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Abstract

An approach for the investigation and comparison of the data structure in the multidimensional space is proposed. It is
based on three properties, namely, the direction of the data sets, the variance–covariance of the data points, and the location
of the data sets’ centroids. A number of tests have been studied and are presented. It is shown that the combined use of these
parameters allows a satisfactory estimation of the representativity between two data sets. Simulated data, as well as real case
studies are presented. q 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

There exist different situations where the compar-
ison of two chemical data sets is needed. One such
case occurs when one wants to select a given number
of samples from a larger population of samples, in
order, for instance, to build a multivariate calibration
model. The selected set should cover the whole space
described by the original population of samples, it
should, therefore, be representative of this popula-
tion. A second case where representativity is re-
quired is in a calibration procedure, where a crucial
step is the validation of the model. In multivariate
calibration, validating a model ensures that the num-
ber of variables considered is optimal, which is a
necessary step, as a badly-dimensioned model will
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usually have a poor predictive ability. Test set vali-
dation makes use of two independent data sets, for
which both the matrix of mathematically indepen-

Ž .dent variables often referred to as ‘the X-matrix’
Ž .and the vector of dependent variable ‘the y-vector’

are known. The model is built with one of these sets,
Ž .called the calibration set or the training set , and is

validated by predicting y of the second set, called the
Ž .test set or the validation set , from this model. The

validation of the model is performed through the
comparison of y-observed and y-predicted: the opti-
mal number of variables included in the final model
is that yielding the smallest residual error between
y-observed and y-predicted. The data sets used for
calibration and validation must be representative for
one another, such that the prediction error depends on
the model, and not on data differences. It should be
noted that for a validation, the data should not be
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constructed to be as representative as possible for
each other, because this would lead to overoptimistic
conclusions. However, when one has separate train-
ing and test sets, one should verify that they are not
unrepresentative. In such a case, the conclusions
might be biased.

The comparison of two multivariate data sets is not
easy as soon as they have more than three dimen-
sions. Until now, in analytical chemistry, this com-
parison has been achieved with principal component

Ž . w xanalysis PCA 1–3 , by projecting objects from both
sets on the same score plots, and looking whether or
not the two clouds of points overlap. However useful
this may be, no numerical value is associated with the
structure observed, so that numerical comparison is
impossible. For practical purposes, one would like to
have at one’s disposal statistical parameters enabling

Ž .the comparison of two or more data sets. In an ear-
w xlier work 4 , two statistical tests were proposed to

compare both the location of the data sets in space,
as well as their variance–covariance matrices. Suc-
cessful results in both tests simultaneously lead to the
conclusion that they are representative. A disadvan-

w xtage of the procedure proposed in Ref. 4 is that rep-
resentativity is a binary decision, depending on the
comparison of two computed figures with critical
values. If both computed figures are smaller than the
corresponding critical values, the two sets are repre-
sentative; if one figure is larger than the correspond-
ing critical value, the two sets are not representative.
Representativity is thus defined as the answer to a
‘yesrno’ problem. One could prefer to speak in terms

w xof ‘degree of representativity’ 5 . The goal of this
article is to try and establish a degree of representa-
tivity between two data sets, instead of a yesrno an-
swer. At the same time, we will propose a methodol-
ogy that enables the user to decide why there is a lack
of representativity when representativity is not satis-
factory. This requires to adapt the criteria proposed
earlier. An additional criterion will be added to com-
pare the two data sets direction.

The notion of representativity between two sets of
samples has also been studied in the field of subset

w xselection: for example, Bouveresse and Massart 6
have proposed to use the Kennard and Stone algo-
rithm to select a representative subset of samples
Ž .covering the whole experimental domain to com-
pute standardisation parameters for calibration trans-

w xfer. Recently, Rius et al. 7 proposed the selection of
objects based on the D-optimal criterion to obtain a
representative subset of the calibration samples, en-
abling to obtain ‘good estimates of the model coeffi-
cients’. However, in this article, we do not study how
to obtain a representative subset, but whether a sub-
set obtained in any way is representative.

2. Theory

2.1. RepresentatiÕity

Two data sets are representative when they have
the same variance–covariance, and the same spatial
location. If two data sets have a different variance–
covariance matrix, it can be due either to a different

Ž .spread of the data points variance , or to different
directions in space of the data sets, or both. The in-
vestigation and comparison of data structures is hence
performed through the calculation of three parame-

w xters 4,8 , comparing the direction of the data sets,
their variance–covariance matrices, and the distance
between their centroids. The reason why the parame-
ters should be computed in this order will be ex-
plained later in the text. In order to enable an easy
interpretation, the computed parameters are nor-
malised, i.e., they vary between 0 and 1. Thus, the
closer the parameters are to 1, the more representa-
tive the data are.

2.2. Notation

The following notations will be adopted for the
definition of the parameters.
X , X Matrices representing the two data sets1 2

under comparison
XX The transpose matrix of X
X , X Column-centered matrices1c 2c

ŽX , X Autoscaled matrices i.e., each column1s 2s
.is centered and standardised

n , n The respective number of objects in1 2

each set
p The number of real variables in X and1

X 2

S , S The respective variance–covariance1 2
Ž .matrices of each set defined in Eq. 1 .

x , x Mean column-vector of the variables in1 2
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X and X , representing the position1 2

of the centroid of each data set
A The number of latent vectors taken into

account
All vectors are column vectors.

Ss1r ny1 XX X 1Ž . Ž .c c

2.3. Comparison of the directions of the two data sets

The comparison of directions is made by the com-
putation of a parameter, which we will call P. P was

w xnot considered in our earlier work 4 , and it tries to
answer the following question: do the original vari-
ables have the same weight in the orientation of the
two data sets? This can be studied through the load-
ing vectors of the two data sets. Therefore, the first
step in the computation of parameter P is the calcu-
lation of the loading vectors of each data set, by

w xmeans of singular value decomposition 9 .
X has K loading vectors z to z , associated1c 1 1 K 1

with the eigenvalues l to l .1 K 1

X has K loading vectors w to w , associated2c 2 1 K 2

with the eigenvalues n to n .1 K 2

The average direction vector of each data set in the
multivariate space is defined as a weighted sum of the
primary loading vectors, the weights being the asso-

Ž .ciated eigenvalues square of the singular values :
A

d A s l =z , corresponding to data set 1Ž . Ý1 a a
as1

2aŽ .
and

A

d A s n =w , corresponding to data set 2Ž . Ý2 a a
as1

2bŽ .
where A is the chosen number of eigenvectors. The
number of significant loading vectors to introduce in
this sum is described in Section 2.7

P is calculated as the normed scalar product be-
tween the two vectors d and d .1 2

Td A d AŽ . Ž .1 2
Ps 3Ž .

2 2(d A d AŽ . Ž .1 2

P corresponds to the cosinus of the angle between the
direction of each set, and has an absolute value be-

tween 0 and 1. The sign of P has no importance, and
therefore, the results are given in terms of absolute
value. However, during the eigenvector decomposi-

Ž .tion, their direction i.e., their sign is not well de-
fined. Therefore, for two representative data sets, with

� 4 � 4respective set of eigenvectors z and w ,i is1: A j js1: A

one could find:

z fw and z fyw ,1 1 2 2

so that individually, corresponding eigenvectors are
Žcollinear, but their sum is not, i.e., z qz /" w1 2 1

.qw . Therefore, the eigenvectors should all be ori-2

ented towards a certain direction. In order to do this,
the scalar product between each eigenvector and the

[ ] Ž[ ].vector 1 1 1 . . . 1 rnorm 1 1 1 . . . 1 is com-
puted, and, if it is negative, the direction of the

Ž .eigenvector is reversed i.e., we use y eigenvector .
In order to study the influence of data preprocess-

ing, P will be computed both for the centered matri-
Ž .ces and will be called Pc , and autoscaled matrices,

i.e., when column-standardisation follows the col-
Ž .umn-centering and will be called Pa .

P can be interpreted as follows. If the angle be-
tween the directions of each cloud is more than 458,
i.e., if PF0.7, it is considered that the original vari-

Žables do not have the same contribution the same
.weight to the latent variables, and therefore, the two

data sets cannot be representative, as they are not
comparable. It is then not useful to carry on with the
representativity study. On the other hand, if P is

Žmore than 0.7 the angle between the two data sets is
.less than 458 , the original variables are considered to

show at least a degree of similarity in weight in each
data set, and it is useful to study their representativ-
ity further. This explains why we propose to com-
pute P first.

To define a degree of representativity, a continu-
ous parameter scaled between 0 and 1 is preferred.
We chose the value of the angle between the two di-
rection vectors.

P ) sarccos P 4Ž . Ž .

P ) is then scaled between 0 and 1, such that P ) s0
if the angle between the two direction vectors is 458,

) Ž ) ) .and P s1 if the angle is 08 P s1yP r45 .scaled

For simplicity of notations, P ) will be denoted asscaled

P ) in the rest of this article.
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2.4. Comparison of the Õariance–coÕariance matri-
ces

The variance–covariance matrices are compared
by computing a parameter, called C. C indicates
whether two data set have a similar volume, or enve-
lope, both in magnitude and direction. The
variance–covariance matrices of each data set are
compared by means of the Box M-statistics, an ap-

w xproximation of the Bartlett’s statistics 8 used in Ref.
w x4 . M is calculated as:

y1 y1Msn n y1 ln S S q n y1 ln S SŽ . Ž .1 1 2 2

5Ž .

with
22 p q3 py1 1

ns1y
6 pq1 n y1Ž . 1

1 1
q y 6Ž .

n y1 n qn y22 1 2

and S is the pooled variance–covariance matrix, de-
fined as:

Ss n y1 S q n y1 S n y1qn y1 .Ž . Ž . Ž .Ž .1 1 2 2 1 2

7Ž .

In order to obtain a number between 0 and 1, a pa-
w xrameter C is calculated from M 10 .

yM
Csexp . 8Ž .ž /n qn y2Ž .1 2

C has a value between 0 and 1; when C is close to
0, it means that the volumes of the clouds of points
are completely different, either because one is smaller
than the other, orrand because they have different
directions; when C is close to 1, it means that both
the volume and the direction of the two data sets are
comparable. We propose to also compute a parame-
ter C ). From experience, we consider a value of 0.6
to be the limit below which C ) is unacceptable.
Therefore, C ) is computed as:

C ) s0.6 if MsM 9aŽ .crit

C ) s1 if Ms0 9bŽ .
which implies:

C ) s1y 0.4rM ) M . 9cŽ . Ž .crit

Negative C ) values are replaced by 0. The user can,
of course, choose another critical value than 0.6.

2.5. Comparison of the data set centroids

Before computing a parameter with a value nor-
malised between 0 and 1, one first needs to compute
the distance between the two centroids, and to nor-
malise it.

2.5.1. The Mahalanobis distance
The squared Mahalanobis distance, D2, between

Žthe mean of each data set centroid of the cloud of
.points is defined as:

X2 y1D s x yx S x yx 10Ž .Ž . Ž .1 2 1 2

where S is the pooled variance–covariance matrix
Ž .defined in Eq. 7 .

A relationship exists between the squared Maha-
lanobis distance, and a parameter F, defined as:

n n n qn ypy1Ž .1 2 1 2 2Fs D , 11Ž .
p n qn n qn y2Ž . Ž .1 2 1 2

and which follows a Fisher–Snedecor distribution,
with p and n q n y p y 1 degrees of freedom.1 2
Ž .F p,n qn ypy1 is the theoretical value under1 2

which the distance between the two centroids is sta-
Ž .tistically equal to 0. Knowing F p,n qn ypy11 2

Ž .for a given significance level e.g., as0.05 , a criti-
cal value, D2 , can be calculated for the Maha-crit

lanobis distance. Note that this is true only when the
two data sets have comparable variance–covariance
matrices, which can be checked with the Bartlett’s

Ž ) .test or by the C parameter . It is, therefore, conve-
nient to compute R after C ).

The parameter R can be defined as:

Rs1yD2rD2 , if D2 FD2 12aŽ .crit crit

Rs0, if D2 )D2 . 12bŽ .crit

The closer R is to 1, and the closer the positions of
the centroids of each data sets are, i.e., the two data
sets have the same position in space. Some prelimi-
nary results tend to show that R should not be smaller

w xthan 0.6 5 .
This parameter is a fuzzy presentation of the crisp

w xtest presented in Ref. 4 , where conclusions were
based on the direct comparison between D2 and D2 .crit



( )D. Jouan-Rimbaud et al.rChemometrics and Intelligent Laboratory Systems 40 1998 129–144 133

w xIt is stricter, since in Ref. 4 , a probability slightly
smaller than a leads to the conclusion that there is
representativity, while here, it yields a low R, and
therefore, a low representativity. Similarly to the way
we defined C ) , we can define a R) value as:

R) s0.6 if D2 sD2 13aŽ .crit

R) s1 if D2 s0 13bŽ .
which implies:

R) s y0.4rD2
) D2 q1 13cŽ .Ž .crit

Here again, the value 0.6 can be modulated depend-
ing on the user’s purpose, and all negative values are
set to 0.

The use of the Mahalanobis distance may be prob-
w xlematic if there is noise in the data 11 . The random

variation due to noise may lead to an overestimation
2 Ž ) .of D , and therefore, to a too low value for R R

value.

2.5.2. Use of a t-Õalue
The comparison of two means from a normal dis-

tribution in the univariate space can be achieved with
a t-test. This can be adapted to the present situation,
according to the following procedure.

Perform a PCA of the calibration set.
Project the validation samples onto the PC-space

defined by the calibration objects. Therefore, there
� 4 � 4are two sets of eigenvectors t , and u ,a as1: A a as1: A

associated to the same eigenvalues l .a

Compute a vector describing each data set as:

A

Ts l t 14aŽ .Ý a a
as1

A

Us l u . 14bŽ .Ý a a
as1

Therefore, each set is now described by a unique
vector. By using this vector, and provided the two

Ž .2 Ž .2variances std T and std U are statistically equal,
one can compute a t parameter for the difference be-
tween two centroids:

< <mean T ymean UŽ . Ž .
ts 15Ž .

1 1
2s q( ž /n n1 2

where s2 is the pooled variance, computed similarly
Žto the pooled variance–covariance matrix cf. Eq.

Ž ..7 .
The t is compared to a critical value, taken from a

Student’s distribution, with n qn y2 degrees of1 2

freedom.
If the variances are found different, a t is com-

puted according to:

< <mean T ymean UŽ . Ž .
< <t s 16aŽ .

2 2(std T rn qstd U rnŽ . Ž .1 2

< <and t is compared with

2 2t std T rn q t std U rnŽ . Ž .Ž . Ž .1 1 2 2Xt s 16bŽ .2 2std T rn q std U rnŽ . Ž .Ž . Ž .1 2

where t is the critical t-value for n y1 degrees of1 1

freedom, t is the critical t-value for n y1 degrees2 2

of freedom.
Whatever the test employed, a normalised t )

value is obtained such that t ) is equal to 0.6 if the
computed parameter is equal to the corresponding
critical value, and to 1 if the computed parameter has
a value of 0. All negative values are set to 0.

A disadvantage of the t-value is that it depends on
Žthe number of objects in each set n and n are in-1 2

.cluded in the calculation of t .

2.6. Combining the parameters

In order to conclude about the representativity be-
tween two data sets, it is necessary to look at all three

Ž ) . Ž ) . Ž ) ) .properties P or P , C or C and R or R , t .
Therefore, the three parameters have to be used to-
gether. This can be done in two different ways.

The first one is a sequential interpretation of the
criteria, for instance as presented in Scheme 1.

P is computed first, followed by the computations
) Ž . ) Ž ) .of C resp. C and R resp. R, t if required.

Consideration of the computed parameters helps to
understand the possible differences between the two
data sets. Even when P is not good, the computation

) Ž . )of C resp. C can be useful, as a good C value
combined to a bad P value reveals spherical data.
This will be explained later, and is, therefore, shown
with dotted lines.
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Scheme 1. Sequential strategy for the representativity study.

As a second strategy, a multicriteria decision
Ž .making MCDM approach is proposed. Representa-

tivity is then considered a function of several param-
eters, the combination of which should be accept-
able. In order to be able to combine the three param-
eters, P ) will be used instead of P. Among the
MCDM techniques, one of the most common was

w xproposed by Derringer and Suich 12 , where the in-
dividual criteria d are combined into a global pa-i

Ž .rameter G, defined according to Eq. 17 .

n n

Gs d 17Ž .Ł i(
is1

In the present case, G is a function of the three pa-
rameters:

3
)'Gs P GD 18Ž .

) Žwhere G is either C or C depending on the pa-
. ) )rameter used , and D is either R, R , or t .

In this way, a small value for one individual pa-
rameter has a negative effect on the overall desirabil-
ity value G, and a large G value will be obtained only
if the three parameters have a large value. Since all
parameters vary between 0 and 1, the value of G also
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varies between 0 and 1. In the rest of this article, G
will be computed as:

3
) ) )'Gs P C R . 19Ž .

2.7. Study of representatiÕity in high-dimensional
data

In real case studies, it may not be possible to ap-
Ž . Ž . Ž . Ž .ply Eqs. 1 , 5 , 7 and 10 directly, because the

obtained data matrices are sometimes singular, since
the number of variables largely exceeds the number
of samples, andror because of the high collinearity.
This is a typical situation for spectroscopic data. In
this case, one should work in the PC-space. The cal-

Ž ) .culation of P or P should be performed as de-
scribed in part 1, i.e., each data set should be cen-
tered and scaled independently from the other one,
before carrying out two separate PCA. On the other
hand, in order for the samples of each set to be pro-
jected on the same latent variables for the calculation

Ž ) . Ž ) ) .of C resp. C and R resp. R , t , the PCA is
performed on the training set, and the objects of the
test set are projected in the PC-space defined by the
calibration set. One major problem is the dimension-
ality to consider for the computation, i.e., with how
many PCs to work? As the representativity study
takes place before the modelling stage, one does not
know yet the number of components which are rele-
vant for the modelling. However, one should try not
to include insignificant PCs, accounting for noise, as
these will have the same contribution as the signifi-
cant ones in the computation of the Mahalanobis dis-

w xtance 2,11 . A small separation of the centroids along
one of these insignificant PCs, due to the random
variability in each data set, may result in a large in-
crease in the Mahalanobis distance. Several methods
have been proposed to determine the number of sig-
nificant PCs, and are described, for instance, by Ma-

w xlinowski 9 . However, all methods do not yield the
same result, and it is often difficult to decide which
is the true complexity. Another way to decide on the
complexity is to fix beforehand the required amount
of explained variance. In this work, we have consid-
ered a PC to be significant if it explains more that 1%
of the total amount of variance in the X data.

3. Experimental

3.1. Simulated data

To demonstrate and visually analyse the meaning
of the parameters and of their combinations, two-di-
mensional data were first simulated, with 50 samples
in each set. The data simulation was performed with

w xthe random generator of Matlab 13 , in order to have
a uniform distribution. The first two simulations are
the same as two of the simulations performed in Ref.
w x4 : 50 values, uniformly distributed in a chosen
range, were randomly generated, to yield the coordi-
nates of the objects along variable 1. Variable 2 was
then defined as a linear function of variable 1 plus or
minus 2.5, in order to simulate a spread of the points
along variable 2. Higher dimensional data were sim-
ulated, in order to investigate the possible use of PCA
in a representativity study: first, two 50=5 data sets
were simulated in the same way, in order to be repre-
sentative. The simulation was performed as follows:

-variable 1: simulate 50 values uniformly dis-
tributed between 0 and 20;
-variable 2: simulate 50 values uniformly dis-
tributed between 2 and 20;
-variable 3: simulate 50 values uniformly dis-
tributed between 10 and 20;

) Ž-variable 4s10r3q5r6 variable 2 50 values
.uniformly distributed between 5 and 20 ;

) Ž-variable 5 s 6 q 7r10 variable 1 50 values
.uniformly distributed between 6 and 20 .

ŽNoise was added to each variable by adding a
Ž ..random number from the distribution N 0;0.01 .

Because of the simulated collinearity, the rank of
these 50=5 data matrices is 3. Five variables were

Žthen attached to each matrix which then has dimen-
.sion 50=10 , with values uniformly distributed be-

tween y0.5 and q0.5. As these variables carry no
information, the rank of the matrices still is 3. With
this case, we will demonstrate the danger of comput-
ing the Mahalanobis distance by including noisy PCs.
In all cases, we worked with non-normalised score
vectors.

3.2. Real data

The representativity of three real cases studies was
analysed.
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The first set studied concerns a spectroscopic data
set from industry. NIR-spectra of complex mixtures
from the oil industry were measured between 900 and

Ž .1800 nm one data point each 0.75 nm . A total of
78 spectra were collected, and two outliers were re-
moved. The data were then separated into two 38-
sample data sets. In order to obtain representative
data, the spectra were ordered according to their y-
value, and each spectrum with an odd index was put
in one set, and spectra with an even index in the other

Žset. Spectra were offset corrected at 1290 nm base-
.line wavelength . In order to speed up the computa-

tions, and because of the large multicollinearity pre-
sent in the data, one variable out of two was re-
moved. An additional difficulty is that two clusters
are present in the data, as can be seen from the PC
1-PC 2 score plot presented in Fig. 1.

We will present results both for the whole data set,
Žand for the upper cluster of Fig. 1 objects with a

.positive score on PC 2 , which contains 47 objects.
These are randomly distributed into two sets contain-
ing 23 and 24 objects.

The second data set studied comes from the Mat-
w xlab PLS Toolbox, version 1.5, from Wise 14 . The

data come from a liquid-fed ceramic melter, and a
multivariate calibration model should relate the tem-
perature in the molten glass tank to the 20 tank lev-

Ž .els the 20 original variables . The data are already
Ž .separated into a calibration set 300 samples and a

Ž .test set 200 samples . The representativity has been

Fig. 1. PC 1–PC 2 score plot for the oil industry data set.

studied already with the two criteria defined in Ref.
w x4 , and the repartition was found to be non-repre-
sentative. The third real data set analysed was pro-

w xvided by Kalivas 15 . It represents NIR spectra of
gasolines, measured at 401 wavelengths, between 900
and 1700 nm. The data were separated into a 41-
sample calibration set, and a 15-sample test set. The

w xstudy of their representativity performed in Ref. 4
revealed that the two sets are representative. The new
criteria proposed in this article will be computed on
these data.

3.3. Statistical computations

Whenever a statistical test is used, the critical
value was determined with a confidence of 95%.

3.4. Software

All computations were performed with Matlab for
w xWindows, version 4.0 13 , with programs written by

us.

4. Results and discussion

4.1. Two-dimensional simulated data

The first two simulations study the representativ-
ity between two-dimensional data sets. In each of

Žthem, one data set is fixed it will be referred to as
. Ždata set 1 , while the other data set is rotated it will

.be referred to as data set 2 .
The first simulated data are shown in Fig. 2, and

the results for the computation of the parameters are
shown in Table 1.

From a situation where the two data sets have the
Ž .same structure case A , the angle between them is

increased, by performing a rotation around the mean,
Ž .until an angle of about 908 is obtained case F . Both

R and R) always have a value larger than 0.9, which
confirms the equality of the centroids of each data set.
The t ) values are also very large. From case B, the
C value becomes quite small, indicating that the
variance–covariance matrices are different. This is
more clear with C ) , which is equal to 0 from cases

Ž ) .B to F. C C decreases as the angle between the
two clouds of points increases. This results in a global
G value which is different from 0 only in case A. The
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Ž .Fig. 2. The six cases of simulation 1 raw data , o data set 1, q data set 2.

only difference between cases B to F and case A is
the angle, so that the variance of the data around the
mean is the same. Therefore, the decrease in C is due
to the different direction of the two data sets. P was
computed with 1 and with 2 loading vectors, them-
selves computed either from column-centered or au-
toscaled data. Each data set was centered or au-

Ž . Ž .toscaled separately. As expected, Pc 1 , Pc 2 , and
Ž .Pa 2 decrease as the angle increases. In case B, both

Pa and Pc values are very large. In this case, it is clear

that the two sets are not representative, because of
their different directions. This shows that C, and
mainly C ) , are more sensitive to a change in the an-

Ž .gle than P is. The most striking values concern Pa 1 ,
Ž .since its value is either 1.0000 or 0.0000. The Pa 1

value may appear surprising in case C. Fig. 3 pre-
sents the data after autoscaling. In case C, data sets 1
and 2 completely overlap. Autoscaling introduces an
artefact, by compressing the original variable ranges
to similar ranges. Therefore, the relative variations of
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Table 1
Results for simulation 1

Case A B C D E F

Ž .Pc 1 0.9999 0.9573 0.7153 0.3019 0.1568 0.0160
Ž .Pc 2 0.9998 0.9721 0.7704 0.3577 0.2025 0.0161
Ž .Pa 1 1.0000 1.0000 1.0000 0.0000 0.0000 0.0000
Ž .Pa 2 1.0000 0.9975 0.7681 0.0462 0.0169 0.0002

C 0.9952 0.5570 0.2284 0.1151 0.0918 0.0680
)C 0.9761 0 0 0 0 0

R 0.9608 0.9263 0.9207 0.9215 0.9223 0.9231
)R 0.9843 0.9705 0.9683 0.9686 0.9689 0.9693

)t 0.9063 0.8958 0.8837 0.8726 0.8690 0.8650

G 0.9783 0 0 0 0 0

the data along each variable are modified, this is what
we call artefact. In the obtained autoscaled data set,

Žno main direction is dominant circular or square data
.set , which is why the Pa values are not reliable in

this case. This can also be concluded from the simi-
larity of the eigenvalues.

The second simulated data are shown in Fig. 4, and
the corresponding results are reported in Table 2.

In this situation, two data sets which have a paral-
lel direction, are separated. Therefore, only in case A,
the centroids have a similar position, which is cor-
rectly found by the R and R) values. The t ) values
are relatively large, while the two sets obviously do
not have the same mean in cases B to D. This is due
to the fact that the distance between the means of the

Ž . Ž .two vectors obtained from Eqs. 14a and 14b are
relatively small compared to the standard deviations
of these vectors. Since the only changes are due to a
separation of the same data sets, the direction of each
cloud, as well as the variance of the data stay con-
stant, and so do the P, C, C ) values. The G values
are different from 0 only in case A. This would not
have been the case if t ) had been used in its compu-
tation instead of R). The C and C ) values are large,
which is normal, as both the directions and the vari-
ances of the data points in each set are similar. As

Ž . Ž .expected Pc 1 and Pc 2 have values close to 1. Pa
values, however, are close or equal to 0. Here again,

Žautoscaling has introduced an artefact as defined
.earlier , as can be seen in Fig. 5.

The first two simulations have shown the prob-
lems which may arise for the computation of P after

autoscaling, and show why autoscaling should not be
used prior to the computation of P. Since autoscal-
ing introduces an artefact, we have also studied the

Ž .influence of the standard normal variate SNV
w xtransformation 16,17 , which is in fact an autoscal-
Ž .ing of the spectra rows of the data matrix . If the data

matrices have more objects than variables, SNV in-
troduces a closure in the data, and therefore, the rank
is decreased by 1, which results in singular matrices.
Therefore, when SNV transformation is applied, it is
necessary to work in the PC-space.

The same problem as that induced by autoscaling
can occur in the original variable space for the com-
putation of Pc, if the variables vary in the same range,
or if the data sets are circular. Even if the two data

Ž .sets have the same location R close to 1 and the
Ž .same distribution C close to 1 , they may not be

found representative in terms of PC direction. In such
a situation, where R and C are close to 1 but not P,
the eigenvalues of each set should be looked at: if
they are similar, it means that the corresponding data
set is spherical. In this case, depending on the goal
followed, one can decide that these data are represen-

Ž .tative and go on working with them , or not. For
calibration purposes, spherical data are not informa-
tive.

We have also tried to use Tucker’s coefficient of
congruence in order to compare the direction vectors,
but its use is possible only when both sets have the
same number of objects, which is not always the case
in calibration and test sets. Moreover, no satisfactory
results were obtained.

4.2. High-dimensional data: study of representatiÕity
in the PC-space

In this part of the study, P was computed only on
centered data sets. The results obtained were com-
pared with those which would have been obtained by

w xusing the statistical tests of Ref. 4 , where two com-
Ž 2 .puted values D and M were compared to critical

Ž w xones the C parameter of Ref. 4 corresponds to M
.here .

The simulation of each set being similar, repre-
sentativity should be concluded. The results corre-
sponding to the computation of the parameters both
in the original, and in the PC-space, by considering
different numbers of factors, are presented in Table
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3. Let us remind the readers that only three PCs are
significant.

One observes that the same results are obtained in
the original and in the 5-PC space, so that collinear-
ity of the original variables was not a problem for the
computation of the parameters. Moreover, for a num-
ber of PCs equal to or greater than 3, the P, P ) , and
t ) values are constant, as expected, since, PCs 4 and
5 being insignificant, their contribution to the sum

Ž Ž . Ž . Ž . Ž ..vector Eqs. 2a , 2b , 14a and 14b is negligible.

R, R) , and t ) are large, clearly indicating that the
Ž ) . Žcentroids in each set are similar. P P , and C or

) .C are also very large, so that representativity of
these two sets is confirmed. This can also be seen
with the G values, which are always very large.

In order to check the effect of noisy PCs, five
variables, carrying a non-negligible amount of noise
Ž .cf. Section 3.1 were added to the five variables of
each previous set, so that in each data matrix, de-
scribed by 10 original variables, only three PCs were

Ž .Fig. 3. The six cases of simulation 1 autoscaled data .
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Fig. 4. The four cases of simulation 2, o data set 1, q data set 2.

significant. The same computations as previously
were performed, and the results are presented in Table
4.

P, P ) , and t ) values obtained from three or more
PCs are almost constant. A large decrease in R and,
to a lesser extent, in R) , is observed after five PCs,
due to a large increase of the Mahalanobis distance
after including an insignificant PC, which would lead

Table 2
Results for simulation 2

Case A B C D

Ž .Pc 1 0.9993 0.9993 0.9993 0.9993
Ž .Pc 2 0.9993 0.9993 0.9993 0.9993
Ž .Pa 1 0.0000 0.0000 0.0000 0.0000
Ž .Pa 2 0.0125 0.0125 0.0125 0.0125

C 0.9952 0.9952 0.9952 0.9952
)C 0.9761 0.9761 0.9761 0.9761

R 0.9608 0 0 0
)R 0.9843 0 0 0

)t 0.9081 0.8074 0.7067 0.5053

G 0.9865 0 0 0

Žto the false conclusion that the situation is less or
. )not representative. However, t values remain quite

constant between five and 10 PCs, so that representa-
tivity is still concluded. As to C, its value decreases
regularly, so that here again, it is clear that if too
many variables are used, a wrong conclusion may be

Ž .Fig. 5. The four cases of simulation 2 autoscaled data are identi-
cal.
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Table 3
Results for 5-dimensional simulated data as a function of the number of PCs included

Number of PCs 1 PC 2 PCs 3 PCs 4 PCs 5 PCs Original space

P 0.9312 0.9789 0.9832 0.9832 0.9832
)P 0.5251 0.7380 0.7666 0.7666 0.7666

M 0.3634 0.5710 5.8400 8.2740 16.6633 16.6633
M 3.84 7.81 12.6 18.3 25.0 25.0crit

C 0.9963 0.9942 0.9422 0.9192 0.8440 0.8440
)C 0.9621 0.9708 0.8146 0.8191 0.7333 0.7933

2D 0.0252 0.0404 0.0433 0.0688 0.0689 0.0689
2D 0.1585 0.2498 0.3307 0.4073 0.4819 0.4819crit

R 0.8410 0.8383 0.8691 0.8311 0.8570 0.8570
)R 0.9364 0.9352 0.9476 0.9324 0.9428 0.9428

)t 0.8401 0.7975 0.7930 0.7930 0.7930 0.7930

G 0.7792 0.8750 0.8395 0.8366 0.8093

drawn if one looks at C. The C ) value is much more
reliable in this case. In the 3-PC space, however, both
the R and the C values lead to the right conclusion
that the two data sets are acceptably representative of
each other. Whatever the dimensionality considered,
the G values are always within acceptable range.

From these results, one concludes that it is advis-
able to use R) and C ) rather than R and C, and this
is why G was computed with R) and C ). The t )

values are also very useful when the distance be-
tween the centroids is investigated, although in case
B of simulation 2, a false conclusion of representa-

tivity would have been taken, since large t ) values
were observed from a situation where the centroids of
the two data sets were different.

4.3. Real case studies

4.3.1. NIR-spectroscopic data set from the oil indus-
try

A PCA of the calibration set was performed, and
the test set was projected into this PC space. As al-
ready mentioned, the PCs considered significant are
those explaining at least 1% of the total amount of

Table 4
Results for 10-dimensional simulated data as a function of the number of PCs included

Number of PCs 1 PC 2 PCs 3 PCs 4 PCs 5 PCs 6 PCs 7 PCs 8 PCs 9 PCs 10 PCs

P 0.9312 0.9786 0.9829 0.9830 0.9830 0.9829 0.9829 0.9829 0.9829 0.9829
)P 0.5249 0.7360 0.7644 0.7646 0.7646 0.7645 0.7644 0.7644 0.7644 0.7644

M 0.3643 0.5687 5.8380 12.6302 14.9620 16.7054 31.7028 38.3244 43.6199 52.4787
M 3.84 7.81 12.6 18.3 25.0 32.7 41.3 51.0 61.6 73.3crit

C 0.9963 0.9942 0.9422 0.8793 0.8588 0.8439 0.7249 0.6783 0.6434 0.5892
)C 0.9621 0.9709 0.8147 0.7239 0.7606 0.7957 0.6930 0.6994 0.7168 0.7139

2D 0.0252 0.0406 0.0435 0.0495 0.0521 0.1260 0.2198 0.5853 0.6246 0.6338
2D 0.1585 0.2498 0.3307 0.4073 0.4819 0.5558 0.6296 0.7036 0.7784 0.8540crit

R 0.8410 0.8375 0.8685 0.8785 0.8919 0.7733 0.6509 0.1681 0.1976 0.2578
)R 0.9364 0.9350 0.9474 0.9514 0.9568 0.9093 0.8604 0.6673 0.6790 0.7031

)t 0.8399 0.7971 0.7927 0.7928 0.7927 0.7930 0.7927 0.7922 0.7922 0.7922

G 0.7791 0.8742 0.8387 0.8075 0.8225 0.8209 0.7696 0.7092 0.7192 0.7266
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Table 5
Results for real case study

Number of PCs 1 PC 2 PCs 3 PCs 4 PCs 5 PCs

% Explained 72.55 16.43 7.47 1.17 0.56
variance

P 0.9959 0.9964 0.9938 0.9938 0.9937
)P 0.8843 0.8925 0.8585 0.8583 0.8574

C 0.9937 0.9902 0.9812 0.9555 0.8610
)C 0.9514 0.9627 0.9553 0.9273 0.8218

R 0.8027 0.8733 0.8938 0.8496 0.8736
)R 0.9211 0.9493 0.9575 0.9399 0.9494

)t 0.8220 0.8319 0.8387 0.8413 0.8413

G 0.9185 0.9343 0.9226 0.9078 0.8746

Only the first four PCs are significant.

variance, so that four PCs only are supposed to be
significant. The results concerning the representativ-
ity study are reported in Table 5.

Whatever the property investigated, all values are
very large, confirming the representativity of the data.

Some studies were also performed in one cluster,
where the 47 objects were separated into two sets of
23 and 24 objects. Two repartitions, which we will
call case A and case B, are shown, respectively, in
Fig. 6a and b, and the corresponding results are re-
ported in Table 6.

The number of significant PCs is 2 in case A, and
3 in case B. Case A represents a situation which is
not representative according to the definition of rep-
resentativity followed in this article. In particular, the
spread of the data points is completely different in the
two sets. The results reported in Table 6 indicate that:
Ž . Ž .i the two data sets have a similar direction; ii they
have different variance–covariance matrices. There-
fore, the situation is not representative, as is con-
firmed by the G value. In case B also, the data seem
to have different spread and different centroids posi-

Ž .tion see Fig. 6b . From the reported results, one can
see that the C values are quite large with two PCs,
contrary to the C ) values. However, in the 3-PC
space, it is clear from both values that the two data
sets have different variance–covariance matrices. All
parameters related to the distance between the cen-
troids have 0 value, so that there is no doubt about

Žthe lack of representativity in this case once again
.confirmed by the global G value .

Fig. 6. Score plots of the upper cluster of the oil industry data set:
Ž . Ž .a PC1–PC2 score plot of case A; b PC1–PC2 score plot of case

Ž .B ) calibration set, q test set .

4.3.2. Data set from Matlab PLS toolbox
The number of significant PCs, according to our

Žcriterion is 6 PC 6 explains 0.99% of the variance in
the X-matrix, so that it can be accepted as signifi-

.cant . The results concerning the representativity
study are presented in Table 7. The two data sets have
similar direction, but rather different variance–co-
variances, and different centroids. The combined in-
formation from these results leads to the conclusion
that the data are not as representative as one would
hope. Therefore, although there may have been a
good reason to separate the data in such a way, rep-
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Table 6
Representativity between real data sets containing, respectively, 23
and 24 objects

a PCs 2 3

Case A
P 0.9971 0.9972

)P 0.9030 0.9047

C 0.4547 0.3437
)C 0 0

R 0.1491 0
)R 0.6596 0.3256

)t 0.6271 0.6319

G 0 0

Case B
P 0.9683 0.9675

)P 0.6784 0.6745

C 0.8469 0.5496
)C 0.6162 0.1404

R 0 0
)R 0 0

)t 0 0

G 0 0

resentativity is not achieved, and one should be cau-
tious about the validation results. The G value found
in the 1-PC space is relatively large, and one would
conclude that the data sets in the space are represen-
tative, in spite of the low R) value: this is due to the

Table 7
Results for Wise’s data

Number of 1s 2s 3s 4s 5s 6s
Pcs PC PCs PCs PCs PCs PCs

% Explained 79.57 7.41 5.84 2.50 1.51 0.99
variance

P 0.9977 0.9948 0.9908 0.9902 0.9897 0.9898
)P 0.9138 0.8701 0.8273 0.8212 0.8172 0.8181

C 0.9999 0.9996 0.9295 0.8952 0.8295 0.8129
)C 0.9947 0.9901 0 0 0 0

R 0 0 0 0 0 0
)R 0.4700 0 0 0 0 0

)t 0.5409 0.4379 0.3079 0.3531 0.3659 0.3486

G 0.7531 0 0 0 0 0

Table 8
Results for Kalivas data

Number of PCs 1 PC 2 PCs 3 PCs 4 PCs 5 PCs

% Explained 71.88 12.58 7.12 3.94 1.36
variance

P 0.9821 0.9595 0.9779 0.9771 0.9768
)P 0.7584 0.6362 0.7316 0.7268 0.7255

C 0.9965 0.8891 0.8380 0.7703 0.7295
)C 0.9802 0.6740 0.6949 0.6881 0.7222

R 0.8704 0.8658 0.8992 0.7819 0.7776
)R 0.9481 0.9463 0.9597 0.9127 0.9110

)t 0.8558 0.8756 0.8752 0.8629 0.8603

G 0.8899 0.7403 0.7872 0.7700 0.7815

fact that both P ) and C ) are very large, and mask
the effect of R). This shows that the sequential ap-
proach summarised in Scheme 1 should be preferred,
as not only it does indicate what differentiates the
data, but it also helps to avoid masking effects.

4.3.3. KaliÕas data
The results concerning this study are presented in

Table 8. The representativity should be studied in the
5-PC space. There exists an angle between the two
direction vectors, which has an influence on P ) but
also on C ). Moreover, an investigation of the score
plots revealed that the spread of the data is not ex-
actly the same in both data sets. However, both P )

and C ) , although not so large as in previous studies,
remain within acceptable limits. The two data sets
have similar centroid position. Therefore, the pro-
posed repartition into calibration and test set is repre-
sentative according to our criteria, as confirmed by
the G values.

5. Conclusion

The results obtained both on simulated and real
data sets enable to make a few conclusions concern-
ing the representativity study. The first presented

Ž .strategy sequential approach enables to know, in
case of non-representativity, why the data sets are
different. It, therefore, gives some insight into the
data structure. However, when one is only interested
to know whether or not there exists a degree of rep-
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resentativity between two data sets, the second ap-
Ž .proach MCDM can be followed. The representativ-

ity being investigated before the model construction,
i.e., before one knows what is the true model space,

Ž .the following strategy can therefore be followed: i
Before calibration, calculate the representativity be-
tween calibration and validation sets, with a pre-de-

Žtermined number of PCs for example, work with PCs
. Ž .explaining at least 1% of variance in the data ; ii

Compute the multivariate calibration model, and find
Ž .the subset of possibly latent variables necessary;

Ž . ) )iii Re-compute t , P, or P only with the selected
PCs, to confirm that the model was obtained under
condition of sufficient of representativity in the model
space.

In a previous work, we had presented two types of
representativity, called the symmetrical and the
asymmetrical representativity. The parameters pre-
sented in this article deal with the symmetrical repre-
sentativity, i.e., the two sets are found representative
if they are samples from the same distribution. The
method is limited by some cases, where a wrong
conclusion is obtained concerning the representativ-
ity. For instance, if the two sets cover the same ex-
perimental range, but with different repartition of the

w xobjects into each of them 4 , they may be found
non-representative although they are representative.
Presence of heterogeneity in the data can also lead to
false conclusion.

The study of representativity is particularly useful
when the repartition of samples into the calibration
and validation sets has been made without the use of
an algorithm. For example, in industrial application,
it is usual to place the first n measured samples in the
calibration set, and the remaining ones in the test set.
In such a case, there exists the possibility that the first
measured samples are not representative of the last
ones, which would lead to wrong validation results.
Therefore, the study of representativity is required.

The combined use of the three parameters could
Ž .also be applied in other related fields: i before de-

ciding on a certain data pretreatment, one could check
how the representativity between calibration and test

Žset is influenced but one should be careful of possi-
ble artefacts, for instance introduced by autoscaling or

. Ž .SNV ; ii in on-line analysis, the evolution of a pro-
cess in time can also be studied with these parame-
ters. By checking how the parameters evolve as new

samples are added, one can monitor how the studied
system evolves.
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