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SUMMARY

A new method, alternating coupled vectors resolution (ACOVER), is developed for trilinear analysis of a three-
way data array. First, based on the least-squares principle, four coupled vectors resolution (COVER) errors are
proposed. Second, a procedure which resolves the profiles of each component successively is developed. This
characteristic of successive resolution provides a natural way to avoid the two-factor degeneracy. Experimental
results show that the ACOVER method has the advantage that the resolved profiles of analytical interest are very
stable with respect to the estimated component number when the number of components is chosen to be equal to
or greater than the actual model dimensionality. This circumvents the dilemma of determining a proper
component number for the model, which is difficult to handle for the PARAFAC algorithm. Moreover, the
method has much higher convergence rate than the PARAFAC algorithm. Copyright 1999 John Wiley &
Sons, Ltd.
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INTRODUCTION

With recent progress in high-order analytical instrumentation and data collection techniques, three-
way data analysis has constituted an active trend in chemometric research.1–11 There are two main
types of methodologies for three-way data resolution in chemometrics. Methods of the first type are
aimed at resolving directly the ‘true’ profiles on the basis of eigenanalysis or generalized
eigenanalysis. Well-known examples are the generalized rank annihilation method (GRAM)12–14and
its extension, the trilinear decomposition (TLD) method.15,16These methods yield direct solutions to
the component profiles in each order. Unfortunately, in the procedures, two pseudosamples need be
constructed to formulate eigenproblems, which leads to a loss of information in multiple samples.
Moreover, the formulation of the generalized eigenproblems does not take the measurement errors
into account. This induces the methods to produce imaginary solutions and exhibit inflated variance.
Generally, these approaches work well only in situations where the signal-to-noise ratio is very high.
Methods of the second type,17–23typically exemplified by the PARAFAC algorithm,18–23seek to fit a
trilinear model to the data using an iterative algorithm. These methods allow full use of multisample
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information. However, the PARAFAC algorithm is generallycomputationally intensiveand not
guaranteed to locate the global optimum. In addition, the profiles finally estimatedmay deviate
pronouncedly from the actual oneswhen the number of components is incorrectly chosen for the
model,creatinga dilemma hardto handlein practicalapplications.

In this papera new approach, alternating coupled vectors resolution (ACOVER), to trilinear
analysisof three-waydatais developed. Unlikeexistingmethods, ACOVERestimatestheprofilesof
the componentsone at a time by minimizing two least squares-basedcoupled vectorsresolution
(COVER) errors.A salient virtue of ACOVER is that the resolved profilesof analytical interest are
verystablewith respectto theestimatedcomponentnumberwhen thecomponentnumberis chosen to
beequalto or greater thantheactual one,easingtheselectionof a proper componentnumber for the
model. Additionally, the algorithm of ACOVER is computationally more efficient than the
PARAFAC algorithm.Results of a simulated example and a real analytical systemshowthat the
proposedmethodprovidesacceptable performance in three-way dataresolution.

THEORY AND METHODS

Least squares-based coupled vectors resolution (COVER) error

Supposethat the datameasured on a chemicalprocessor experiment arecollected in an I � J� K
three-way arrayR which is generatedby the trilinear model22

R�
XM
n�1

xn
 yn 
 zn � E �1�

wherexn, yn andzn aretheprofilesin threeordersrespectively of thenth response-active species, 6
denotesthetensorproduct andE is thearrayof measurementerrors.In generalanalytical practiceone
canassumethat the profile matricesX = (x1, x2, …, xM) andY = (y1, y2, …, yM) havefull column
rank. To guarantee unique resolution of the tril ineardata, onecan further assumethat in the third
orderthe profile of eachcomponentis linearly independentof that of any othercomponent.Notice
that this premiseis stronger than Kruskal’s conditions;24 however, it is the casemost generally
considered in the chemometric literature.25 To achieveuniquerepresentationof xn, yn andzn, it is
assumedthatX andY arecolumn-wiseof unit length; thatis, jj xn jj = 1 andjj yn jj = 1,n = 1,2,…, M,
wherejj.jj denotestheEuclidean normof a vector.The goalof tril inearanalysis of a three-way data
arrayis to resolvethe‘true’ profilesX, Y andZ = (z1, z2, …, zM) suchthatposterior to resolution the
chemical processor experiment undermeasurementcanbe interpretedwith mitigateddifficulty.

By slicing thethree-waydataarrayR along thethird order,thetrilinear modelcanbeexpressedin
matrix notationas

R::k � Xdiag�z�k��YT � E::k; k � 1; 2; . . . ;K �2�

whereR..k andE..k arethekth slicesof R andE respectively along the third order, thesuperscript T
symbolizes the transpose of a vector or a matrix, anddiag(z(k)) denotesthe diagonal matrix whose
diagonalentriesarethe correspondingonesof z(k). Herez(k) is thekth row of Z. From(1) it canbe
seenthatthetrilinear modeltreatsits parametermatrices, i.e. theprofilematrices in threeorders,in a
symmetric way.Therefore,if R is slicedalong thefirst andsecond orders,thetrilinearmodelcanalso
bewritten asthe matrix equations
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R:j: � Zdiag�y�j��XT � E:j:; j � 1; 2; . . . ; J �3�

Ri:: � Ydiag�x�i��ZT � Ei::; i � 1; 2; . . . ; I �4�

Sinceit hasbeenassumedthatX andY bothhavefull columnrank,it is known thatthereexistvectors
qn andpn (n = 1, 2, …, M) satisfying

yT
nqm � �mn; m; n� 1; 2; . . . ;M �5�

xT
npm � �mn; m; n� 1; 2; . . . ;M �6�

where�mn= 1 if m= n and�mn= 0 if m= n. Therefore from (2) onecanobtain

R::kqn � zknxn� e�x�k;n; k � 1; 2; . . . ;K; n� 1; 2; . . . ;M �7�

RT
::kpn � zknyn� e�y�k;n; k � 1; 2; . . . ;K; n� 1; 2; . . . ;M �8�

It is noteworthy that using qn and pn to transform the trilinear model (1), which depends on all
components, into the models(7) and (8), which are dependentmerely upon one component,is a
critical stepin the development of the method.As will be shownlater, basedon fitting the single-
componentmodels(7) and(8), thetrilinear resolution canbeaccomplishedin acomponent-wiseway.

Noticethatin (7) e�x�k;n � E::kqn, which is avector of errors;thenastatistically plausibleapproachto
estimateqn, xn andzn is the leastsquaresprinciple. That is, qn, xn andzn canbe estimatedby the
minimizers of the leastsquarescriterion

ECOVER�xn; qn; zn� �
XK

k�1

kzknxn ÿ R::kqnk2 �9�

Notethatcriterion (9) is derivedfrom (7) in termsof theleastsquaresmethod;thusminimizationof
thiscriterionprovidesa leastsquaresfit to model (7). Because thevalueof criterion (9) dependsonly
on the threeparameter vectors xn, qn andzn, which are the ‘true’ profilesof onecomponentto be
resolved, minimization of the criterion over these parameterswill actually yield the leastsquares
solutions to the ‘true’ profiles xn and zn of one component. Unfortunately, there is no method
availableto determinedirectly thesolutionsof xn, qn andzn whichminimizethecriterion.Onehasto
designaniterativealgorithmto exploit thesolutions.It will beshownthat in thealgorithm thethree
parametersaretreateddifferently. The first two vectors,xn andqn, areresolved in a coupledway.
Accordingly, thesetwo vectorsarecalled thecoupledvectors.Becausethegoalof thecriterion is to
resolvethe coupled vectors,it is called the coupledvectorsresolution (COVER) error.

Analogously, onecanderiveanotherCOVERerror from (2) and(8) as

ECOVER�yn; pn; zn� �
XK

k�1

kzknyn ÿ RT
::kpnk2 �10�

Minimizationof this leastsquarescriterionovertheparametersalso givestheleastsquaresestimates
for the ‘true’ profilesyn andzn of onecomponent. Parallelly, thefirst two parameter vectors,yn and
pn, arecalledthe coupledvectors too.

In principle,utilizi ngCOVERerrors(9) and(10),onecandevelopamethodfor trilinearresolution
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basedontheALS algorithm.Nevertheless, to makethealgorithmconvenient for implementationand
derivation, the following two COVER errorsarealsousedin the study:

ECOVER�zn; qn; xn� �
XI

i�1

kxinznÿ RT
i::qnk2 �11�

ECOVER�zn; pn; yn� �
XJ

j�1

kyjnznÿ R:j:pnk2 �12�

Thesetwo leastsquarescriteria can be deducedfrom (3) and (4) in a manneranalogouswith the
derivation of criterion (9). It is easyto show that COVER errors (11) and (12) are equivalent to
criteria (9) and(10) respectively.

It is noteworthy that,first, in thepresentedstudyonedoesnot maketheassumption thatZ hasfull
columnrank.In this sensethetrilinear model is inherently symmetric only for thex andy ordersand
doesnot treatthethreeordersin anentirelysymmetric way.Thereforeonly four leastsquarescriteria
canbe derivedfor the resolution of the trilinear model.Second,the assumption that X andY both
have full column rank implies I �M and J�M. Therefore under this premise the number of
components is upper-bounded by the minimum of I andJ.

ACOVER method for three-way data resolution

The rationale of the ACOVER methodis to identify the ‘true’ profilesof the componentsoneat a
time. That is, after the ‘true’ profilesof onecomponent, xn, yn andzn, havebeenresolved at a time
usingthe proposedprocedure, the three-wayarray is deflatedas

R1 � Rÿ xn 
 yn 
 zn �13�

whereR1 is the three-way array in which the responseof the componentpreviously resolvedis
annihilated. Then the resolution process is repeated with the deflated array for recovering the
remaining components. In thesequel we will presentin detail theproceduresfor resolving the‘true’
profilesof onecomponent.

In termsof theCOVERerrors(9) and(10), two approachescanbedevelopedfor theidentification
of the‘true’ profilesof onecomponent. Oneapproachis to estimatexn, qn andzn usingtheminimizers
of theCOVERerror (9); thenyn is estimatedby minimizing theCOVERerror(10)overyn andpn for
zn fixed at the previously estimatedvalue.The other methodis to estimateyn, pn andzn, using the
minimizersof theCOVER error (10); thenxn is estimatedby minimizing theCOVER error(9) over
xn and qn for zn fixed at the previously estimatedvalue. Now we separately describethesetwo
approaches.

In principle, theminimizersof theCOVERerror (9) overxn, zn andqn canbeapproachedbasedon
asimpleALS scheme.Thatis, theminimizerscanbeexploitedby alternately minimizing ECOVER(xn,
qn; zn) over xn for fixed qn andzn, minimizing ECOVER(xn, qn; zn) over qn for fixed zn andxn and
minimizingECOVER(xn, qn; zn) overzn for fixedxn andqn. However, it wasdiscoveredin experiments
that this schemeconvergesrelatively slowly. Consequently, in the presented studywe will utilize
anotherversionof theALS algorithmto locatetheminimizersof ECOVER(xn, qn; zn). This algorithm
is basedon alternately minimizing ECOVER(xn, qn; zn) over xn andqn for fixed zn andminimizing
ECOVER(xn, qn; zn) over zn and qn for fixed xn. Sincethe COVER error (11) is equivalent to the
COVER error(9), theminimizationof ECOVER(xn, qn; zn), equation (9), overzn andqn for fixedxn is
equivalent to the minimization of ECOVER(zn, qn; xn), equation (11), over zn and qn for fixed xn.
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Therefore the ALS algorithm for minimizing the COVER error (9) can be accomplished by
alternately minimizing ECOVER(xn, qn; zn), equation(9), overxn andqn for fixed zn andminimizing
ECOVER(zn, qn; xn), equation (11), over zn and qn for fixed xn. Here it is noteworthy that sucha
transformation of the alternating minimization schemeis beneficial for the implementation of the
algorithm. In fact, onecannotice that in (9) and(11) the rolesof xn andzn are just interchanged.
Therefore,if theminimizersof (9) overxn andqn for fixedzn canbecomputedusing someprocedure,
thesolutionsto zn andqn minimizing equation (11) for fixedxn canalsobecalculatedusingthesame
procedure. Thisenablesoneto implement theupdating schemeof xn andqn for fixedzn aswell asthe
updatingscheme of zn andqn for fixed xn usinga single program.

It is shownin Appendix I thatthesolutionsto xn andqn minimizingECOVER(xn, qn; zn) for fixedzn

canbe computed asfollows.

a1. Compute the eigenvector w of the symmetric matrix

Sÿ1=2
N UT

N

XK

k;h�1

zknzhnRT
::kR::hUNSÿ1=2

N

corresponding to the largesteigenvalue.
a2. Calculateqn by

qn � aUNSÿ1=2
N w

a3. Calculatexn by

xn � a
XK

k�1

zknR::kqn

.XK

k�1

z2
kn

Here SN is the N� N diagonalmatrix whose diagonalelementsare the first N singularvalues ofPK
k�1

RT
::kR::k, and UN is the J� N matrix with the nth column being the nth singular vector of

PK
k�1

RT
::kR::k. That is, UN andSN aregiven by the truncatedsingular valuedecomposition (SVD) of

PK
k�1

RT
::kR::k. HereN is an estimate of the numberof componentsunderlyingthe data. Note that the

ACOVER methodresolves theprofilesin a component-wise way, andthethree-way arraysubjected
to subsequentanalysisis obtained by deflating the original three-wayarray R successively using
equation (13). Therefore,eachtimethethree-wayarrayis deflated,thenumberof componentspresent
in theobtained three-way arrayis decreased by one.That is, suppose theestimate of thecomponent
numberin theoriginal three-way arrayis M; at thetime when mcomponentshavebeenresolved, the
numberof componentsunderlyingthedeflatedthree-wayarrayis M 7 m� 1. In stepsa2anda3,a is
a constant to be determined. As it hasbeenassumedthat xn is of unit length, this constant canbe
determinedeasily. Fromthecomputingprocedurea1–a3it canbeconcludedthatthelength of zn will
only affectthelengthsof xn andqn andwill notalterthedirectionsof xn andqn. Herethedirection of a
vector meansthe normalized vector; for example, the direction of xn is x̃n = xn/kxnk. Sincexn is
assumedto have unit length, then multiplying zn by a scalarwill not alter the solution of xn.
Therefore, to calculate xn, onemerelyneedsto know the normalized zn, i.e. z̃n = zn/kznk.

Analogously, the computing procedureof zn and qn minimizing the COVER error (9), or
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equivalently the COVERerror (11), for fixedxn is given asfollows.

b1. Computethe eigenvector w of the symmetric matrix

Sÿ1=2
N UT

N

XI

i;h�1

xinxhnRi::RT
h::UNSÿ1=2

N

corresponding to the largesteigenvalue.
b2. Calculateqn by

qn � bUNSÿ1=2
N w

b3. Calculatezn by

zn � b
XI

i�1

xinRT
i::qn

.XI

i�1

x2
in

Hereb is aconstantto bedetermined.Notethatin stepb1onehasmadeuseof thefact that
PK
k�1

RT
::kR::k

hasthesameSVD as
PI
i�1

Ri::RT
i::. Because it hasbeenargued abovethatthesolution of xn minimizing

theCOVERerror(9) for fixed zn is uncorrelatedto thelengthof zn, thenwhenoneaimsat resolving
xn for fixed zn, the constant b in stepsb2 andb3 canbe arbitrarily selected.For simplicity onecan
chooseb suchthat zn is alsoof unit length.

Sofar it hasbeenshown thattheminimizersof ECOVER(xn, qn; zn) overxn andqn for fixed zn and
the minimizers of ECOVER (xn, qn; zn) over zn and qn for fixed xn can be computed using the
proceduresa1–a3andb1–b3respectively. Therefore thealgorithm for minimizing theCOVER error
(9) canbeimplementedby alternately updating xn andqn usingthecomputingprocedurea1–a3and
updatingzn and qn using the computing procedureb1–b3, in which the constants a and b are
determinedto makexn andzn normalized.Becausethisalgorithm is essentially anALS algorithm for
theminimizationproblem, it canbeconcludedthatthisalgorithm tendsto decreasetheCOVERerror
(9) monotonically during the iterations. (Strictly speaking, the algorithm tendsto decreasea rank-
reducedversionof the COVERerror (9).) Therefore, after the algorithm converges,onecanobtain
the leastsquaresestimatesof xn, zn andqn.

With xn andzn thusresolved, yn canbeestimatedby theminimizersof theCOVERerror (10)over
yn andpn for zn fixedat thepreviously estimatedvalue.Analogously,thecomputingprocedurefor yn

andpn minimizing the COVER error (10) for fixed zn is given asfollows.

c1. Computethe eigenvector w of the symmetric matrix

Dÿ1=2
N VT

N

XK

k;h�1

zknzhnR::kRT
::hVNDÿ1=2

N

correspondingto the largesteigenvalue.
c2. Calculatepn by

pn � cVNDÿ1=2
N w

c3. Calculateyn by
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yn � c
XK

k�1

zknRT
::kpn

Here DN is the N� N diagonal matrix whosediagonal elementsare the first N singular valuesofPK
k�1

R::kRT
::k, VN is theJ� N matrix with thenth columnbeingthenth singular vector of

PK
k�1

R::kRT
::k,

andc is a constantwhich canbe determined usingequation (6); that is,

c� 1=�xT
nVNDÿ1=2

N w� �14�
Note that in theaforementionedmethod,zn resolved is normalized,while yn is not normalizedto

unit length.To keepconsistencywith thescaling convention thatyn is of unit length,onecansimply
multiply zn by the lengthof yn andthennormalize yn to unit length.

As presented above,one approachto resolve the ‘true’ profiles of one component has been
developedbasedon the COVER errors(9) and(10). This methodestimatesxn, zn andqn usingthe
minimizersof theCOVERerror(9) andthenestimatesyn andpn using theminimizersof theCOVER
error (10) for fixed zn. Alternatively, anotherstrategy canbe proposed by estimatingyn, pn andzn

usingtheminimizersof theCOVERerror(10)andthenestimatingxn andqn usingtheminimizersof
theCOVERerror (9) for fixedzn. Sincethisapproachcanbederivedin amannerbasically consistent
with theaforementioned method,we will skip thederivation of this approachandmerelyoutline its
computingprocedures.

TheALS algorithm for exploiting yn, pn andzn whichminimizetheCOVERerror(10) is basedon
alternately minimizingECOVER(yn, pn; zn) overyn andpn for fixedzn andminimizingECOVER(yn, pn;
zn) overzn andpn for fixed yn. Theupdating procedureof yn andpn for fixed zn is given asfollows.

d1. Computethe eigenvector w of the symmetric matrix

Dÿ1=2
N VT

N

XK

k;h�1

zknzhnR::kRT
::hVNDÿ1=2

N

correspondingto the largesteigenvalue.
d2. Calculatepn by

pn � VNDÿ1=2
N w

d3. Calculateyn by

yn �
XK

k�1

zknRT
::kpn

d4. Normalizeyn to unit length.

The updatingprocedureof zn andpn for fixed yn is asfollows.

e1. Compute the eigenvector w of the symmetric matrix

Dÿ1=2
N VT

N

XJ

j;h�1

yjnyhnRT
:j:R:h:VNDÿ1=2

N
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correspondingto the largesteigenvalue.
e2. Calculatepn by

pn � VNDÿ1=2
N w

e3. Calculatezn by

zn �
XJ

j�1

yjnR:j:pn

e4. Normalizezn to unit length.

Note that in step e1 oneutilizes the fact that
PK
k�1

R::kRT
::k hasthe sameSVD as

PJ
j�1

RT
:j:R:j:.

Theprocessof updatingyn andpn for fixedzn aswell asupdatingzn andpn for fixedyn is continued
until a stoppingcriterion is satisfied.After thealgorithmconverges,oneobtainstheestimatesof yn

andzn. Thenxn is resolved by the following computing procedure.

f1. Compute the eigenvector w of the symmetric matrix

Sÿ1=2
N UT

N

XK

k;h�1

zknzhnRT
::kR::hUNSÿ1=2

N

corresponding to the largesteigenvalue.
f2. Calculateqn by

qn � dUNSÿ1=2
N w

f3. Calculatexn by

xn � d
XK

k�1

zknR::kqn

Hered is a constantwhich canbedeterminedusingequation (5); that is,

d � 1=�yT
nUNSÿ1=2

N w� �15�
Finally, to keepconsistency with the commonscalingconvention that xn is normalized, one can
rescale zn by simply multiplying it by the length of xn andthennormalizing xn to unit length.

Thusfar two approacheshavebeendevelopedfor resolvingthe ‘true’ profilesof onecomponent.
Thesetwo methodsboth comprise two steps.In the first step thesemethodsinvolve an iterative
exploitation of the ‘true’ profiles in two ordersof onecomponentusingan ALS algorithm. In the
secondstep,basedon the minimizationof anotherCOVER error, thesemethodsresolvethe ‘true’
profile of thecomponentin the third orderusinga directprocedure.Because theCOVER errorsare
well definedin termsof theleastsquaresprinciple, theminimizersof theCOVERerrorsaretheleast
squaresestimatesof the‘true’ profilesof onecomponent,andthesetwo approachesactually give the
resolution of the ‘true’ profiles for onecomponent. Moreover, becausethesetwo approachesboth
givetheleastsquaresestimatesfor the‘true’ profilesof onecomponent,onecaninfer thattheprofiles
of onecomponentresolvedby thesetwo approacheswill only haveaverysmalldifference. In fact, it

564 J.-H.JIANG ET AL.

Copyright  1999JohnWiley & Sons,Ltd. J. Chemometrics, 13, 557–578(1999)



is found in simulations that the solutionsgiven by thesetwo approaches only exhibit a very small
numericaldifference.In thissenseit canbeconcludedthatminimizationof COVERerror(9) tendsto
minimizeCOVER error(10)andviceversa. On theotherhand,sincetheCOVERerrors(9) and(10)
aresymmetrically derivedfrom thetrilinearmodel, agoodestimateof xn, yn andzn should minimize
thesetwo symmetriccriteria simultaneously. Basedonthisconsideration,onecancombinethesetwo
approaches developedaboveinto onemethod,suchthat theresulting methodcanserveasa reduced
versionof the algorithm minimizing simultaneously criteria (9) and(10). This methodis basedon
alternately updatingxn for fixed zn using the computing procedurea1–a3,updatingzn for fixed xn

usingthecomputingprocedureb1–b3,updatingyn for fixedzn usingthecomputingprocedured1–d4,
and updatingzn for fixed yn using the computingproceduree1–e4.It is discoveredin numerous
experiments that this methodalwaysconvergesfast andshows improvedstability, indicating it can
serveas a reducedversion of the algorithm minimizing simultaneously criteria (9) and (10). A
MATL AB programfor implementingthis methodis given in Appendix II, asa function namedafter
ACOVER.Thisalgorithmcanbeimplementedusing aprogramcompactlystructured.Thisalgorithm
is calledthe ACOVER algorithmsinceit resolves the coupledvectors in an alternating way.

HavingdevelopedtheACOVER algorithm for resolvingthe‘true’ profilesof onecomponent, one
caneasilyconstructatechniquefor trilinearanalysis.Theideaof this techniqueis thatit estimatesthe
componentsoneat a time usingtheACOVERalgorithm, deflatesthethree-way arrayusingequation
(13), decreasesthe componentnumber N by one and then continues with the deflatedarray. For
simplicity this trilinear resolution technique is called the ACOVER method, as the ACOVER
algorithm constitutes the coreof the technique. In the ACOVER method,after the profilesof one
componentareresolved, the responseof thecomponentis subtracted from the three-wayarray,and
theresolution of theremainingcomponentsis performedonthedeflatedthree-wayarrayin which the
contribution of the components previously resolved is annihilated.Therefore the profiles of the
components previously resolved will havealmostno effecton theresolution of therestcomponents.
This characteristicis attractive becauseit enablestheACOVER methodto avoid theso-called two-
factor degeneracy,23 which is ratherdifficult to handlefor the PARAFAC algorithm.

EXPERIMENTAL

Simulated HPLC–DAD data

A datasetmeasuredusing a high-performance liquid chromatography (HPLC) systemwith diode
arraydetection (DAD) on tensampleswassimulated.Thespectral profilesof four species, s1, s2, s3

ands4, weregeneratedby

Table1. Compositionsof ninemixturesin real HPLC–DAD experiments

Concentration(�g ml71)

1 2 3 4 5 6 7 8 9

p-CT 75⋅6 0⋅0 50⋅4 25⋅2 12⋅6 12⋅6 25⋅2 50⋅4 75⋅6
o-CT 0⋅0 91⋅2 30⋅4 60⋅8 15⋅2 152⋅0 91⋅2 30⋅4 60⋅8
o-DCB 0⋅0 0⋅0 0⋅0 0⋅0 152⋅2 15⋅2 60⋅8 91⋅2 30⋅4
CB 62⋅4 62⋅4 62⋅4 62⋅4 62⋅4 62⋅4 62⋅4 62⋅4 62⋅4
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s1;i � 0�2gs�2i ÿ 1; 30; 30� � 0�5gs�2i ÿ 1; 70; 10�; i � 1; 2; . . . ; 50

s2;i � 0�6gs�2i ÿ 1; 20; 10� � 0�3gs�2i ÿ 1; 80; 30�; i � 1; 2; . . . ; 50

s3;i � 0�7gs�2i ÿ 1; 40; 10� � 0�2gs�2i ÿ 1; 90; 20�; i � 1; 2; . . . ; 50

s4;i � 0�7gs�2i ÿ 1; 50; 25�; i � 1; 2; . . . ; 50

Figure1. Profilesof simulatedHPLC–DAD dataresolvedby ACOVER andPARAFAC methods.(a) Spectral
profilesresolvedby ACOVER method(full line) andactualspectralprofiles(dottedline) for four components.
(b) Spectralprofilesresolvedby PARAFACalgorithm(full line) andactualspectralprofiles(dottedline) for four
components.(c) Chromatographicprofilesresolvedby ACOVERmethod(full line) andactualchromatographic
profiles(dottedline) for four components.(d) Chromatographicprofilesresolvedby PARAFACalgorithm(full

line) andactualchromatographicprofiles(dottedline) for four components
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wheregs(x, a, b) is thevalueat x of a Gaussianfunctionwith centre a andstandarddeviationb, i.e.
gs(x,a, b) =exp[7(x 7 a)2/2b2]. Thechromatographic profilesof thecomponents,c1, c2, c3 andc4,
weresimulatedby

c1;i � 0�5gs�4i ÿ 3; 40; 5�; i � 1; 2; . . . ; 20

c2;i � 0�5gs�4i ÿ 3; 30; 10�; i � 1; 2; . . . ; 20

c3;i � 0�5gs�4i ÿ 3; 50; 10�; i � 1; 2; . . . ; 20

c4;i � 0�5gs�4i ÿ 3; 40; 9�; i � 1; 2; . . . ; 20

Figure1. Continued.
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Thefirst five simulatedsamplescontainedonly thefirst threespecies, theconcentrationsof whichare
uniformly distributed in the range0–1.The remaining five samplescontainedall four components,
with the concentrationsof eachcomponentuniformly distributedin the range0–1. The three-way
responsearray was generatedexactly in terms of (1), in which the random errors were normally
distributed with meanzero and standard deviation 0⋅002. The data array was treated using the
proposedmethodaswell asthe PARAFAC algorithmfor comparison.

Real HPLC–DAD data

Ninemixturesof p-chlorotoluene(p-CT), o-chlorotoluene(o-CT) ando-dichlorobenzene(o-DCB) as
well as an internal retentiontime standard,chlorobenzene(CB), were analysedusing an HPLC
systemhyphenatedwith DAD. Theconcentrationsof eachcomponentareshown in Table1. Details
of theexperimental proceduresareasgivenpreviously.11 Thedataarray(50� 24� 9) collectedwas
treatedusingthe developedmethodaswell asthe PARAFAC algorithm.

All computer programs were written in MATL AB and run on a personal computer (Pentium
Processor233MHz). Theprogramsfor theACOVER methodaregivenin Appendix II. Thestopping
criterion for theACOVER algorithm is that thedifferences in theentries of zn betweenconsecutive
iterationsareall less than1075, or thetotal computational epoch,setto 200in thestudy,is reached.
ThePARAFAC algorithmusedin thestudyis theversion givenby Krijnen.21 Thestopping criterion
for the PARAFAC algorithm is that the improvementin the PARAFAC error betweenconsecutive
iterationsis less than1075, or the total computationalepochis greaterthana predefinedmaximum,
setto 500 in the simulatedexperiments and1000in the real dataanalysis.

RESULTS AND DISCUSSION

Simulated HPLC–DAD data

Considering the core of the ACOVER methodis an iterative procedure, firstly the convergence
behaviourof thealgorithm wasinvestigatedusing thesimulateddata. This wasperformedby running

Table2. Normalizedconcentrationprofilesof simulatedHPLC–DAD data

Normalizedconcentrationvaluesof ten samples

Component 1 2 3 4 5 6 7 8 9 10

1 a. 0⋅1273 0⋅0274 0⋅3947 0⋅3950 0⋅5435 0⋅2230 0⋅3020 0⋅4832 0⋅0201 0⋅0311
b. 0⋅1283 0⋅0269 0⋅4001 0⋅3968 0⋅5460 0⋅2192 0⋅2980 0⋅4789 0⋅0110 0⋅0239
c. 0⋅1288 0⋅0250 0⋅3963 0⋅3934 0⋅5415 0⋅2247 0⋅3032 0⋅4833 0⋅0245 0⋅0314

2 a. 0⋅2849 0⋅3610 0⋅0041 0⋅2062 0⋅0359 0⋅2245 0⋅3694 0⋅3168 0⋅5004 0⋅4551
b. 0⋅2851 0⋅3613 0⋅0032 0⋅2064 0⋅0347 0⋅2249 0⋅3696 0⋅3163 0⋅5004 0⋅4547
c. 0⋅2855 0⋅3605 0⋅0036 0⋅2059 0⋅0346 0⋅2245 0⋅3697 0⋅3171 0⋅5006 0⋅4546

3 a. 0⋅2857 0⋅0499 0⋅3546 0⋅2256 0⋅3802 0⋅4936 0⋅4133 0⋅1423 0⋅0257 0⋅3991
b. 0⋅2870 0⋅0496 0⋅3546 0⋅2254 0⋅3805 0⋅4936 0⋅4140 0⋅1390 0⋅0210 0⋅3988
c. 0⋅2862 0⋅0489 0⋅3543 0⋅2262 0⋅3805 0⋅4935 0⋅4139 0⋅1419 0⋅0241 0⋅3983

4 a. 0 0 0 0 0 0⋅2215 0⋅4269 0⋅5105 0⋅6688 0⋅2465
b. 0⋅000370⋅0002 0⋅0012 0⋅0022 0⋅0035 0⋅2226 0⋅4255 0⋅5126 0⋅6673 0⋅2474
c. 70⋅0054 0⋅000870⋅008170⋅006370⋅0086 0⋅2162 0⋅4232 0⋅5096 0⋅6739 0⋅2451

a. Actual concentration profiles.
b. Concentration profiles resolved by the ACOVER method.
c. Concentration profiles resolved by the PARAFAC algorithm.
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thealgorithmseparately ten times. In thealgorithm thenumberof components is chosento befour,
whichis thetruedimensionality of theunderlying model.At eachtimethealgorithmwasstartedfrom
initial estimatesof concentrations, which tookvaluesrandomly distributedin thedomain[0, 1]. After
thealgorithm converged,it wasfound that thesolutions obtained in ten runsexhibiteda very small
difference. Theaverageiteration numbersin ten runswere 8⋅9, 6⋅4, 5⋅4 and2⋅8 respectively for the
four components.Theprofilesresolved in tenrunswereaveraged.Theaverageprofilesin spectraland
chromatographicordersaredepictedagainsttheactualonesin Figures1(a)and1(c),andtheaverage
concentration profilesareshown in Table2. Onecanobservethat the averageprofilesshowa very
small discrepancy from the actual ones.In Table3 the averageEuclidean distancesof the profiles
computed in tenrunsto theiraverageonesarelisted.Thesefiguresareall acceptablysmall,indicating
that the algorithm hasthe desirable convergenceprecision.For comparisonthe aboveinvestigation
wasalsoconductedfor the PARAFAC algorithm. In thealgorithm the dimensionality of themodel
wasalsochosento befour. It wasfoundin theinvestigation thatin tenrunsthePARAFAC algorithm
got trappedin meaninglesssolutionstwice.With thesetwo runsexcluded,theaverageiterationcycle
of the remaining eight runs was 360. The profiles resolvedin the eight runs were averaged.The
averageprofilesin spectralandchromatographic orders areplottedin Figures1(b) and1(d),andthe
concentrationprofilesareshown in Table2. It canbeenseenthat theaverageprofilesalso exhibit a
slight divergencefrom the actualones.Theseresults indicatethat the ACOVER methodworks as
well asthePARAFAC algorithmin caseswherethedataaregeneratedby anidealtrilinearmodel and
the dimensionality is correctly chosenfor the model, but the convergencerate of the ACOVER
methodis much higher thanthatof thePARAFAC algorithm, andtheconvergenceis morestablewith
respect to the randomized initialization for the ACOVER algorithm than for the PARAFAC
algorithm.

Anothergoalof thesimulatedexperimentswasto examine theeffectof thecomponentnumberon
thesolutionsgivenby theACOVERmethod.With differentnumbersof componentsselectedfor the
model,thesimulateddatawereanalysedusing theACOVER method.In theinvestigation theinitial
concentrationestimatesfrom which thealgorithm wasstartedweredeterminedby thefirst principal
componentof thethird order, asusedin thepresentedalgorithm. Theresolution errors,definedasthe
Euclidean distances betweenthe resolved and the actual profiles, for componentone are plotted
versusthecomponentnumberin Figure2. It canbeobservedthatthedistancesbetween theresolved
andtheactual profilesareundesirably largein thecasewhere thecomponentnumber is chosen to be
smallerthanthetruedimensionality of themodel,andtheperformanceis stabilizedwhen thenumber
of componentsis increased to be equalto or greater thanthe actual dimensionality. Thesefindings
werealsoobservedfor theother components.Theseresultsimply that theACOVER methodis very
stableto overestimatesof themodel dimensionality. Therefore with theACOVER methodoneneed

Table 3. Averagedistancesbetweenprofiles resolvedin ten runs and their averageones
obtainedusingACOVERmethodandPARAFACalgorithmfor simulatedHPLC–DADdata

ACOVER PARAFAC

Xa Ya Zb Xa Ya Za

Component1 0⋅7892 0⋅3160 0⋅1900 0⋅2609 0⋅1646 0⋅4012
Component2 0⋅2715 0⋅1989 0⋅0082 0⋅0087 0⋅0028 0⋅0011
Component3 0⋅1113 0⋅0893 0⋅0171 0⋅0026 0⋅0287 0⋅0175
Component4 0⋅5918 0⋅2040 0⋅0920 0⋅0471 0⋅0348 0⋅7246

a Thedistancesbelowareall multiplied by 104.
b The distances below are all multiplied by 103.
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Figure 2. Relationshipbetweencomponentnumberand resolutionerrors of profiles of first componentin
simulatedHPLC–DADdata.Theresolutionerrorof aprofile is theEuclideandistancebetweentheresolvedand
the actualprofile. (a) Resolutionerror of spectralprofile. (b) Resolutionerror of chromatographicprofile. (c)

Resolutionerrorof concentrationprofile
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not determine the componentnumber accurately. One needonly estimatean upperboundfor the
componentnumber.In theextremeonecansimply takethesmallerof I andJ astheestimate of the
componentnumber. This conclusion is appealing from the practical point of view, since it
circumvents the problemof determining the componentnumber beforeresolution, which is rather
hardto handle for the PARAFAC algorithm.

Real HPLC–DAD data

In theinvestigationthedataarray wastreatedasa black systemandthegoalof analysisis to resolve

Figure3. Spectralprofilesof realHPLC–DADdataresolvedby ACOVERandPARAFACmethods.(a)Spectral
profilesresolvedby ACOVERmethod(full line) andspectralprofilesmeasuredexperimentally(dottedline) for
p-CT, o-CT ando-DCB. (b) Spectralprofilesresolvedby PARAFAC algorithm(full line) andspectralprofiles

measuredexperimentally(dottedline) for p-CT, o-CT ando-DCB
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Table4. Normalizedconcentrationprofilesof real HPLC–DAD data

Normalizedconcentrationvaluesof nine samples

Component 1 2 3 4 5 6 7 8 9

p-CT a. 0⋅5620 0 0⋅3746 0⋅1873 0⋅0937 0⋅0937 0⋅1873 0⋅3746 0⋅5620
b. 0⋅5717 0⋅0029 0⋅3821 0⋅1925 0⋅0751 0⋅1051 0⋅1621 0⋅3591 0⋅5641
c. 0⋅584170⋅0028 0⋅3885 0⋅1929 0⋅0467 0⋅0788 0⋅1314 0⋅3609 0⋅5610

o-CT a. 0 0⋅4111 0⋅1370 0⋅2741 0⋅0685 0⋅6852 0⋅4111 0⋅1370 0⋅2741
b. 0⋅0051 0⋅4345 0⋅1482 0⋅2914 0⋅0700 0⋅6387 0⋅4314 0⋅1277 0⋅2985
c. 0⋅0076 0⋅4363 0⋅1505 0⋅2934 0⋅0490 0⋅6416 0⋅4230 0⋅1265 0⋅3031

DCB a. 0 0 0 0 0⋅7985 0⋅0797 0⋅3190 0⋅4785 0⋅1595
b. 0⋅0153 0⋅0013 0⋅0107 0⋅0060 0⋅7242 0⋅0911 0⋅3682 0⋅5410 0⋅1966
c. 0⋅0423 0⋅0206 0⋅0351 0⋅0278 0⋅7272 0⋅1279 0⋅3853 0⋅5020 0⋅2239

a. Actual concentration profiles.
b. Concentration profiles resolved by the ACOVER method.
c. Concentration profiles resolved by the PARAFAC algorithm.

Figure4. Relationshipbetweencomponentnumberandresolutionerrorsof profilesof p-CT in realHPLC–DAD
data.The resolutionerrorof a profile is theEuclideandistancebetweenthe resolvedandtheactualprofile. (a)

Resolutionerror of spectralprofile. (b) Resolutionerror of concentrationprofile
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the profiles in eachorderof p-CT, o-CT ando-DCB. For validating the resolution results, spectra
weremeasuredusingDAD on purecompoundsof these threespecies. The datawereanalysedusing
the developedACOVER methodaswell asthe PARAFAC algorithm. In the PARAFAC algorithm
thestartingvaluesof X andY areUN andVN respectively. This starting configuration is commonly
usedin the practiceof the algorithm. Different componentnumberswere chosen for thesetwo
algorithms.It wasfoundthatwith acomponentnumbergreaterthanfour or lessthanthreetheprofiles
resolved by the PARAFAC algorithm deviated greatly from those experimentally measured or
prepared. Thebestresolution for thePARAFAC algorithmwasachievedin thecasewhere themodel
dimensionality waschosen to bethree.It took774iterationsfor thePARAFAC algorithm to achieve
theresolution. Theseresolvedspectral profilesaredepictedagainstthosemeasuredexperimentally in
Figure3(b),andtheconcentrationprofilescomputedaregivenin Table4. Theprofilesin thesecond
orderarenotgiven,becausenoreferencesareavailableto validatetheperformance. In contrast,in the
investigationonestill observesthestability of theACOVER methodwith respectto overestimatesof
thecomponentnumber. As canbeseenin Figure4, the resolution errorof theACOVER methodis
stabilizedwhenthe modeldimensionality is greaterthanfour. Thespectral profilesresolved by the
ACOVER methodwith the model dimensionality set to five are plotted in Figure 3(a) and the
concentration profiles are shown in Table 4. It can be seenthat the resolution accuracy of the
ACOVER methodis muchbetterthanthatgivenby thePARAFAC algorithm. In practical problem
solving,dataarefrequently confoundedby someinstrumentaldrift, which causes thedatato deviate
to somedegreefrom theidealtrilinearmodel. TheaboveresultsindicatethattheACOVERmethodis
morestable to modeldeviationsthanthePARAFAC algorithm. In the resolution thecomputational
cyclesfor theACOVER methodwereeleven,nineandthreerespectively for the threecomponents.
Theseresults reconfirm theconclusion thattheACOVERmethodhasamuchhigherconvergencerate
thanthe PARAFAC algorithm.

CONCLUSIONS

A newmethod,alternatingcoupledvectorsresolution (ACOVER), hasbeendevelopedfor trilinear
analysisof three-way dataarray.The presentedresultshaveshownthat the developedACOVER
methodcangiveresolution with acceptableaccuracyfor thecomponentprofiles,andtheperformance
of the methodis very stablewith respect to overestimatesof the componentnumber. This method
providesa valuabletool for second-ordercalibrationandfor thestudyof complex chemicalsystems
or processes which canbecharacterized by a three-way dataarray.Though thetheoretical nature of
theACOVER methodcalls for further investigation, its ideawill still provideanextra dimension in
the development of novel trilinear resolution procedures.
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APPENDIX I: DERIVATION OF THE COMPUTING PROCEDURE FORTHE SOLUTIONS
TO xn AND qn MINIMIZI NG THE COVERERROR (9) FORFIXED zn

If xn and qn minimize the COVER error (9) for fixed zn, it is necessary for them to satisfy the
conditions
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Onecanderive from (16) and(17) that
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Note that the matrices R..k (k = 1, 2, …, K) and
PK
k�1

RT
::kR::k arechemically rank-deficient, andtheir

rankis intrinsically thenumberof componentsunderlying thedata.This results in ill-conditioning of
the eigenproblem (18). Therefore rank-reduced approximations to R..k (k = 1, 2, …, K) andPK
k�1

RT
::kR::k should be used for combating il l-conditioned solutions. Let the singular value

decomposition (SVD) of
PK
k�1

RT
::kR::k be

XK

k�1

RT
::kR::k � USUT

whereU andS arebothJ� J matrices.Thesematricesaretruncatedby removing thecorresponding
right-handcolumnsand the bottom rows to give UN (J� N) and SN (N� N). The rank-reduced

approximation of
PK
k�1

RT
::kR::k is thusgiven by the truncatedSVD

XK

k�1

RT
::kR::k � UNSNUT

N �20�

Because U N spansthe commonsubspaceof the rows of R..k (k = 1, 2, …, K), the rank-reduced
approximationsto R..k (k = 1, 2, …, K) are

R::k � R::kUNUT
N �21�

Substituting equation (20) and(21) into (18) andletting

w � S1=2
N UT

Nqn

onecanobtain
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Now it canbeconcludedthat w is the eigenvector of the symmetric matrix
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with the associated eigenvalue of one. It is shown in Appendix III that all eigenvaluesof the
symmetric matrix arenot greaterthanone.Thereforew is the eigenvector of the symmetric matrix

correspondingto thelargesteigenvalue.Since
PK
k�1

z2
kn is ascalarquantity, w is alsotheeigenvector of

the matrix

Sÿ1=2
N UT

N
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k;h�1

zknzhnRT
::kR::hUNSÿ1=2

N

correspondingto thelargesteigenvalue.Onecaneasilysolvetheeigenproblemandreachthesolution
of w. Thenq n canbe calculatedby

qn � aUNSÿ1=2
N w �23�

wherea is a constantto bedetermined.Substitution of (23) into (19) yields

xn � a
XK

k�1

zknR::kUNSÿ1=2
N w

.XK

k�1

z2
kn �24�

Therefore one obtains the computingprocedurefor the solutions to x n and q n minimizing the
COVERerror (9) for fixedzn.

Notethatin derivingthealgorithm,onedoesnot imposetheconstraint (5) onq n. As is shown from
the computingresults,not imposingthis constraint doesnot induce the resolved profilesto deviate
from theactualones.This indicatesthattheconstraint (5) is mathematically of trivial significancein
the ACOVER method.

APPENDIX II: PROGRAM WRITTEN IN MATLAB FORACOVER METHOD

%NOTATION:
% rrzk is the kth slice of R along z order.
% rrxi is the ith slice of R alongx order.
% rryj is the jth slice of R alongy order.
% uuNy andssNsqyareU andS1/2 respectively.
% uuNx andssNsqxareV andD1/2 respectively.
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% Xcal, Ycal andZcal arethe calculatedprofile matrices in x, y andz ordersrespectively.
% xn, yn andzn arethe profilesof the nth componentin x, y andz ordersrespectively.
% II, JJandKK arethe dimensionalitiesof xn, yn andzn respectively.
% NN is the number of components chosen for the model.
% MM is the number of componentsto be resolved.
% rrzr = [rrz1 rrz2 … rrzKK];
% rrzl = [rrz1' rrz2' … rrzKK'].
% rryl = [rry1' rry2' … rryJJ'].
% rrxl = [rrx1' rrx2' … rrxII'].
% rrxr = [rrx1 rrx2 … rrxII].

function [Xcal, Ycal, Zcal] = main(rrzr, rrzl, II, JJ,KK, NN, MM)
Xcal = zeros(II, MM);
Ycal = zeros(JJ,MM);
Zcal= zeros(KK, MM);

for nn= 1 : MM
[Xcal(:, nn), Ycal(:, nn), Zcal(:, nn)] = ACOVER(rrzl, rrzr, II, JJ,KK, NN);

rrznl = []; rrznr= [];
for kk = 1 : KK
rrzn= Zcal(kk, nn) * Xcal(:, nn) * Ycal(:, nn)';
rrznl = [rrznl rrzn'];
rrznr= [rrznr rrzn];
end

rrzl = rrzl - rrznl;
rrzr = rrzr - rrznr;
NN = NN - 1;
end

function [xn, yn, zn] = ACOEVR(rrzl, rrzr, II, JJ,KK, NN)
rryl = reshape(rrzl', II, KK * JJ);
rrxl = reshape(rryl', KK, JJ* II);
rrxr = reshape(rrzr', JJ,KK * II) ;

[uu, ss,vv] = svd(rrzl, 0);
uuNy= uu(:, 1 : NN);
ssNsqy= ss(1: NN, 1 : NN);
[uu, ss,vv] = svd(rrzr, 0);
uuNx= uu(:, 1 : NN);
ssNsqx= ss(1: NN, 1 : NN);
[uu, ss,vv] = svd(rrx1, 0);
zn= uu(:, 1);

dzn= 1; cyc= 0;
while dzn> le75
zn0= zn; cyc= cyc� 1

[qn, tt] = absolve(rrzl, II, KK, zn, uuNy, ssNsqy);
xn = tt' * qn;
xn = xn / sqrt(xn' * xn);
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[qn, tt] = absolve(rrxr, KK, II, xn, uuNy, ssNsqy);
zn= tt' * qn;
zn= zn / sqrt(zn' * zn);

[qn, tt] = absolve(rrzr,JJ,KK, zn, uuNx, ssNsqx);
yn = tt' * qn;
yn = yn / sqrt(yn' * yn);

[qn, tt] = absolve(rryl, KK, JJ,yn, uuNx, ssNsqx);
qn= qn / (qn' * xn);
zn= tt' * qn;

dzn= max(abs(zn7 zn0));
end

function [qn, tt] = absolve(rrl, II, KK, zn, uuN, ssNsq)
rrleye= [];
for kk = 1 : KK
rrleye= [rrleye, eye(II) * zn(kk)];
end

tt = rrl * rrleye';
ttt = inv(ssNsq)* uuN' * tt * tt' * uuN * inv(ssNsq);
[ff, gg, hh] = svd(ttt);
alpha= ff( :, 1);

qn= uuN * inv(ssNsq)* alpha;

APPENDIX III: PROOF THAT THE EIGENVALUES OF THE SYMMETRIC MATRIX IN (22)
ARE NOT LARGERTHAN ONE

To provethe proposition, it is sufficient to showthat for anyvector �,

�TSÿ1=2
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N

XK

k;h�1

zknzhnRT
::kR::hUNSÿ1=2

N �
.XK

k�1

z2
kn � �T�

Let A = (R..1
T , …, R.. K

T ) andB = (z1 n I , z2 n I , …, zKn I )T, whereI is theI � I identity matrix; thenone
has
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Letting

� � ATUNSÿ1=2
N �

andnoticing

�BTB�ÿ1 � 1
.XK

k�1

z2
kn

oneobtains
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zknzhnRT
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SinceB (BT B)71 BT is a projection matrix, onehas

�TB�BTB�ÿ1BT� � �T�

It is easyto showthat�T � = �T �, thereforeonefinishesthe proof.
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