex, by

K
Xn =0 ZaR Gy
k=1
Hered is a constantwhich canbe deteminedusingequaton (5); thatis,

d = 1/(yfUnSy W) (15)

Finally, to keep consisency with the commonscaling convertion that x,, is normalzed, one can
rescaé z, by simply multiplying it by the length of x,, andthennormalzing x,, to unit lengh.
Thusfar two appracheshavebeendevebpedfor resolvingthe ‘true’ profilesof onecomponent.
Thesetwo methodsboth comprise two steps.In the first stepthesemethodsinvolve an iterative
exploitaion of the ‘true’ profilesin two ordersof one componentusingan ALS algorithm. In the
secondstep,basedon the minimization of anotherCOVER error, thesemethodsresolvethe ‘true’
profile of the componentin the third orderusinga direct procedure.Becaug the COVER errorsare
well definedin termsof theleastsquaesprinciple, the minimizers of the COVER errorsaretheleast
squaregstimate®of the'true’ profilesof onecomponentandthesetwo apprachesactualy give the
resolutian of the ‘true’ profilesfor one componentMoreover, becawse thesetwo apprachesboth
givetheleastsquaregsimatesfor the‘true’ profilesof oneconponentonecaninferthatthe profiles
of onecomponentresdved by thesetwo appracheswill only haveavery smalldifference In fact, it
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is found in simulafons that the solutionsgiven by thesetwo approachs only exhibit a very small
numericaldifference.n this sensét canbeconcludedhatminimizationof COVER error(9) tendsto
minimize COVER error(10) andvice versa. Onthe otherhand,sincethe COVER errors(9) and(10)
aresymmetricdly derivedfrom thetrilinear modd, agoodestimae of x,, y,, andz, shoul minimize
thesetwo synmetriccriteria simultaneousy. Basedon this constderation,onecancombinethes two
approachsdevebpedaboveinto onemethod,suchthatthe resuting methodcanserveasareduced
versionof the algarithm minimizing simultaneousy criteria (9) and (10). This methodis basedon
alternaely updating x,, for fixed z, using the computng procedure al—-a3,updatingz, for fixed x,,
usingthe conputing procedureb1—-b3,updatingy,, for fixed z, usingthe computingprocedured1-d4,
and updatingz, for fixed y, using the computingprocedureel—e4.It is discoveredin numeous
experimens that this methodalwaysconvergedast and shows improved stability, indicating it can
serveas a reducedversion of the algaithm minimizing simultaneousy} criteria (9) and (10). A
MATL AB programfor implementingthis methodis given in Appendk Il, asafunction namedafter
ACOVER. Thisalgorithmcanbeimplementedusing aprogramcompactlystrucured.Thisalgarithm
is calledthe ACOVER algorithmsinceit resolves the coupkd vecbrsin analternaing way.

Havingdevebpedthe ACOVER algarithm for resolvingthe ‘true’ profilesof onecomponentone
caneasilyconstuctatechniquefor trilinearanalysisTheideaof thistechniqueis thatit esimatesthe
componerg oneat atime usingthe ACOVER algarithm, deflaesthethree-wag arrayusingequaion
(13), deceaseghe conponentnumter N by one and then continues with the deflatedarray. For
simplicity this trilinear resdution technique is called the ACOVER method, as the ACOVER
algorithm constituesthe core of the technique. In the ACOVER method,after the profiles of one
componengreresolvel, the responsef the components subtrated from the three-wayarray,and
theresdution of theremahing componentss performedonthe deflatedhreeway arrayin which the
contributin of the componerd previousdy resdved is annihilated. Thereforethe profiles of the
componerd previoudy resdved will havealmostno effecton the resolutian of the restcomponents.
This charcteristicis attractve becawseit enabksthe ACOVER methodto avoid the so-alled two-
factor degeneacy?® which is ratherdiffi cult to handlefor the PARAFAC algarithm.

EXPERIMENTAL
Simulated HPL C-DAD data

A datasetmeasuredusing a high-peformarce liquid chromatogaphy (HPLC) systemwith diode
arraydeteciton (DAD) ontensamplesvassimulaed. The spectra profilesof four speciess;, S, S3
ands,, weregeneratedy

Table1l. Compositionof nine mixturesin real HPLC—DAD experiments

Concentratior(ug ml %)

1 2 3 4 5 6 7 8 9
p-CT 7586 00 504 252 126 126 252 504 7506
o-CT 00 912 304 608 152 1520 912 304 608
o-DCB 0D 00 00 00 1522 152 608 912 304
CB 6214 6214 6214 624 624 624 624 6214 624
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Figure 1. Profilesof simulatedHPLC-DAD dataresolvedby ACOVER and PARAFAC methods(a) Spectral

profilesresolvedby ACOVER method(full line) andactualspectralprofiles(dottedline) for four components.

(b) Spectrabrofilesresolvedby PARAFAC algorithm(full line) andactualspectrabprofiles(dottedline) for four

components(c) Chromatographiprofilesresolvedoy ACOVER method(full line) andactualchromatographic

profiles(dottedline) for four components(d) Chromatographiprofilesresolvedoy PARAFAC algorithm (full
line) andactualchromatographiprofiles (dottedline) for four components

s = 0-2g992i — 1,30,30) + 0-5952i — 1,70,10), i=1,2,...,50
s, = 0-6992i — 1,20,10) + 0-3g5(2i — 1,80,30), i=1,2,...,50
Ss; = 0-7992i — 1,40,10) + 0-2g52i — 1,90,20), i=1,2,...,50
s = 0-7g92i — 1,50, 25), i=1,2,...,50
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Figurel. Continued.

wheregs(, a, b) is thevalueat x of a Gawssianfunctionwith cente a andstandarddeviationb, i.e.
gs(x,a, b) =exp[— (x — ay/2b’]. The chromatograplic profilesof the componentsg;, ¢, ¢z andc,,
weresimulatedby

c; = 0-5994i — 3,40,5), i=1,2...,20
Cpi = 0-5g5(4i — 3,30,10), i=1,2,...,20
Csj = 0-5g5(4i — 3,50,10), i=1,2,...,20
Csi = 0-5994i — 3,40,9), i=1,2...,20
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Table2. Normalizedconcentratiorprofilesof simulatedHPLC-DAD data

Normalizedconcentratiorvaluesof ten samples
Component 1 2 3 4 5 6 7 8 9 10

1 01273 00274 0[3947 03950 03435 02230 0[3020 04832 00201 00311
001283 00269 04001 003968 03460 02192 02980 04789 00110 00239
01288 00250 03963 003934 0B415 02247 003032 04833 00245 00314
02849 03610 00041 0R2062 00359 02245 03694 03168 05004 04551
02851 03613 00032 02064 00347 012249 003696 03163 05004 014547
02855 0[3605 00036 0R2059 00346 02245 0[3697 03171 0B006 04546
02857 00499 03546 0R2256 03802 04936 04133 00423 00257 03991
02870 00496 03546 02254 03805 04936 04140 0390 00210 03988
02862 00489 03543 02262 03805 04935 04139 01419 00241 0[3983
0 0 0 0 0 02215 04269 05105 06688 02465
00003—-0M0002 00012 00022 00035 02226 04255 05126 06673 02474

—0[0054 0[0008—0M0081—-00063—00086 012162 04232 0BE096 06739 02451

O T PO T POTEOTY

a Actual concentratin profiles.
® Concentration profiles resolved by the ACOVER method.
¢ Concentration profiles resolved by the PARAFAC algorithm.

Thefirst five simulatedsamplesontainedonly thefirst threespeciesthe concentrationsof which are
uniformly distributed in the range0O—1. The remaining five samplescontainedall four components,
with the concentationsof eachcomponentuniformly distributedin the range0-1. The threeway
responsearray was generatedexactl in tems of (1), in which the randam errars were normaly

distributed with mean zero and standad deviation 0[002. The data array was treaed using the
propogd methodaswell asthe PARAFAC algorithmfor comparison.

Real HPLC-DAD data

Nine mixturesof p-chloraoluene(p-CT), o-chlorotoluengo-CT) ando-dichlorobenzeneg(o-DCB) as
well as an interral retentiontime standard, chlorobazene(CB), were analysedusing an HPLC
systemhypheng&dwith DAD. The concentrationsof eachcomponentareshown in Table 1. Details
of theexperimenal proceduesareasgivenpreviousy.'* The dataarray(50 x 24 x 9) collededwas
treatedusingthe devebpedmethodaswell asthe PARAFAC algorithm

All computer programs were written in MATL AB and run on a per®nal compute (Pentiun
ProcessoR33MHz). Theprogamsfor the ACOVER methodaregivenin Appendix Il. Thestogping
criterion for the ACOVER algarithm is thatthe differences in the entries of z,, betweenconseutive
iterationsareall lessthan10~°, or thetotal computaional epoch,setto 200in the study,is reached.
The PARAFAC algorithmusedin the studyis the verson givenby Krijnen.?* The stopping criterion
for the PARAFAC algarithm is that the improvementin the PARAFAC error betweenconsecutve
iterationsis less than10~ >, or the total computationalepochis greaterthana preddined maxmum,
setto 500in the simulatedexperimens and1000in the real dataanalyss.

RESUW.TS AND DISCUSSION
Simulated HPLC-DAD data

Consicering the core of the ACOVER methodis an iterative procedure, firstly the convegence
behaviourof thealgarithm wasinvestigaedusing thesimulaeddata This wasperformedoy running
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Table 3. Averagedistancesbetweenprofiles resolvedin ten runs and their averageones
obtainedusingACOVER methodandPARAFAC algorithmfor simulatedHPLC-DAD data

ACOVER PARAFAC

X2 ya Z° X2 \%% z2
Componentl 07892 03160 01900 02609 01646  0@012
Componen® 0R715 01989 0082 0D087 00028  0DO11l
ComponenB 01113 00893 0171 00026 00287 0D175
Component 05918 02040  0D920 00471 00348 07246

2 The distanceselow areall multiplied by 107,
® The distances below are all multiplied by 10°.

the algorithmsepaately tentimes. In the algorithm the numberof componerd is chosento be four,
whichis thetruedimensgondity of theundetying model.At eachtime thealgorithmwasstaredfrom
initial estimate®f concentrations whichtook valuesrandanly distributedin thedomain[0, 1]. After
the algorithm convergedijt wasfound thatthe solutiors obtanedin ten runsexhibited a very small
difference The averagédteraion numbersn tenrunswere 809, 6[4, 5[4 and 2[8 respectivey for the
four componentsTheprofilesresolvel in tenrunswere averagedThe averageprofilesin spectrabnd
chromatogaphicordersaredepictedagainsthe actualonesin Figures1(a)andl1(c),andtheaverage
concentation profilesare shown in Table2. One canobservethat the averageprofilesshowa very
small discre@ncy from the actual ones.In Table 3 the averageEuclidean distan@s of the profiles
computel in tenrunsto theiraveragenesarelisted. Thesefiguresareall accgotablysmall,indicaing
thatthe algarithm hasthe desiralbe convegenceprecision.For comparisonthe aboveinvestigaton
wasalsoconductedor the PARAFAC algorithm. In the algarithm the dimensonality of the modé
wasalsochoserto befour. It wasfoundin theinvestigatian thatin tenrunsthe PARAFAC algarithm
gottrappedn meaningles soluionstwice. With thesetwo runsexcluded,the averagdterationcycle
of the remaining eight runs was 360. The profiles resolvedin the eight runs were averagedThe
averageprofilesin spectralandchromatograpliic orders areplottedin Figures1(b) and1(d), andthe
concentation profilesareshown in Table 2. It canbeenseenthatthe averageprofiles also exhibit a
slight divergencefrom the actualones.Theserestts indicatethatthe ACOVER methodworks as
well asthe PARAFAC algorithmin caseswhere thedataaregeneatedby anidealtrilinear modd and
the dimensonality is correctly chosenfor the model, but the convegencerate of the ACOVER
methodis mudh highe thanthatof the PARAFAC algorithm andtheconvegenceds more stablewith
respectto the randamized initialization for the ACOVER algarithm than for the PARAFAC
algorithm.

Anothergoal of the simulaed experimens wasto examire the effectof thecomponentumberon
the soluionsgivenby the ACOVER method.With differentnumbersof componert selectedor the
model,the simulateddatawereanalysedusing the ACOVER method.In theinvestigaton theinitial
concentation esimatesfrom which the algarithm wasstared weredeternined by thefirst principal
componenbf thethird order, asusedin the presentedlgarithm. Theresdution errors,definedasthe
Euclidean distanes betweenthe resdved and the actual profiles, for componentone are plotted
versughe componennumberin Figure2. It canbe obsewvedthatthedistan@sbetweea theresdved
andtheactuwal profilesareundesiably largein the casewhere the componentumteris chosa to be
smallerthanthetrue dimensionéity of themodel,andthe performanceis stabilizedwhen thenumter
of componentsis increagd to be equalto or greder thanthe actual dimensonality. Thesefindings
werealsoobsewedfor the otha componerd. Theseresultsimply thatthe ACOVER methodis very
stableto overestinatesof the modd dimensonality. Therdore with the ACOVER methodoneneed
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Figure 2. Relationshipbetweencomponentnumber and resolutionerrors of profiles of first componentin
simulatedHPLC-DAD data.Theresolutionerrorof a profile is the Euclideandistancebetweertheresolvedand
the actualprofile. (a) Resolutionerror of spectralprofile. (b) Resolutionerror of chromatographirofile. (c)

Resolutionerror of concentratiorprofile

Copyright 0 1999JohnWiley & Sons,Ltd.

J. Chanometrcs 13, 557-578(1999)



ACOVER METHOD FORTRILINEAR ANALYSIS OF THREE-WAY DATA 571
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Figure3. Spectraprofilesof realHPLC-DAD dataresolvecby ACOVER andPARAFAC methods(a) Spectral
profilesresolvedby ACOVER method(full line) andspectralprofilesmeasure@xperimentally(dottedline) for

p-CT, o-CT ando-DCB. (b) Spectralprofilesresolvedby PARAFAC algorithm (full line) andspectralprofiles
measuredxperimentally(dottedline) for p-CT, o-CT ando-DCB

not determire the componentumber accuraely. One needonly estimatean upperboundfor the
componennhumber.In the extremeonecansimply takethe smallerof | andJ asthe estimae of the
componentnumter. This concluson is appealhg from the pradical point of view, since it
circumvens the problemof detemining the componenmnumber beforeresdution, which is rather
hardto handk for the PARAFAC algarithm.

Real HPL C-DAD data

In theinvestigationthe dataarray wastreaed asa blac systemandthe goal of analysisis to resdve
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Table4. Normalizedconcentratiorprofilesof real HPLC—DAD data

Normalizedconcentratiorvaluesof nine samples

Component 1 2 3 4 5 6 7 8 9
p-CT a 05620 O 03746 0873 00937 00937 0873 03746 05620
b 08717 00029 03821 00925 00751 01051 00621 O0[3591 005641
¢ 005841 — 00028 03885 0929 00467 00788 01314 03609 05610
o-CT a 0 04111 01370 02741 00685 0B852 04111 01370 02741
b- 00051 004345 01482 02914 00700 06387 014314 001277 02985
© 00076 014363 01505 02934 00490 0B416 04230 01265 003031
DCB a 0 0 0 0 07985 00797 03190 014785 011595
b 00153 00013 00107 00060 07242 00911 03682 05410 01966
¢ 00423 00206 00351 00278 0FZ272 00279 03853 05020 02239
& Actual concentratin profiles.
® Concentration profiles resolved by the ACOVER method.
¢ Concentration profiles resolved by the PARAFAC algorithm.
Resolution error
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Figure4. Relationshiphetweercomponentumberandresolutionerrorsof profilesof p-CT in realHPLC-DAD
data.Theresolutionerror of a profile is the Euclideandistancebetweenthe resolvedandthe actualprofile. (a)
Resolutionerror of spectralprofile. (b) Resolutionerror of concentratiorprofile

Copyright 0 1999JohnWiley & Sons,Ltd.

J. Chanometrcs 13, 557-578(1999)



ACOVER METHOD FORTRILINEAR ANALYSIS OF THREE-WAY DATA 573

the profilesin eachorderof p-CT, o-CT and o-DCB. For validating the resdution resuts, specta
weremeasuredusingDAD on purecompound®f thes threespeciesThe datawereanalysedising
the develpped ACOVER methodaswell asthe PARAFAC algarithm. In the PARAFAC algarithm

the startingvaluesof X andY areUy andV respedtsely. This staring configuraton is commorty

usedin the practice of the algorithm. Different componentnumberswere chose for thesetwo

algorithms It wasfoundthatwith acomponentumbergrederthanfour or lessthanthreethe profiles
resolvel by the PARAFAC algorithm deviated greatly from those expeimentaly measued or

preparedThebestresolutio for the PARAFAC algorithmwasachievedn the casewhere themodd

dimengonality waschosa to bethree.lt took 774iterationsfor the PARAFAC algaithm to achieve
theresdution. Theseresdved spectal profilesaredepictedagainsthose measuedexperimenglly in

Figure3(b), andthe concentrationprofilesconputedaregivenin Table4. The profilesin the second
orderarenotgiven,becagenoreferancesareavailableto validatetheperformanceln contrast,in the
investigaton onestill obsewesthestallity of the ACOVER methodwith respecto overestimates of

the componentnumber. As canbe seenin Figure4, theresdution error of the ACOVER methodis

stabilizedwhenthe modeldimensgondity is greaterthanfour. The spectré profilesresolvel by the
ACOVER methodwith the model dimensiondity setto five are plotted in Figure 3(a) and the
concentation profiles are shownin Table 4. It can be seenthat the resdution accuacy of the
ACOVER methodis muchbetterthanthatgiven by the PARAFAC algarithm. In pradical problem
solving,dataarefrequenly confaundedby someinstrumentaldrift, which cause the datato deviate
to somedegre= from theidealtrilinear modd. The aboveresultsindicate thatthe ACOVER methodis

moresteble to modeldeviationsthanthe PARAFAC algarithm. In the resoluton the computaional

cyclesfor the ACOVER methodwereelewven, nine andthreerespedtely for the threecomponents.
Thesereslts recanfirm theconclusio thatthe ACOVER methodhasamuchhigherconvegencerate
thanthe PARAFAC algorithm.

CONCLUSIONS

A new method,alternatingcoupked vectorsresdution (ACOVER), hasbeendevelopedor trilinear
analysisof threeway dataarray. The preentedresultshave shownthat the developedACOVER
methodcangive resdution with acceptale accuracyfor thecomponentprofiles,andthe performance
of the methodis very stablewith resgectto overestinatesof the componennumber. This method
providesa valuabletool for second-ader calibration andfor the studyof complex chemicalsystems
or processewhich canbe chalacterizel by athree-wg dataarray. Though the theoreti@l nature of
the ACOVER methodcalls for furtherinvestigaton, its ideawill still provide anextradimenson in
the developnent of noveltrilinear resolution procedures.
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APPENDX I: DERIVATION OF THE COMPUTING PROCEDURE FORTHE SOLUTIONS
TO X, AND g, MINIMIZI NG THE COVER ERRCR (9) FORFIXED z,

If X, and g, minimize the COVER error (9) for fixed z,, it is necesary for them to satisfy the
conditions
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OE K
% = 2; an(zknxn - R.‘kqn) =0 (16)
K
8ECOVER _ _ZZ RTk(anXn _ RA.kqn) =0 (17)
9 r=

Onecanderive from (16) and(17) that

K
z anZhnRTkR..h K
k,h=1
' On = Z R',R xd, (18)
k=1

K
> Z
k=1

K K
Xn = Z anRqun/ Z Zﬁn (19)
k=1 k=1

K
Note thatthe matrices R , (k=1, 2, ..., K) and >_ RTkR,,k arechemially rank-defigent, andtheir

k=1
rankis intrinsically the number of comporentsunderlying the data.This resuts in ill-conditioning of
the eigenprdlem (18). Therefoe rank-reduced appraimations to R (k=1, 2, ..., K) and
K

> RTkR,,k should be used for combaing ill-conditioned solutions. Let the singula value
k=1

K
decompottion (SVD) of 3" R",R « be
k=1
K
> RLR=USU
k=1

whereU andS arebothJ x J matrices.Thesematricesaretruncaedby removing the correspading
right-hand columnsand the bottom rows to give Uy (J x N) and Sy (N x N). The rank-redweed

K
approxmationof > RT,R y is thusgiven by the truncatedSVD
k=1

K
D RLR.k= Uy (20)
k=1
Becaus U \ spansthe commonsubspacef the rows of R  (k=1, 2, ..., K), the rank-redeed

approxmationsto R  (k=1, 2, ..., K) are

Rk = R UnUY (21)
Substititing equaion (20) and(21) into (18) andletting

w = §*U]a,

onecanobtain
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K
s U] khzlzknmnRTkRuhungl/z

% wW=w (22)
> Zn
k=1

Now it canbe concludedthatw is the eigenvetor of the symmetric matrix

K
SVPUTL S ZeznRT R nUn Sy
k,h=1

> 2,
k=1

with the associted eigenvalie of one. It is shown in Appendix Il that all eigenvaluesof the

symmeric matrix are not greaterthanone. Thereforew is the eigenvetor of the symmetric matrix
K
correspadingto thelargesteigenalue.Since Y ZZ, is ascalarquantty, w is alsothe eigenvetor of

the matrix k=1

K
S0 20znRT R AUNS,
k,h=1

correspadingto thelargesteigenvalie.Onecaneasilysolvetheeigenprdlemandreachthe solution
of w. Thenq ,, canbe calcultedby

a, = aUN%l/ZW (23)

wherea is a constantto be deternined. Substtution of (23) into (19) yields

K K
=2 2R S/ 37, (24

Therefoe one obtains the computing procedurefor the solutions to x , and q , minimizing the
COVER error (9) for fixed z,.

Notethatin derivingthealgorithm,onedoesnotimposethe constrant (5) onq .. As is shown from
the computingresults,not imposingthis constaint doesnot induce the resdved profilesto deviate
from the actualones.Thisindicatsthatthe constrant (5) is mathenaticadly of trivial significancein
the ACOVER method.

APPENDX II: PROGRAM WRITTEN IN MATLAB FORACOVER METHOD

%NOTATION:
% rrzk is the kth slice of R along z order
% rrxi is theith slice of R alongx order.
% rryj is thejth slice of R alongy order.
% uuNy andssNsqy areU and SY2 resgectively.
% uuNx andssNsgx areV and D2 respectivey.
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% Xcal, Ycal andZcal arethe calculatedprofile matricesin x, y andz ordersrespectivéy.
% xn, yn andzn arethe profiles of the nth componentin x, y andz ordersrespeduely.

% I, JJandKK arethe dimensonalitiesof xn, yn andzn respectivéy.

% NN is the number of componerd chosa for the model.

% MM is the numter of conponentsto be resolvel.

% rrzr =[rrz1 rrz2 ... rrzKK];

% rrzl =[rrz1 rrz2 ... rrzKK'].

% rryl =[rryl’ rry2" ... rryJJ].

% rrxl =[rrx2’ rrx2' ... rex1].

% rrxr = [rrx1 rrx2 ... rex].

function [Xcal, Ycal, Zcall = main(rrz, rrzl, I, JJ,KK, NN, MM)
Xcal = zercs(ll, MM);

Ycal = zeras(JJ,MM);

Zcal=zeros(KK MM);

fornn=1: MM
[Xcal(:, nn), Ycal(:, nn), Zcal(:, nn)] = ACOVER(rrz, rrzr, Il, JJ,KK, NN);

rrznl=[]; rrznr={];

for kk=1: KK

rrzn= Zcal(kk, nn) * Xcal(:, nn) * Ycal(:, nn)’;
rrznl =[rrznl rrzn’;

rrznr=[rrznr rrznj;

end

rrzl =rrzl - rrznl;
rrzr=rrzr - rrznr;
NN=NN - 1;
end

function [xn, yn, zn]= ACOEVR(rrzl, rrzr, 1, JJ,KK, NN)
rryl =reskape(rrzl, Il, KK * JJ);
rrxl =reshape(rry’, KK, JJ* 11);
rexr =restape(rrz’, JJ,KK * 11);

[uu, ss,vv] = svd(rrd, 0);
uuNy=uu(;,1: NN);
ssNsqy=ss(1: NN, 1: NN);
[uu, ss,w] =svd(rrz, 0);
UUNXx=uu(:, 1 : NN);
ssNsgx=ss(1: NN, 1: NN);
[uu, ss,vv] = svd(rrx1, 0);
zn=uu(;, 1);

dzn=1; cyc=0;

while dzn>le—5
zn0=2zn;cyc=cyc+ 1

[gn, tt] = absole(rrzl, ll, KK, zn, uuNy, ssNsqy)
xn=tt'"* gn;

xn=xn/ sqgrt(xd * xn);
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[gn, tt] = absole(rrxr, KK, 1l, xn, uuNy, ssNsqy);
zn=tt' * gn;

zn=zn/ sqrt(z’ * zn);

[gn, tt] = absoVe(rrzr,JJ,KK, zn, uuNx, ssNsgx);
yn=tt'* gn;

yn=yn/ sqgrt(yri * yn);

[gn, tt] = absoVe(rryl, KK, JJ,yn, uuNx, ssNsgx);
gn=qgn/ (gn * xn);

zn=tt'* gn;

dzn=maxabs(zn— zn0));

end

function[gn, tt] = absolve(rl, Il, KK, zn, uuN, ssNsq)
rrleye=[];

forkk=1: KK

rrleye=[rrleye, eye(ll) * zn(kK)];

end

tt=rrl * rrleye;

ttt = inv(ssNsq)* uuN * tt * tt' * uuN* inv(ssNsq)
[ff, gg, hh]=svd(ttt);

alpha=ff(:, 1);

gn=uuN * inv(ssNsq)* alpha;

APPENDIX 1ll: PROCF THAT THE EIGENVALUES OF THE SYMMETRIC MATRIX IN (22)
ARE NOT LARGERTHAN ONE

To provethe propostion, it is suffident to showthat for any vecbor «,

K K
O‘TSGUZUL Z anZhnRTkR..hUNSGl/Za/ZZin <a'a
k=1

k.h=1

LetA=(R'y,....,R W andB=(z1nl,Znl, ..., Zkn )", wherel isthel x | idertity matrix; thenone
has

K K
ESRETN Z anZhnRTkRNhUNSIGl/ZO‘/Zan
k,h=1 k=1

K
= UL ABBTATUNS 0 ) S 2,
k=1

K
- Trace(BBTATUN Sy 2aa" S Y2UL A / 3 z§n>
k=1
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Letting
3 =ATUNS
andnoticing
1 K
878) " =1/ %,
k=1
oneobtains

K K
TS Y R IR NS 20 ) > 2,
k=1

Khoi
= TracdB(B"B) *BT34"]
— 4'B(®B'B) B
SinceB (B" B) ! B" is a projection matrix, onehas
ﬂTB(BTB)leT/B S ﬂTﬂ

It is easyto showthat 5" 3=a' «, therebre onefinishesthe proof.
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