JOURNAL OF CHEMOMETRICS, VOL. 12, 125-147 (1998)

CONSTRAINED THREE-MODE FACTOR ANALYSIS AS A TOOL
FOR PARAMETER ESTIMATION WITH SECOND-ORDER
INSTRUMENTAL DATA

HENK A. L. KIERS' AND AGE K. SMILDE?
’Department of Psychology, University of Groningen, Grote Kruisstraat 2/1, NL-9712 TS Groningen, The
Netherlands
2Laboratory for Analytical Chemistry, University of Amsterdam, Nieuwe Achtergracht 166, NL-1018 WV
Amsterdam, The Netherlands

SUMMARY

Three-mode factor analysis models are often used in exploratory analysis of three-way data. However, in some
situations it is a priori known that a particular constrained three-mode factor analysis (C3MFA) model describes
an underlying process exactly. In such situations, fitting a C3MFA model to a data set can be used for both
quantitative analysis (e.g. estimating concentrations of a chemical substance in a mixture) and qualitative
analysis (e.g. on the basis of certain subsets of parameters one can identify the substances present in a mixture). In
this paper a general algorithm for fitting a range of such C3MFA models is proposed. Whether C3MFA is used
for qualitative or quantitative analysis, in both cases it is crucial that the relevant parameter estimates are
uniquely determinable. In the present paper it is discussed how and to what extent uniqueness of certain model
parameters can be asses4édl998 John Wiley & Sons, Ltd.
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1. INTRODUCTION

1.1 Multiway methods

Multiway methods are statistical methods that deal with multiway data. Multiway data is the generic
term for two-way data (matrices), three-way data (a cube or a block of data), four-way data and so on.
In general, multiway data of ord&tare data that can be meaningfully arranged itNamay matrix.
The majority of multivariate analysis methods work with two-way data. In the following the
discussion will be focused on three-way or three-mode data, but it should be kept in mind that
extensions to higher order are possible.

In chemistry and chemical engineering it was recognized by several researchers that some
problems and questions generate data that can be arranged in a three-waysEbigfhas led to an
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126 H. A. L. KIERSAND A. K. SMILDE

introduction of three-wgy methodsin chemistryand chemial engineeing, andthe researchn this
areais growing. Different potentialappication area canberecognizedamongsthemsecond-ader
calibraion,? identification of compoundsin conplex biochenical sysems? image analyss® and
multivariate staistical processcontrol.®” In mostof thes applicationareasthe powe of threeway
methodswasclearly demonstragd.

1.2 Three-modefactor analysis and (non-)uniqueness

One of the oldestthree-wa methodsis three-modefactor analyss®® (3MFA). This methodhas
mostly beenusedasanexploratorytechniquefor the analysisof threemodedata. The methodis thus
usedfor descibing the mostimportantaspect®f thedatain termsof componentdor all threemodes.
An importantproblem of the methodis that,asin two-wayfactoranalyss, the componentsareby no
meansunique.

In thetwo-waycasetheuniquenesproblemis typically solvedby oneof thefollowing appraches.
Oneapprachis to rotatethe loadingsto a simple strucure; anotherapproachs to constran some
loadingsto be zeroin sucha way that the modd beconesidentified. In chemicalapplicdions the
problem of rotationd freedomis tackled by imposhg constrants such as non-negavity and
unimoddity onthe solution.Althoughthis helpsin constraning the solution,it doesnot necesarily
makethe soluion unique® If selectivily is presnt, then the rotationd problem can be solved in
certaincases:' For 3MFA the uniguenessgroblemhasbeenapprachedin analogyto the two-way
case,andproposat for simple structurerotation havebeenmade aswell.

The above approache are meantfor exploratory analysisof three-mo@ data An altermtive
approachwhich is not fully exploratoy, is basedon constraning certainparaméersin the BMFA
modelto zero*?*3In certainsituaionsin chemisry, particuar constraned 3BMFA (C3MFA) modds
areknownto confarm exactlyto theprocessundeltying themeasureddatavalues™ In suchinstanes,
fitting the C3MFA modelto a datasetis not meantfor assssingwhich model shouldbe usedto
descrile thedata(asin exploratoryanalyss), butfor deternining which paraméer valuesgoven the
knownundetying modd. This paraneterestimationin turn canbe usedfor quanttative anaysis(e.g.
estimaing concentationsof a chemial substane in a mixture) aswell asfor qualitaive analysis
(e.g. on the basisof certainsubsés of the estimatedparanetersone can identify the subsances
presenin a mixture). Whenparameer estimationis the main purpo® of the anaysis, uniquenes of
the parameersat stakebeconescrucial. This is becausehe dataanalystwill not acceptnon-urique
paraméer valuesevenif they descibe the datawell. In the preent coniext the paranetersactualy
governobservedorocesseswhich referto (a unique) reality. Hencethe parametershemséves mug
be unique.

For someC3MFA modds, uniquenessof the parametersasbeenproven,*® but mog C3MFA
models encouttered in practice do not belong to this limited class of unique C3MFA modds.
Therdorein mostpracticalcasegheanalystcannotrely onuniquenesresultsfrom theliterature,and
uniquenes hasto be assessefbr eachmodd separatgl. Moreover, so far only C3MFA methods
have beendescried where certain elements of the core are constréned to be zera In certain
applicaions, however, a more flexible apprach is desred. For instane, in addition to the core
elemants, also elemants of the componenmatrices may haveto be constraine. The first purposeof
the preentpaperis to proposea geneal C3MFA algarithm which, in additionto zeroconstaintson
the core, allows for a variety of constrants, both on the core and on the component matrices.
Furthermoe, suchconstrants will aid the idertification of the modelandin certaincase leadto
modelswhere atleast certainsubset®f paraneterscanbeidentifieduniquely. The seconl purpo of
this paperis to demonstra that in certainchemicalappicationssuchpartial uniquenesescanbe
provento hold, thus extending earlier results'® and can be exploited in the actual esimation of
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CONSTRAINEDTHREE-MODEFACTORANALYSIS 127

concentations.Before consideing thesetopics,we briefly descibe achemial appicationwhichwill
serveasleadingexampk, on which the main developnentsin the presentpaperwill beillustrated
right after their introduction.

1.3. Calibration of a seconderder sensor

As a leading exampke we considerthe calibraion of a reactionbasedsecoml-order senso for
chlorinated hydroarbons.Sucha senso canbe usedfor quick assesmenof hazardousompounds
in the environment An extensivedescriptionof the senso is given elsewherg®*” In this paperwe
shallonly give a shortintroduction to the senso andfocuson calibraion issues.

The senso is a small reactionchambersealedwith a membranelf the sensoris placedin the
sample,analytescan diffuse throughthe membane. A readion (the so-alled Fujiwara reaction)
startsin which the analytes read with the reagentto form UV/VI'S absobing speciesin time. At
equidigantpointsin time a UV/VI S spectrum is obtainel. This geneatesa matrix of responseftime
versus wavelength), hence the name second-ader senso. Assuming first-order kinetics, the
concentationsof the analtesarelinearly relaied to the absobancef the speciesThe membrane
createsa certainamaunt of selectivity, ensumg that only analytes and interferents of a similar
structurediffuse throughthe membane.

Here we considerthe problemof measuringtrichloroettylene in a mixture of trichloroehylene
(TCE) andanunknowninterferent.Owing to the constuction of the senso, theinterferentis known
to be a membe of the classof small trichlorinated compounds(such as TCE and chloroform
(CHCIy)), becawse only thesecompoundspassthroughthe membraneand give spectragcopicaly
active produds in the reaction.The standad with which the calibrationis performedcontairs only
TCE. Thisis adiffi cult calibration problembecausé¢he analyteandthe unknown interferentarevery
similar. Sincethereis no possiblity to avoid interferencedy, for instane, a different senso design
or a different type of reaction,a goodcalibration procedure which is capableof quanttating in the
presencef highly similar interferencesis of muchpracticalvalue.

Therearetwo aspectselatedto thecalibrationof thesenso: aquantitativeanda qualitativeaspet.
Quantitaion mears thatthe senso shouldbe ableto quanttate in anunknownsamplethe amountof
the analyte with a certain precision. Qualitaive analsis periins to the possiblity to identify
unknowninterferents(if presentin the sample This aspetis alsorelevantsince identification of an
unknowninterferent using its spectraand getting insightinto the kinetics of the readion using the
temporalprofilesareimportant.

2. CONSTRAINED THREE-MODE FACTOR ANALYSIS

2.1. Theory

Thethree-moe factoranalysis(3MFA) modelcanbedescritedasfollows. Let X denot athreeway
arraywith elementsxi, i =1,...,1,j=1,... Jk=1,... K. Thenthe 3MFA modd is given by
P Q R
Xijk = Z ipDjg Cur Gpar + Eijk (1)
p=1 g=1 r=1

whereayp,, bjg andc,, areelementf thethreeconponentmatrices A, B andC of ordersl x P, J x Q
andK x Rrespectivly, G is aPx QxR threewayarraydenoedasthecore,ande; denotesheerror
termfor observabn x;.. Thematrices A, B andC canbeconsideedcomponentveightsfor ‘A-mode
componerd’ (in A), ‘B-modecomponert’ (in B) and‘C-modecomponerd’ (in C) respectivey. The
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elements of the core indicate how the comporentsfrom the different modesinteract The 3MFA
modelis fittedto a dataarrayby minimizing the sumof squaederror terms,using analternaing least
squaregALS) algorithm®

To providesomeinsightinto therole of the corearray,we give thefollowing (simplified) tensorial
descrigion of the 3AMFA model.Conrsideringx asa vectorconfaining all elementof the three-way
array X (orderal suchthat the first index runs slowes¢ andthe last fastes), and e asthe vector of
correspading error terms,the 3MFA modelcanbe written as

X=011(aa ®b; ®c1) + gy ®b; ® ) + griz(aa ® by ®¢3) + ...
+Oo11(a2 @ b1 ®c1) + ... + gror(ap @ bo ® cr) + € (2)

where® denoesthe (right) Kroneckerprodud anda; ® b; ® ¢, denoesthe vectorwith all triple
produds betwea elementsof columni of A, columnj of B andcolumnk of C. It is clearfrom (2) that
the elemants of the core serveasindicesfor thesevectors of triple produds.

A third way of describingthe modelis in termsof the frontal planes of the dataarray.Let Xy,
k=1,... K, denot the kth frontal planeof X. Thenthe 3BMFA modelcanbe descrited as

R
X = A Z CG/BT + Ex (3)
r=1
whereE, contairs the errortermsfor the kth frontal plane.Formulation (3) relatesthe SMFA modé
to well-known two-way models.In fact, (3) showsthatthe structurd part of the frontal planeXy is
decomposd into the productof threelow-rank matrices, nanely A, B and X,¢,,G;.

2.2. C3MFA model for seconderder sensorcalibration

Whendataareobtainal in a secoml-ordersenso calibraion study(seeSectionl.3), we first haveto
checkhow many interferens we have, as can be doneby assessig the approximag rank of the
mixture matrix M. Herewe considerthe casewhere the numberof interferentsturnsout to be one;
whenmorethanone interferentis presenta similar but moreextensve modd canbeused.Herethe
datafor the calibraton sanple (in N) andfor the mixture (in M) canbe descrited mathematally as

N = z1Xzy] + z1Xsy3 + En (4a)
M = ZoXay] + ZXay] + ZsXaY, + ZsXsys + Em (4b)
whereEy andEy, contain errortermsfor the calibration sampe andthe mixture respectively and

X, tempoal profile of speciesl formedby the analyte(TCE)
y> UV/VIS spectrum of speciesl formedby the analyte

X3 tempoal profile of specie2 formedby the analyte

yz UV/VI S spectrum of specie2 formedby the analyte

X4 tempoal profile of speciesl formedby the interferent
ya4 UVIVIS spectrum of speciesl formedby the interferent
xs tempoal profile of specie® formedby the interferent
ys UV/VIS spectrum of specie2 formedby the interferent
z, concentation of the analytein the standad

Z, concentation of the analytein the mixture

Zz concentation of the interferentin the mixture

in which thefirst specieds anintermedate productin the reactionandthe secondspecesis anend-
produd.
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CONSTRAINEDTHREE-MODEFACTORANALYSIS 129

As statedearlier,theinterferentsaresimilar to theanalytein chemicalstrucure.Forthis particula
sensorall compoundsdiffusing throughthe membanearesmadl trichlorinatedcompoundssuchas
TCEandCHCI 3. Accordingto themechanisraproposedor the Fujiwarareadion, it is reasonakd to
assumethat these small trichlorinated conpoundsform the same end-produg; i.e. the secom
species® 19 Note that the temporalprofilesdo not needto be equal different reactionratescanbe
involvedin theformation of the secoml speciedy eitherthe analyteor the interferent Formally, the
aboveknowledgeimpliesthatys equab ys. When,for convenence, therelatve concentrabn z,/z; is
replacedby v, z; is absobedin x, andxs, andz; is absobedin x, andxs, (4a,b)reduceto

N = Xoy; + Xay3 + En (58)
M = Xay5 + 7Xay3 + Xays + Xsy3 + Em (5b)

To further clarify the equivakenceof (4a, and(5a,h, it shouldbe noted thatif the ratio of the
analytepresenin M andN (i.e. y) is known, thenthe absolite amaunt is alsoavaileble becasethe
amountof theanalytegiving theresponséN is known. Notethatin factany numberscanbe usedfor
z; andzz aslongasz, is suchthatz,/z, = y. Hencein thefollowing the altemativemodd formulations
(5a,b)will be used.

Severalcommentsare approprate. First, owing to the fact that the responsematrix of a singe
analytehaspseudoank (i.e. the rank of the responsemnatrix without noise)two, it is not possble to
obtainfrom sucha matrix the pure specta andkinetic profilesof the two absorbiry speciesThis is
known as the curve resolution problem and has attractedconsideral# interestin the literature!*
Secondly althoughthe secondspecesbeing formedby the analyteandthe interferentareequal,the
kinetic profiles are different when beingformed by the analyteor the interferent. This gives some
selectivit. Thirdly, sincethe analte andthe interferentarevery similar (owing to the membane!),
the differencein responsedrom the two is very small. This makescalibration difficult but not
impossble.

Themodelcanbereformulated* asthe C3MFA modd givenin (3), with thefrontal planesof the
| x J x 2 array X takento be N andM respectivéy, the componentmatrices definedas

i o 10
A = (X2iX3iX4iXs), B = (V,iY3iVa), C= <’y 1)

andthe core G with frontal plares

G]_E 5 GzE

OO
[ecNeN e}
[cNeoNeoNe)
[oNeoNeoNe)
= O OO
O OO

whichis thereforecompleely specified Thustheunknown parameteré thismodéd canbeestimated
by fitting theaboveC3MFA modé to thedata.ln fact, this C3MFA modéd cannotbefitted directy by

the core-comstrained3MFA algorithmg? becausein addtion to the zero constrants on many core
elementsa zeroconstrant is alsoimposel on elementc;, of C. Moreover, two otherelementsin C

andall non-zroelementsin the corehavealsobeenspecifiedandcanhencebefixedto the specified
values(althoughthesevaluescanalsobeobtaineal by rescaingsof thesoluion). Therefoein Secton

4 a geneal algorithmis propo®d for fitting the C3MFA model with variouskinds of constaints.

First, however in the next section we focuson a differentissue related to C3MFA modds: to what

extentdo thesemodelslead to uniqueparaméer estimates?
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3. UNIQUENESSOF C3MFA MODELS

3.1. Somegeneralresults

When C3MFA methodsare usedfor paraneterestimation, it is very importantthat the estimated
paramé¢ersareuniquelydetermirable. This is becauséf differentparameteralueslead to the same
modelfit, the datado not provideadequaténformation to pinpaint ausefulesimateof the paraneter
at hand.To assessiniquenes, it is necessar to study the following problem.Supposéwo setsof

paraméerslead to the sameestimateX for X, i.e. suppog

R R
Xk =AY caGB =AY &GB", k=1.. K (6)
r=1 r=1

Thena paraméer is consideed to be uniquely, determinableif its ‘til ded’ verdon is necesarily
equalto its ‘untilded’ version.In theuncongrainedmodd this is by no meanghe case Forinstance,
(6) is satisfiedfor A=AT andG,=T 1 G,, r=1,...,R, for any non-singlar T. Howeve, certain
patternsof zeroconstaintson G imply ‘essential uniquenessfor the componeninatrices A, B and
C.'® Here 'esential uniqueness meansthat A, B and C are unigue up to scalirg, refledion and
sometinespermuationof thecolumnsof A, B andC. Becaug this freedomin scaleandpermutaion
canbeundonerathereasily,the paranetersareeffectivdy uniqueandcanbe constderedasuniquely
determirable parameers.

In pradice theconstrainsimposeal in a C3MFA modelusuallydo nothaveapatternthatbelongso
the classfor which uniquenesshasbeenestabished’® Thereforea procedurds needel to study the
uniquenes for the particular modd at hand.In the Appendix somerestits are given to help assas
uniquenes. Theseresultswill be usedto establishpartial uniquenes in the practical exampes
discussd in the presentpaper.

3.2. Partial uniquenessin model for seconderder sensorcalibration exanple

Forthe secoml-order senso calibrationexampe it canbe proven (seeAppendix, Secton A2) thatthe
modelin (5) is partidly unigue.Speciftally, for thismodd, y, X,, X4 andyz areuniquelydetermirable
and xs, Xs, ¥» and y, are not. Therdore we may exped¢ reasonald estimatesfor the relaive
concantration parameer y andfor the temporalprofilesof speciesl formedby the analte (x,) and
speciesl formedby theinterferent(x,), aswell asfor the UV/V IS spectum of specie2 formedby
the analyte(ys). For the othe profilesand spectrawe do not exped to getreasonablestimaes.

4. ALGORITHMS

4.1. Genaal

Abovewe havedisaussedC3MFA modelsandtheir uniquenesgropeties Little hasbeensaid about
fitting suchmodds to emgrical data.In thecurrentalgorithmsfor C3MFA,*?*3only certainelements
of thecoreareconstranedto zero,andin oneof them?* alsothe componenmatrices A, B andC are

constraned to be columnwise orthonomal. Here it will be descriled how modelsincorporating
additional constaints(e.g.on certan specificelematsof A, B andC, or non-negativity constrants)

can be fitted. Moreover attenton will be paid to fitting such modelsin the presenceof severe
multicollinearity.
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CONSTRAINEDTHREE-MODEFACTORANALYSIS 131

Both currentC3MFA method$?*2arebasedon ALS algorithrms. The ALS algorithm whereA, B
andC areunconsrained? will serveasour startingpoint here In this algarithm the lossfunction

2

-
X=D 3> Gal@@byc) )

p=1g=1r=1

Q R
f(A,B,C,G) =
=1

is deceasedy altemately updatingthe matrices A, B andC andthe core G. The algarithm canbe
descrited schematally asfollows.

. Initialize A, B, C andG.
. Computefy = f(A,B,C,G).
. UpdateA.

. UpdateB.

. UpdateC.

. UpdateG.

. Computef =f(A,B,C,G).

If fo — f > foe (Wheree is aprepecifiedsmallvalue),setf, = f andreturnto step2; elseconsidetthe
algorithmconveged.
In stepl all paranetermatrices areinitialized, e.g. by taking randan valuesfor all unconsrained

NO O~ WNPE

initializationsfor B andC. Steps3—6aretheiterativestepsor updatingthe paraméer matrices. Each
updateis chose such that it minimizes the function over one parameer set while the other
paraméers are consideed fixed. In this way it is guaranteedthat the function value deceases
monotonicdly. Becausg the function value is boundedbelow by zero, it is guaranteedhat the
algorithmwill convergeto a steble function value.Incidenglly, it maybe noted thatthe algarithmis
easilyadjustedor handing missingdata®° before eachstepin which thefunction valueis computed,
the valuesof x that are missingare replacedby the estimagesfor thesevalueson the basisof the
currentvaluesfor A, B, C andG.

The updatefor A (step3) is found by minimizing
R 2
Xk —A Z Cr Gy BT

r=1

K
f(A, %, %, %) = Z
k=1

(8)

minimizing
Iy —az|* = lly, - Z"ai? (9)

wherey;" anda;" aretheith rowsof Y andA respectively,i = 1,...|. Theupdagsfor B andC (in steps
4 and>5) arefoundin afully analogousvay. The updatefor G (in step6) is found by minimizing

f(x,%6) =[x - (A®B®C)g|* (10)

wherex andg arevecbrswith elementf X andG respectivéy, ordeed suchthatthe third index
runsfastestandthefirstindex runssloweg. The soluion for unconsrained g canbe foundfrom the
regres®n of x on F = AQB®C. Whencertan elementsin g areconstainedto be zerg***3the
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updatefor g is still obtainal by meansof regressn of x on columnsof F, but now thisregressn is
performed only on those columns of F that correspondto the unconsrained elements of g.
Speciftally, let w denoteabinary vecta of thesame orderasg thathasunit elementsatthepositions
of theunconsrainedelementdn g andzeroselsewhereFurthermore Jet F(w) denotethe subrmatrix
of F containing the columnscorrespadingto the unit elementsn w andlet g(w) denotethe vector
with elements of g correspmding to the unit elementsin w; henceg(w) contairs the unconsgrained
elemants of g. Then the problemis to minimize ||x — F(w)g(w)||, and the g(w) solving this
regres®on problemgivesthe updatedvaluesfor the unconstraind elementsof g. In the following
subsectionst will be descrited how the above generalalgaithm can hande a variety of other
constrants in additionto the core constaints.

4.2. Zero constaints on A, B and/or C

Supposeertainelementof A areconstrénedto be zera Thenthe updat for &, theith row of A,

canstill befoundby regressingy; on columnsof Z", butnow onthosecolumnsof ZT thatcorrespond
to the unconstainedelementsof a;. Specifically when w is the indicator vectbor indicating (by unit

elemants) which elements of g are uncongrained and which are constraind, then the regresson

problemis to minimize ||y; — Z"(w)a;(w)||%, where the notation Z "(w) anda;(w) is analogaisto that
of F(w) andg(w) respectivey above.Of course constraned updaesof (therowsof) B andC canbe
foundin afully analogos way. In fact, the aboveapprachis fully analogoudo the apprachto

updateG subjctto zeroconstrants.

4.3. Non-zero constraints on A, B, C and/or G

In certainsituations one wishesto constran certan elementsof G to be equalto a non-zerobut
prespedied value, e.g. one. To updatethe othe elements of G, we can use basically the same
approactasabove Whenw still indicatesunconsrained elementsandwhen we definev asthevecior
indicating constraind elementswe haveto minimize

Ix = F(v)g(v) — F(w)g(w)|’ (11)

Hencewe haveto solve the problem of regressingthe columns of x — F(v)g(v) on F(w). The
resultingvectorof regressiorweights,g(w), gives the updaesfor theunconsgrained valuesof g. The
procedurs to update the rows of A, B and/orC subject to non-z2ro constrants can be derived
analogouly. It shoul be notedthat asfar asin differentrows of a matrix the sane elements are
constranedto fixed values(e.g.whenconpletecolumnsof a matrix areconstainedto fixed values),
theserowsempoy thesameregressn andregressandnatrices, whichhenceneednotberecompued
for everyrow.

4.4. Equality constaints on A, B, C, and/or G

Sometimesit is desiralte to constain certain(non-zep) paranetersto be equalto eachothea. Such
constrants havebeenfound usetil whenappled to certainelemants of the core but may alsobe
interesing for certainelemertsin A, B and/orC. Whensuchconstaintsareimposel on elemants of
the coreor on elementsin the samerow of oneof the componenmatrices, the updaescanbe found
straightbrwardly asfollows. Let Wy indicate a subse¢ of elements of g that are constraind to be
equal,s=1,....S Thentheupdat for the Sdifferentsubsés of elemantsof g (dendedby gy, ...,gs) can
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be found by minimizing

2
g1

X — (F(wyp)1i... iF(wg)l) | : (12)
Os

overg,...,gs, Whichis againalinearregressiorproblem herel is avectorof unitelementsTo give a
little more insight into why the problem of updatingg subjectto equality constraing amaunts to
minimizing (12), considerthe following simple exanple. Let g=(g111 U211 U121 Gs21)' and
denotethe columnsof F by f4,...,f4. Supposedhatthe constrants specifythatg:11=0:01 = 9; and
0211 = 0221=0». Thenthe problemis to minimize
Ix = (Faif2ifsifa) (o @ o @)|° =IIx— (F1+fsifa+fa) (o Go)'II°

Clearly, this expression is in agreement with (12), becase w,=(1 0 1 0)" implies
F(wq) = (f1if3) andF(wq)1 =1, + f3, andsimilarly, F(w,)1=f, + f,.

Obvioudy, updaesfor rowsof A, B or C subgctto equalty constraintcanbefoundanabgously
to the above.

4.5. Non-negativity constraints on A, B, C and/or G

Whenthe (uncanstraned)elemeantsof A, B, C and/orG arerequirel to be non-negate, we haveto
solvethe corresponéhg regresin problemssubgctto the constrant thattheregresmn weights are
non-negave. Forthiswe canusethenon-neyativeleastsquare$NNLS) procedure?* In fact, it is not
necessarthatall elementsof A, B or C areconstainedto benon-negaitve. The NNLS proceduie can
beusedfor updatingsepaaterows; henceit is possbleto constrén only certainrowsof amatrix to be
non-negate, wherea othes areleft unconstained.

4.6. Combination of constraints

The abovefour types of constrants on A, B, C and G canbe imposeal simultareouslyaslong as
equalityconstaintsdo not pertainto paranetersn differentregressiorproblems.This leavesabroad
rangeof possibe appicationsof combinatonsof constrants andthusmakesour generalalgarithm
very flexible.

4.7. A procedure for handling severemulti collinearity

An algaithm incorpomating most of the possbilities above has beenprogrammed in MATLAB
4.02%? When analysingthe exampk datasetsstuded in the present paper it turnedout that the
algorithmwasvery slow, andresultsof differentrandanly started runstencedto differ only slightly
in termsof loss function value but consideably in termsof obtaned paraméer esimates.These
problemscan be attributed to the large size of the arraysunder study and especiallyto severe
multicollinearitiesin the data.This motivatedthe developnentof a procedurefor dealingwith these
problemssimultaneously.

To dealwith thelargesize of the problem we useda compressim techniqué>~>*which searches
low-dimensionalapprocimation of the dataandconsejuentlyfits acompresedversionof the modd
tothecompressedata.Afterthiscompresseftting proceduraghefull datamodéd canberecompued
from thefitted compressedanodel.Forthe pradical exampesstuded here we usedcompressinonly
for the two largemodes (A andB) andthusleft the C-made intact. Therefoe in the analyss of the
compreseddatathe constaintson C andG arethe sarre astheyarein the anaysis of the full data.
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We foundthataneffectiveprocedureo dealwith the severemulticollinearityin thesedatawasto
usea new kind of compressim basismatrix, nanely suchthat the resuting compresedarray no
longer showed high multicollinearity. In fact, we took basesthat themselve capured the
multicollinearity, and transferredcollineaity from the compressediatato the bass matrices, thus
‘regularizing’ the data,asfollows. For the modefor which the corehadthe largestsize(r, say) we
took asbasisthe matrix with thefirst ry principal comporentsof the asso@atedsupematrix, having
sums of squaresequal to the associatedeigenvalues. The now obtaned compresed array
(compessedover one modg was usedto determire the next basismatrix. The next basismatrix
was obtaned for the modewith the secoml largestsize (r,) and consistedof the first r, principal
componerd of the supematrix associged with the current compresedarray. In our examplesthe
third modehadonly two entries socompressionwasnotsensibé. It turnedoutthatanalysinghethus
compreseddataled to reasonablestimaesfor the paranetersof interest.

Theaboveprocadureworkedreasonabyl well, butit turnedoutthatbetterestimatesvereobtaned
with a procedurecombining ‘regularized’ compressia with ordinary compressiam (i.e. asdescribed
in Reference?23) asfollows. From an analyss of the regularizd data (possiblyusing a multistart
procedurg we construted a solutionfor the full datasetby premultiplications with the associged
basismatrices. Fromthis solutionwe derivedastartfor arun of theanalysisof datacompresedin the
origind way2® From the solution obtaned by this run, a new solution for the full datasetwas
obtainel (by premutiplication with the presenbasismatrices), which in turnwasusedasinputfor a
final analyss of the compete dataset. Thuswe useda threestepprocedureconsistingof

(1) analyss of regularizd compressediata
(2) analyss of ordinary compressediata
(3) analyss of full data

This three-ste procedurewasa prototype for a procedire’® devebped,shortl after the preent
developrents for fitting the PARAFAC modd. BecauseReference26is fully devoedto thistype of
compresion-bagsd procedure for handing multicollinearity, the readeris referredto that paperfor
moredetailson the generalideaof the three-stp methodpropo®d here

5. ANALYSIS OF SECOND-ORDER SENSORCALIBRATION DATA

To testthe calibrationprocalure usingthe sensordescibed in Section1.3, a mixture wasprepaed
contairing 0.976ppm TCE and0.995ppm CHCI; (which is oneof the possibleinterferentsthatcan
passthroughthe membane).Threephysicallydifferentstandardsverepreparecandmeasuredeach
contairing 0.488 ppm TCE. Experimenal detdls have been given in Referencel6, the only
differencebeingthatthe presentdataweremeasuredat 10°C whereathedataanalsedin Refeence
16 weremeasuredat 20°C. Hencethe circumstancearenot exactlyconparable Thethreedifferent
standads can be usedto calculate the reproducilility of the measuementswith the procedure
mentionedin Referencel4. This reslts in a coefficient of variation (CV) or a relative standard
deviation of 5.1% in the measued absobances.This is a measureof the reliability of the
measuements For the final calibraion of the sensorthe avelageof the datafor the threeorigind
standads wasusedasthe standard(N).

Two differentkinds of error are presentin the data.The first erroris dueto impeifectionsin the
experimenal condtions. Althoughall measuementsshoull be performedunderequal conditions
(e.g.tempeature startof dataacquistion, etc.),smalldeviationsareunavoidabé. The resuting error
will be called experimendl error. The secom kind of error is pure instrumertal error. Even with
perfectrepeatability of the experimendl condtions of the measuements therewill alwaysexis
differences betwea repeaatedmeasuremets. Thosedifferences aredueto instrumentalnoise andwill
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be called instrumental error.

The influenceof the combinaton of experimendl error andinstrumertal error canbe estblished
by using the three origind standats separatly in three different calibraions. The differences
betweerthe estimaed concentrations expressedasa coeficient of variation,canbe attributedto the
aforemenibned errors.Note that the thus obtainedstandad deviationgives an upperbound to the
expectedstandad deviationof the estimaed concentrabn of the final calibraion, becasein this
final calibration the avelmageof threestandardsis usedandthis filters out sone error.

Theinfluenceof the pureinstrumentalerror canbe estabishedby usinga jack-knife procedureon
the datasetusedfor the final calibrafon. In ten stepsseveal rows and columnsof N andM are
deletedrom N andM, wherein eachstep differentrows andcolumnsaredeletal. Thisgeneragsten
matrices N andM and,uponusing the C3MFA modé for eachsetof N andM, this generagsten
different concentation estimates.The differencesbetwee theseestimaes (agan expressedas a
standad deviation)aredueto instrumentalnoise .Note thatthethusobtainedstandarddeviationgives
alower boundto the standardleviationof the concentrationestimatesof thefinal calibration mode,
becauseinstrumental errar is always presentin the data and will influence the quality of the
concentation esimate.

To all datasetswe fitted the C3MFA model, with the core elementsfixed to one or zero, as
indicatedin Secton 2.2.In C, only the valuec,; (represenhg y) wasleft unconstraind, the other
elementsheingfixed to oneor zero,asindicatedin Section2.2. Furthermoe, becausehe value cp;
represatsapositivevalue,we deemedt usefil to constran it to be non-ngjative,asa meando steer
thesolutionin theprope directiorn becaseall othe paranetersalso pertan to non-negativeentities,
they could, in principle, have beenconstainedin the sane way, but the compressia procedures
cannothandk suchconstrants. The ensuingmodelwasfitted to the databy means of the threestep
proceduredescibedin Section4.7, using five randanly startedrunsfor the first step(andchoosing
the best soluion of theseas input for the secondstep);in all stepsa run of an algorithm was
consideed convegedif the function valuedid not changeby morethan0.0001%

It is worth notingthatthe modelandestimationprocedureareseverelytested.only onestandards
usedand, to predict the concentration of TCE in M, the modelis usedto extrapolate.This is an
extrapolaion becausdhe unknownconcentration lies outsidethe interval [0,0.488] definedby the
two calibration pointsusedhere In pradice, multiple stardardsshouldbe usedto obtan morestable
resultsandto avoid extrapolaion.

The purpo® of the calibrationis twofold: quantitative analyss, i.e. estimaing therelaive amaunt
of the analyte presentin the mixture, and qualtative analyss, i.e. estimatingthe instrumental
responseof the unknown interferens, thereby enablirg the researchetto identify that unknown
compound.Theseissueswill bediscussd in two separatesubsections

5.1. Quantitative results

Theanalsisof thefull datasetledto anestimae of theconcentrationof TCE in the mixture of 0.997
(obtainedby dividing the estimatefor y by 0.488) Compaed with the true value of 0.976,this
represatsarelative errorof only 2.2%.A similar figure of merit wasreportel for the, at first sight,
very similar dataanalsis reportel in Reference27, but it should be notedthat the experimenal
conditionsfor thosedatawereessentidl differentfrom thosefor our dataaswell those for the data
analysedin Referencel6. This embarassesa thoroughcomparisonof the resultsreportal in the
earlier paperswith our results.We can, however compareour resultswith that obtaned by the
converiional methodfor suchanalsis, RAFA.2 With RAFA the estmatewas2.045,whichis 110%
in error.

To study thereliability of theseresuts, we alsoanalsedthethreeoriginal datamatrices. Thethree
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Figure 1. Estimatedtemporalprofilesx, andx, of sensorexample.The abbreviation'min’ standsfor time in
minutesand‘a.u.’ standsfor arbitrary units. The meaningof x, andx, is explainedin the text.

concentrationesimateswere0.923,1.133and1.022(averagel.026andCV of 10.3%, which show
somevariation but not morethancould be expeded on the bass of variation dueto experimenal
error.As asecom procedurego assasthereliability of theserestts, we did asmadl jack-knife study
(seeearlier)onthefull dataset We crededtendatasetsfrom theorigind datasetby leavingoutparts
of the data Speciftally, in eachsuchjack-knife dataset dataon 10% of the wavelengtts andtime
pointswereleft out usingthe Venetianblind method(leavingout 1,5,9,...;2,6,10,..; etc.). Theten
analysededto anaverageonceatrationestimae of 0.995 andhada standardieviationof 0.006,thus
indicating very little variation over the different jack-knives We therebre conclude that the
concentration esimate reportedaboveis not only guite accurag but alsoquite reliable.

5.2. Qualitative results

Qualitative informationis obtainal in the calibration for the analte andthe interferent. It hasbeen
shownin the Appendk that x,, X4, Y3 and the concertration of the analytein M are uniquely
determirable. The estimatedspectraand profilescanserveasstartingpoint for further analyses

Figurel showstheestimatedemporalprofilesof x, andx,. Theesimatedtempoal profile of x, is
reasonald and shows that the analytebehave according to the theay of reactionkinetics. The
reactionkineticsdictatethatthe temporalprofile of x4 shouldalsogo downduringthereaction(like
X») sinee it is anintermedate produd, but it is not known at what point in time. Herce, if the time
window which is usedto follow the reactionis too short,thenno decreasecanbe obseved.

The estimatedspectrumfor y5 (i.e. the UV/VIS spectrun of specie2 formedby the analyte is
shownin Figure2. This spectrun resenblesthe oneobtanedin anearlier analyss,*” but comparison

y3

0.1

a.u.

0.05

400 600
wavelength in nm

Figure2. Estimatedspectruny; of sensoexampleTheabbreviatiorinm’ standfor nanometreand‘a.u’ stands
for arbitraryunits. The meaningof y3 is explainedin the text.
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is difficult sincethe measuing condtions wereslightly different

Summaizing the qualitaive results,it canbe statedthatthe obtainal resuts arein agreenentwith
thetheory.Only thebehavourof x, is perhapsiotcompletelyaccordng to thetheaeticalrestts, but
the possibk rea®n for this behaviarr is explainedabove.

6. A DIFFERENT EXAMPLE: SECONDORDERCALIBRATION USING FIA-UV DATA

In this sectian anexampe s discussd which differsconsderablyfrom the previousexanple asfar as
themeasuremenset-upis concened.It alsoseemghatthis calibration problemis evenmoredifficult
thanthe one discussd before. Sincewe could perform an auxiliary expeiment, we were able to
obtain the true underlying profiles and spectra.This makesthis exanple ideally suitedto testand
illustratethe C3MFA method.

6.1. Intro duction

This exampk pertainsto a flow injection analyss (FIA) systemcoupked with UV diode array
detection(250—-40 nm). Experimentaldetals aregiven elsswhere?® The sysem consétsof a flow

injectionchannelwith adiodearray detector attheoutlet Thecarrierstreamis abufferof pH4.5.The
sampleSis caughtin betweenthe reagentplug (a buffer with pH 11.4) andthe carrier stream.This

generatsareproducble pH gradientoverthe sanple plug. If the sampleconainsdifferentanalytes,
selectivily is obtaned owing to differencesdetwea pK, valuesof theseanalytesThe pK, value of a

soluteis that pH value at which half of the solutemolecuesarein the acidic form (protonatel) and
half in the bast form (deprobnated).The scaniing starts20 s afterinjection andcontinuesfor 88 s

with a1 sinterval. At eachscaniing, absobancesattheindicated wavelengthsaremeasued. Hence
the resut is an 89 time points by 100 wavelenghs matrix of absobancesNo physicalseparabn

takesplace.

In pradice the analytein the calibraion sampe is of courseknown,andit is alsoknown to which
classof chemial substanespossble interferentsin the mixture belong. Again, on the bask of the
approximag rank of the mixture matrix, one assesselow many interferentsthere are. Here we
considerthe situatin with oneinterferent. Speciftally, we studythe situation where the calibraion
sampleis 3-hydoxybenaldehyde(3-HBA) andthe interferentis 2-hydioxybenaldehyde(2-HBA)
or a different subsaincein the classof possibe interferents,which canall be assumedo havethe
samebehavour as2-HBA. For convenence,we only considerthe situaticn where this interferent
actuallyis 2-HBA, but neitherthe calibrafion procedurenor the modé would changeif it werea
different subsancein this class.

ThepK,valuesof 2-HBA and3-HBA are8.37 and8.98respedvwely. Thereforeboththeacidicand
basicformsof asolue will be presentilongthe pH gradientHencethe UV spectraof theacidicand
basicformsof eachsoluteprodue the signaltogetherwith the concentrationprofilesof theacidicand
basic forms. If the spectraof the acidic forms are called sa and sa for 2-HBA and 3-HBA
respectivéy andca, andcas arethe concentrationprofilesof theacidicformsof 2-HBA and3-HBA,
andif anabgousdefinitionsareusedfor the basicforms(sh,, shs, cb,, cbs), thentheresmpnseof the
puresolutes2-HBA and3-HBA canbe written as

No-pga = 20 - Cap - S@T +2-chy- szT (13a)
N3-Hga = 23 - Cag - S&' + 23 - Cbg - shy” (13b)

wherez, andz; arethe concentrationsof 2-HBA and3-HBA in the standrdsrespectivéy.
During ananalsisthetotal concentrationof a solue (acidic andbasicforms)at a given time and
placein the FIA channéis ca+cb. This givestwo total concentrationprofiles:ctot, (=ca,+ch,) and
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ctots (=cag+chg) for 2-HBA and3-HBA respectively. The shapeof the total concentrationprofile is
definedby the diffusion propertiesof the solues.Sincethe soluesreseanble eachothervery much,it

canbe expeced that their diffusion behavour is equal.Hencethe shapeof the total concentration
profilesis equal: ctot, = a.ctots, whereo is a consant. This phenomenn puts a restrictian on the
calibrafon problemwhich translatesnto a C3MFA modd. Moreover, the mixturesmack of 2-HBA
and3-HBA arenotrank-addiive 3° This canbeseerby adding (13a)and(13b)in certainamountsif,

for simplicity, amountsof 2-HBA and3-HBA at unit concentrationare addedto form M, thenthe
resultis

M =ca - S&' + cby-sh," 4 cag-sa' + chs - shs" = (capichyicagichs) (14)

with
ca + cby = «a(cag + chg)

It caneasilybeseerthattherankof therespnseof anindividual soluteis two, whereagherankof
M is threeand not four, owing to the restriction on the columnsof M. Of cour, all thes rank
consideations hold for the casewithout measurementnoise. In pradice, measuremat noise is
presentandthe abovereasonng shout be undestoodin termsof pseudoank.

To testour procedurewe useddatafrom a mixture for which the concentationswere known?°
Speciftally, we analyseddatafor a mixture contairing 0.05 mM of 3-HBA and0.10 mM of the
interferent (2-HBA). Again the actual analyss datasetwasobtainal asthe averageof threeorigind
datasets.The threerepeatedstandardscanagainbe usedto calculat the coefficient of variaion due
to expeimentalandinstrumental error, asexplainedabovefor the senso exanple. This resultsin a
value of 1.1%. This value is lower than in the exanple of the senso, indicating that the FIA
experimenal set-upis morestablethanthe setup for the senso, asexpeded. This value canserveas
a threshodl value for evaluaing the predictive performanceof the C3MFA models.In the origind
paper,RAFA wasusedfor the calibration, which resultedin somecase in relative predicion errors
of 60%—-8%. The reawnsfor suchhigh prediction error arediscussd in Reference30.

An auxiliary experiment wascarriedout in which the spectraof the solues2-HBA and 3-HBA
weremeasuedin asoluion of pH 4.5 anda soluion of pH 11.4. Hencethetrue spectreof theacidic
andbasicspecieof 2-HBA and3-HBA wereavaiable.Usingthes spectraa simple regres®n step
of the standad N on thes spectragivesthe true tempoal profilesof 2-HBA. This canbe donein a
similar way for 3-HBA. Hence,owing to this auxiliary expeiment, we havethe true specta and
tempoal profilesof 2-HBA and3-HBA, which s helgful in assasingthe potential usefulnasof the
C3MFA model.

In orderto illustratetheworking of the C3MFA models we will showthereslts of acalibraionin
which the stardard containsonly 3-HBA andthe mixture contairs 3-HBA andthe (in this testcasé
known interferent2-HBA. Note that this is a diffi cult calibration: thereis only one analytein the
standad, while in the mixture thereis aninterferentwhich strongly resembleghe analyte.

6.2. Mathematical formulation of calibration problem

In thiscalibraion, 3-HBA is the standardindthe mixture contains3-HBA asananalte togethemwith
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anunknowninterferent(which canbe2-HBA or asimilar subsance).Theformal calibraion modé is
N3-yBa = Cag - Sa' + Cbg - shy” (159
M =~-cag-Sa' +~-chs-shs’ +ca,-sa,' +cby-sh," (15b)

where the unknown interferentis indicated with the subscipt ‘u’ and the concentrabn of this
interferentis absorbedn ca, andcb,. Assumingthatthetotal concentrationprofilesof theinterferent
andthe analjte are propotional gives

ca, + ch, = a(cag + chz) = a - ctots (16)

wherex is anunknown constintandnot of directimportane. The calibration problemof (15a,b)can
be rewritten using cb,=u.ctots-ca, and cag=ctots-cbs. This resultsin

N3-HBa = CtOts - Sa" — Chs - sa" + chs - shy” (179
M =~ -ctots - sa' —~y-cbs-sa' +~-chs-shy’ +ca,-sa,’ +«-ctotz-sh,’ —ca, - sh,"
(17b)

wherethe paraméer y andthe spectraandtime profileshaveto beesimated.If thematrices A, B and
C aredefinedas

A = (ctotszichsicay), B = (saishsisa,ishy), C= (2 i) (18)

andthe matrices N5_ga andM arestackedo form athree-wg array X (which for the presendata
hasorder 89 x 100 x 2), then calibraion modd (15a,b)can be written asa C3MFA model with

loadingmatricesA, B andC asgiven in (3) andthe 3 x 4 x 2 corearrayG with elementsgi41, 031,

0341, G112 U212 and goo» fixed to one. All othe elementsin G are forced to be zero. This specific
patternof zerosand onescan be deducedby looking cardully at the calibraion problem (17) and
keepingtrack of which triple productsof elements of columnsof A, B andC shoutl beincorporated
in the C3MFA model(seealso equatia (2)). As shown in theSecton A3 of the Appendix, the preent
C3MFA modd leads to unique estmatesof y and ctot; and of the subspaes of (sasishs) and

(saiishy).

6.3. Analyses

In the analsesof thesedata, as in the analsesof the secoml-order senso data, the threestep
approach(with five randan startsfor the first step) was emgdoyed and the value of y in C is
constrénedto benon-naative.ln additionto thefull dataset,we analysedthethreeoriginal datasets
andtenjack-knife datases. Theseadditionalanalysesweremeantto gaininsight into the reliability
of our resultsfor the full dataset

6.3.1. Quartitative results

The analyss of the full datasetled to an estimae of the concentration of 3-HBA of 0.048 (upon
dividing the obtainel value for y by 0.15). Comparedwith the true value of 0.05 this representsa
relative error of 4.2%. In comparisonthe estimae obtaned by RAFA was0.081(62.6%relatve
error). It can be seenthat our procelure leads to a consideable improvement over the RAFA
procedure

Our procedure also turned out to be reliable: the three origind datasetsled to concentration
estimate®f 0.046,0.051and0.046(avarage0.048andCV of 6%),which clearly variedonly slightly.
Thejack-knives(constuctedby leavingout observaibns on 5% of the wavelengthsandtime points)
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CTOT: est(-),true(--) cb3: est(-),true(--)
0.2 0.2

3
®
50 100
time in sec. time in sec.
cau=ca2: est(-),true(--)
VAN
s O
0 50 100
time in sec.
Figure3. Concentratiomprofilesof FIA-UV example—, estimatecprofiles;- - -, true profiles.Theabbreviation

‘sec’ standgor secondsind‘a.u.’ standgor arbitraryunits. The meaningof ctot, cbs andca, is explainedn the
text.

ledto anaveiagevalue of 0.048with a CV of 6%, againindicatng verylittle variationdueto changes
in thedata.lt canbe concludedhatthe concentation estimae is againboth quite accuraeé andquite
reliable

6.3.2. Qualitative resultsof FIA calibration

The estimatedconcentration profiles (Figure 3) and spectra(Figure 4) as a resut of the C3MFA
modelclearly denonstratethe consguencs of the non-uriquenessof the model.Exceptfor the ctot
profile, noneof the profilesandspectracanbe estimatediniquely, andasa cons@uencenonsesical
values(e.g.negatie absobance) canbefoundfor thes paraneters Negativevaluescould of course
havebeenpreventedy imposingnon-negavity constrants, buteventhenresultsmaynotbeunique;
moreove, non-neativity constrants can only be usedin analysesof the full rather than the
compreseddatg andour expeiencewith suchanalysess thatresuts becone very unreliabke and
start-degndent.

The estimatedconcentrationprofilesconfirm our theoreti@l results:thefirst concentrationprofile
(ctot) is recoverel very well, ascanbe seenuponcomparisorwith thetrue profile, establishedusing
theauxiliary expeimentasexplainedearlier,whichis alsoplotted. No otherconcentrationprofile can
be obtainel reliably, asis clearly illustrated for the profile cbs which assumesegaive values
throughout surprisngly, but coincidentally, profile ca, is very closeto the actwal profile.

Theresuts for the estimatedspectraarelesseasilyexplained.The estimaedspectrun for thebast
speciesof the unknown interferent is surpiisingly good. As was statedin the theay sectim, the
C3MFA modéd shout (only) be ableto idertify the subspae spannd by sa andshbs. This canbe
checledby a simplecalculaton regresing S = (sasishs) onthefirst two columnsof B. Theresiduds
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Figure4. Spectraof FIA-UV example—, estimatedspectra: - -, truespectraTheabbreviatioinm’ standgor
nanometresnd‘a.u’. standsfor arbitraryunits. The meaningof sas, shs, s, andsh, is explainedin thetext.

of that regressionare very small, indicating that the first two esimatedspectrado indeedspanthe
rangeof S. Using convertional curveresolutian techniqies,a rotation canbe found of the first two
columnsof B in suchaway thatthe resultingrotated spectraobeythe non-ngativity constaintand
give betterestimaesof the true spectra.This topic is not pursuedfurther.

In a similar fashionit canbe shown that the lag two columnsof B give a good estimage of the
subspacgeneatedby s& (=sa,) andsh, (=sh). Thisis in agreementwith thetheoreti@al derivaion.
Hence,by applying again convertional curve resdution techniques,reasonald estimatesfor the
spectraof the unknown interferentcan be obtained The transfornations implied by such curve
resolutian techniquesareto be conpensatedn a transbrmationof the profilesin matrix A, which
will, however only affectthe secoml andthird profiles.

The presenexemplaryanalyss shows thattheresultsof the calculatonsarein full agreementwith
the theory. Only one concentration profile can be obtaned directly (ctot), wherea the other con-
centraton profilesandspectracannotbe obtainel directly. Yet, curveresolution techniquesshout be
ableto give betterestimagesof thelatter.In addition,andmostimportantly, the concentrationcanbe
determireduniquely, andit is indeedfoundherethatthe estimaedconcentrationis goodandreliable.

7. A SMALL SIMULATION STUDY COMPARNG OUR ALGORITHMS AND RAFA

To testour three-stp algorithmand compareit with RAFA andtwo variantsof our algorithm, we
condudeda small simulaion study. For this we createddataresanbling the FIA data(Sectbn 6) as
follows. The true spectraof the solutes2-HBA and 3-HBA were obtainal from the auxiliary
experimentdescriledin Section6.1. Thesespectraand profileswere usedto construt¢ matrices Bg
andAg resectively. Togeherwith Co andG (definad in Section6.2), we areableto constuct data
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thatresemblethe FIA dataandexactl fit the C3MFA model.By adding sorne noiseto suchdata,we
createl a realistic situatian, with which we testedour algarithm and comparedit with RAFA and
otheralgorithms. As in Section6, the concentration of 3-HBA was chosa to be 0.05,andin the
construdtion of the datawe usedthe matrix
Co= ( 0 0.15)
0.10 0.05

We constuctedthe ‘perfed’ three-wgy dataarray Xq from Ao, Bg, Co andthe core specifiedin
Section6.2 according to the SMFA model.We construted 30 datasetsasX = Xq + N1 + Ny, where
N1 andN, represat threeway arrayscontaining differentkinds of instrumentalnoise.The noise in
N, pertainedo uniformly distributed randam valueswith meanzero,the expet¢ed absolue value of
which was0.5%of the meanvalueof X, sothatthis noiseterm canbe consiceredas0.5%uniform
offset noise,a percentagevhich resemibes that occuring in pradice. The noise in N, wastaken
propotrtional to the size of the valuesin X, at threedifferent levels Specifically this noisewas
chosersuchthatthe expectedabsolutevalue of (X — X)/Xo (Wherethe solidusdenoeselementwise
division) wasa, where o wastaken equalto 0.002,0.005and0.01 respectivey, thuscreding noise
levels of 0.2%, 0.5% and 1% respedtely. Theseamountsof propotional noisewere considered
reasonald amauntsof measuremenerror. For eacherror level we construted ten datasets.

The 30 datasetswere analysedby RAFA and the three-stp apprach, aswell asby two less
comple variants:method1l—five randomlystated analyse®of theregularizd compreseddata,the
bestsolution of which wasusedasinputfor afinal analyss of thefull data;method2—five randomly
startedanalysef the ordinary compressediata the bestsoluion of which wasusedasinput for a
final analyss of the full data.All iterative algorithmsuseds = 10~ ° asconvergene criterion.

For all four methodswe recordedthe numker of iterations required, the computationtime, the
numberof local optima encoutteredin theinitial analysegwith five runs)and,mostimportantly, the
absoluée deviation of the estimaed concentration paraméer from the real value (0.05)

The absolue deviations averagedvithin eacherrorlevel, arereportedin Table 1. It canbe seen
thatthethree-ste@mpprachperformsconsideably betterthanRAFA (which in thelastconditionhad
relative errors of 24% on average) Method 1 was outperbrmed consiséntly by the three-step
approachThebestmethodturnedoutto bemethod2, closelyfollowed by thethreestepapproachAs
alreadyanticipaedin Section4.7,the latter is consideably more efficientthanmethod?2: the three-
stepapprachused99 sonaveragewhereasmethod? (basedntheordinary compresionapprach)
requirad 2216 s on average.This differencecan be explainedupon inspecting the numters of
iterationsrequired(which in our analysesvasnotallowedto excea 20 000):thefive runsin method
2required 10 155iterationseachonaveiage while thefinal runof thefull datarequired 182iteratiors
on aveage; the threestepapprach required 24 iterations for eachof the five initial runs, 1454
iterationsfor the secondstepand40iterationsfor thefinal analyss, all aveiagedover30replications.
It wasalsoseenthatthe five runsin method2 very oftenled to widely differing values,of which at
least50% were clearly suboptima] the five runsstating the three-stepapprach,on the othe hand,
consisently led to the sarne function value.Finally, we inspectedhelossfunctionvaluesobtanedin
thefinal, full data,analyse$y methodsl and2 andthethreestepapprach.It turnedoutthatthes
valuesonly differedin the sixth decimal place(which implies differences smdler than0.15%); thus,
asfar asappraimation of the actualdatais concernegdno clear preferencecanbegivento anyof the
methods

It canbeconcludedfrom this smallsimulationstudy thatmethod? andthethreestepapprachgive
thebestconcentrationestimatesThethree-ste approachis muchmoreefficientthanmethod? andis
muchlesssensiive to local optima, andfor this reasoncanbe expeded to be more stableaswell.
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Table 1. Averageabsolutedeviationsof true concentratiorestimates

Error level (%) RAFA Three-step Method 1 Method 2
0-02 0-0036 0-0013 0-0013 0-0016
0-05 0-0061 0-0024 0-0026 0-0018
1.0 0-0121 0-0026 0-0042 0-0017

8. GENERAL DISCUSSION

Clearly, thesuccesof theesimationof concentrabnsdepend onhowwell themodé fits thedata.lf
measuementsarenotvery accuratethe paraneterestimateswill usuallynotbevery accuateeither.
Howeve, as indicated above,an even more importantissue is the uniquenes of the paraneter
estimatdan themodd. If the paraméer cannotbeestimaeduniquely, C3MFA will fail to give correct
paraméer estimaes,evenwith perfecty accuatemeasuements Therdore provinguniquenesis of
paramout importancein paraneter-estimtingappicationsof C3MFA. The presenpaperillustrates
how uniquenesscanbe proven in practice.

In the presenpaperaflexible algarithm for fitting a variety of C3MFA modelshasbeenproposed.
Furthermoe, for caseswith sevee multicollinearity it is propo®d to use a three-stepprocedure
consistingof appicationsof the algorithm to compresedversionsof the dataarray. In the analyses
reportedn thepreentpaper thethree-stepapprachturnedoutto bevery efficientandstable(in the
senseof sensitvity to locd optima aswell asin the senseof stability over repeatedtrial data);
moreove, it performedwell in terms of concentration estimates.In all case the concentration
estimatesveremuchbetterthanthose obtanedby the RAFA method.Thusit hasbeendenonstrated
that the C3MFA modd, espeally when fitted by the threestep apprach, is a usefd tool for
obtaining concentation estimaes when dataon a mixture and one or more calibration setsare
available
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APPENDX

Al. Same results useful for assessig uniqueness

Resultl

If A, B andC havefull column rank andthe supematrices formed by concateating the frontal,
lateralandhorizontalplanesof G respectivéy havefull row rank (which impliesatleastQR> P, PR
> Q andPQ > R), then(6) holdsif

R
Gk=S) wGT', k=1,...,K (19)
r=1

andA = AS,B =BT andC = CU for certainnon-sngular matrices S, T andU.
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Proof If (6) holds, we obtain, upon concateating the frontal planesof X into X¢ and of G

rank (QR) and G hasfull row rank (P). It follows thatA = X<(C* ® B)"Gg*, where  denotes
the Moore—Penoseinverse Becaug A hasrank P, Xg must have at least rank P and henceA

mustalso haverank P. BecauseA and A spanthe sarre column space it follows that A = AS for

a certain non-sngular matrix S. In a compleely analogousfashion we find that B =BT and
C = CU for non-singlar matricesT andU. Herceit follows from (6) that

R R
A> ©.GB" =AS) [CU|,GT'BT, k=1,.. K (20)
r=1 r=1

It canbe verifi~ed15 that (20) is equivaknt to (19). Conversely suppos (19) holdsand A = AS,
B =BT andC = CU; then(6) follows trivially uponmultiplication of theleft- andright-handsidesof
(19) by A, B andC (in the prope directions). O

Result2

Whenthecondtionsof Resut 1 aresafsfiedanda comporentmatrix (A, B or C) is constrénedsuch
that a subseé of rows forms a non-sngular lower (upper)triangula matrix, thenthe correspading
transfamation matrix is lower (upper)triangula.

Proof Supposehat a subsé of rows of A (colleciedin Ay) is constraned suchthat Ag and A,
are non-singular and lower (uppe) triangular. From Resut 1 it follows that A = AS hence
As=AS. Therefoe S= As *As which is lower (uppe) triangular. O

A2. Proof for partial uniquenessin seconderder sensorcalibration example

To assesgpartial) uniguenessor model (5) in Secton 2.2 (underthe assumgbn thatA, B andC
havefull columnrank), we first useResuts 1 and2 of Secton Al. Hercewe haveGy = SY UGG, TT,
k=1,2,andA =AS,B =BT andC = CU with

1 0
0w 9)

Next we use
0 0O U1 0 0
~ |00 o0] 0 un O
G2=1001|=5 0 o 1|T (21)
010 0O 1 O
from which it follows that
U1 0 0
0 u; O
0O 0 1
0O 1 o0
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hasrank two. This implies that u,; =0, henceU = |. Now we haveG; =SG,T' and G,=SG,T"
hence

100

- 010

G = 00 0 =sity" + Spta’ (22
000
000

- 000

Ge=1|g 0 1 = sta” + sta’ (23
010

From (22) andthe non-sngularity of SandT it follows thatthe lasttwo elementsof s; ands, and
thethird elementsof t; andt, arezero.From(23)it follows thatthefirst two elementsof s; ands, and
the first elements of t, and t; are zera Furthermoe, for the element (2,1) in (22) we have
0=5p1t11 + Spotio = Spatyg. Becauset;; = 0 would imply that the first row of T is zeroand henceT
would be singula (violating the assunption that B hasfull column rank), it follows that s,; =0.
Similady, from (23) it follows for elemant (4,3) that s,at33 = 0; hence becausdsz; = 0 would imply
that T would be singula, it follows thats,;;=0. To sumup, we have

3(1)1 22 8 8 ty 0 O

S= 2 T= |ty tn ts], u=I 24
O 0 533 834 9 (2)1 62 t23 ( )
0 0 0 sy 33

To seeif we haveusedall the informationavaiable, we elaborae the right-handsidesof the
expressioafor Gy = SXu,G, T, k=1,2,in termsof the presenexpressionsfor S, T andU. Thuswe
find

su S22 0 O 100 th ty O Sutin Suter + Stz O
G, = 0 s 0 0 010 0 tp O _ 0 Spoton 0
0 0 S3 Ss 0 0O 0 t t 0 0 0
0 0 0 su/\0O OO 38 0 0 0
Su Sz 0 O 000\, . 0 0 0
G| 0 = 0 off0o0oo|fF 2 J)_|0 0 0
2 0 0 s3 Sa]|l0 01 0 tzz ¢ 0 Sgatro + Saates  Ssstss
0 0 0 su/\0O 10 233 0 Suaton 0

Becaugs G; and G, are conpletely specifed, it follows that ;117 = Syotrs = Szatzz = Suaton =1,
S11to1+S19t0o = 0 andsaatoot+S3atos = 0. Theserestrictiins canbe satisfial for arbitrary choicesof the
elementof T involved(providedthatT is non-singlar), aslongastheelemers of Sarechosersuch
thatwe haves;;=ti1 % Sp=Sua=ty ', Ssa=tas *, S12= —t11 "oy oy andsga= —ty taz 'toa
HenceGy = SYu G, T7, k=1,2,is satisfie for matrices S, T andU of the form specifedin (24),
wherethe elemantsof S areexpressedn theelementsof T by theaboverelations It follows thatthe
firstandthird columnsof A andthesecom column of B areuniquelydetermirable(up to scaling and
reflection) whereaghe othercolumnsof A andB arenot uniquelydeterninable. Thustwo of the x-
profiles(x, andx,) andoney-profile (ys) canbeidentified.In addition,it follows from U = | thatC is
uniquely determinable hencethe relaive concentation value y is uniquely deterninable.
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A3. Proof for partial uniquenessin FIA-—UV example

The C3MFA modelemgoyedin theexampkin Secton 6 involvesa constréned corearrayG which
canbe written as

) 0001 ) 1000
Gi=G;=[0 00 0], G,=G,=(110 0
0011 0000

Furthernore, the matrix C is constainedas

01
€= <1 7)
To provepartialuniquenesfor this model(unde theassumptia thatA, B andC havefull column
rank), we first useResults1 and 2 again,giving Gy = SYU,G,TT, k=1,2, andA=AS, B=BT and

C=CU with
- 1 Ui2
I CY
1 U2 0 0 1
0] =S{up up, 0 0fTT (25)
1 0 0 11

Ui2 0 0 1
U2 Uj2 0O
0 0 1 1

hasranktwo. This implies thatu;>=0, henceU = 1. B
UsingU =1, from G, = SZ,u, G, T" we haveG, = SG,T' andG, = SG,T", hence

Next we use

0
0
0

[cNeoNe]
= OO

o

from which it follows that

0001

Gi=|(0 0 0 0| =sits" + sstz" + ssty” (26)
0011
1000

Go=|1 10 0] =sit;"+st;" +t) (27)
0000

From(26) andthe non-sngulaiity of SandT it followsthatthefirst two elemantsof t; andt, and
theseconcelementsof s, ands; arezero.From (27) it follows thatthelas two elementsof t; andt,
andthe third elements of s; ands, arezera Thus, we have

t t 0O O
S11 S12 S13 tll t12 0 0
S=( 0 s 0], T=|2 2
0o o 0 0 taz tzy
%33 0 0 ty3 tas

It canbeshownthatthezerosin SandT abovearetheonly elementsthatcanalwaysbetaken zero.
It canbe concludedthat C is uniguely deteminable(sinceC = C) andthatthe first column of A is
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identified uniquely, since A and A are related by A =AS and hence their first columns are
proportiond Furthermoe, thesubspacesf thefirst two columnsandof thelast two columnsof B are
uniquely idertified, asfollows from B = BT. The secoml andthird columnsof A are not uniquely
determirable,sincethey are confoundedwith the first columnof A.

1.
2
3
4.
5
6
7
8
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