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Given several Gramian matrices, a least-square fit to all the matrices 
by one factor matrix, with a predetermined number of factors, is shown to 
be the principal axes solution of the average of the matrices. 

The problem of a simultaneous factor analysis of several matrices arises 
usually in the context of studies of factorial invariance. The issue of factorial 
invariance is relevant to correlation matrices based on different populations 
ye t  of similar nature, or to correlations based on presumably similar variables, 
so tha t  a similarity of factorial structure is expected. 

The prevalent solution to this problem is based on a separate factor 
analysis of each matrix and a rotation of the factor matrices to proportional 
profiles. This method was first advocated by  Cattell [3] and has been re- 
examined from various points of view by Meredith and others [2, 5]. However, 
this method has two limitations. First, each rotat ion applies only to two 
matrices at  a time; a simultaneous t reatment  of several matrices has not ye t  
been developed. Second, the requirement of proportionality of the profiles 
is not  a strict one. There  are circumstances where it is desirable to fit the  same 
factor matrix to several correlation matrices or covariance matrices simul- 
neously. A case in point would be correlations based on random samples of 
the same population. Though the most efficient approach would be to pool 
all the samples and compute one correlation matr ix for the whole group, this 
procedure is not  always feasible due to some technical obstacle, such as dif- 
ferences of scale among the tests (e.g., when alternate forms are employed, 
differing in mean and variance though essentially equivalent). 

Multi-way classification matrices discussed by  Abelson [t] may  serve 
as another  example. The  lat ter  case is discussed subsequently. 

Simultaneous Least-Square Analysis with a 
Predetermined Number o/Factors 

As is well known, a least-square fit to a Gramian matrix when the number 
of factors is determined in advance is obtained from the principal axes solu- 
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tion. The following is a generalization of this theorem to a set of several 
matrices. I t  is shown that  a least-square fit of the same factor matrix to several 
Gramian matrices yields the principal axes solution of the average of the 
matrices. 

Not:a l ion  

Rh is a correlation matrix (or more generally a Gramian matrix), h = 1, . - - ,  s .  

r h ~ i s a n e l e m e n t o f R h , i =  1, - . - , n ; j  = 1 , - - . , n .  
X is a matrix of order n by m and rank m (where m is predetermined), also 

m ~ n .  

x~ is an element of X. 
~,~ is the average correlation over h. 

is the matrix, the elements of which are ~ ,  . 

We want to solve for X such that  X X '  is a least-square approximation to 
all the matrices Rh. The sum of squares of the residuals is 

- -  X i k  i k )  . 
h i i k 

To, solve for z~ which minimize t, the expression is differentiated with respect 
to each x~ and the derivatives are set equal to zero. 

(2) dx,~ - z.., 
h i k 

Opening the parentheses, 

( i  = 1, . . .  , n ; k  = 1, . . .  , m ) .  

h i i k 

k '  is introduced as an alternative subscript to k because the k outside the 
p~rentheses in expression (2) is independent of the k within the parentheses. 
T:hus k' is a free subscript while k is eliminated by the summation. 

Interchanging the order of summation of the left term in (3), dividing 
by s, and transferring the right term, we get 

(4:) = E x i t .  
i i k 

O) can be formulated in matrix notation 

(5) R X  = X X ' X .  

I t  is easy to show that  the solution of X can be rotated to the principal 
axes solution. Let L be the latent vector matrix and A the latent root diagonal 
matrix of X ' X .  Multiplying (5) by L we obtain 

(6) f ~ X L  = X ( X ' X ) L  = X L A .  
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X L  is the principal axes matrix of/?, but it is also a nonsingular rotation 
of X, and therefore serves as a solution of the original problem of a simultane- 
ous factor analysis of a set of matrices. 

Relation Between Factors of Input Matrices and Their Average 

In order to clarify further the meaning of simultaneous factor analysis, 
it is necessary to relate/? to the factors Xh of the matrices Rh (input matrices). 

The simplest way to compare sets of data is to operate with their average. 
Our task, therefore, is to compare )?h with the factor matrix of/~. But in view 
of the complexity of the relation between the principal axes of a sum to the 
principal axes of the terms, a slightly different approach is adopted here. 
A formula comparing/~ with the correlations reconstructed from Xh gives us 
indirectly an idea of the relation between the factors of the input matrices 
and the factors of/?. This formula has also the merit of providing an index of 
similarity, or rather heterogeneity, of the input matrices. 

At this point it is necessary to introduce an additional restrictive as- 
sumption, viz., that the number of significant factors, or rather the pre- 
determined number of factors, is the same for all input matrices--say m 
factors. This assumption is a logical requirement, otherwise there would be 
no rationale for fitting the same factor matrix to all the input matrices. Let 
us introduce the following notation. 

X~(~) the factor matrix of Rh extracted up to m factors. 
P Rh(,~) "~ Xh(,~)Xh(,~) • 

E~¢m~ = Rh -- Rh(m) , this is a matrix of residuals. 

Employing this notation, the following equation is obtained by simple 
algebraic operations (note that the range of h is from 1 to s): 

(7) - -,  1 g Xh,m, l g 

1 k - f i "  - s ~ X . . ) X ' ( , . )  + ~_, X . ~ ) X ; ( , . ~  
i ~ l  i , i  

1 , s - - 1  , 
- s X . ~ ) X . , . )  + s X~(,~)Xi(,~), 

i and j are alternative subscripts for h; i # j. 
Multiplying by s and substituting/~hc.) for X,(=)X'~(m we obtain (8), 

(8) s 2 ~ ( . . , 2 ~ , m ,  = & , , , ,  - x , ( ~ , x ~ . . ,  + s x , . . , X ~ ( ~ ,  . 

When the matrices Xh(..) approach equality, the equation 
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is approximately correct. Substituting this relation in (8), we obtain 

(9), /gh¢ . ,  - -  ' - - '  

The term X,m)X~¢=, is, therefore, an indicator of the resemblance (or hetero- 

geneity) of the matrices R~(=) . 
The equations (7)-(9) assumed that m factors have been extracted. They 

relate XA~ to /~h - /~h(~ • Adopting a stricter assumption, that the full 
rank of all the matrices Xh is equal, (7)-(9) express the relations between 
X~21 a n d / ~  . 

Rank Relation Between Input Matrices and Their Average 

Mathematically the relation between the rank of a sum (or average) of 
Gramian matrices and the rank of the terms is determined by the following 
theorem: 

(10) rank (/~) _> rank (Rh), h = 1, . . .  , s. 

The proof follows directly from the formula employing the notation of sec- 
tioned matrices. 

( 1 1 )  [ X ,  ; X 2  ; . . .  ; X , ] [ X l  ; X2 ; . . .  ; X , ] '  

- -  X '  -- [XlX~ + X2 2 + "'" + X,X~,] 

The rank of the product is equal to the rank of the supermatrix in the 
brackets. This supermatrix is a sequence of columns and its rank cannot be 
less than any of its submatrices Xh. Under special conditions of dependence 
among the submatrices, e.g., when they conform to the pattern of proportional 
profiles, the rank is retained. But in the general case the rank increases. In 
practical situations, even when simultaneous factor analysis seems justified, 
summation raises the rank, though it is assumed that for perfect data all the 
factor matrices are equal. This is due to the presence of error components in 
each matrix, and, as is well known, error inflates rank. 

Practical procedures of factor analysis do not adhere strictly to the alge- 
braic properties of the correlation matrices, and various estimation procedures 
like least-square approximations are employed in order to get around the 
statistical feature of error. 

The mathematical relation of formula (10) should be applied here cau- 
tiously, if at all, because the exact ranks of the matrices are not utilized and 
practically the rank is defined by the number of "significant" factors extracted. 
The rank is determined by statistical decisions based on the magnitude of 
the latent roots, magnitude of residuals, and so on. There is, of course, a 
connection between mathematical rank and decisions concerning the number 
of factors, but the decisions in the context of our problem should take into 
account statistical considerations and the logical structure of the data. 
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Employing the term "estimated rank" to designate the number of signif- 
icant factors, it is apparently even possible for the "estimated rank" of the 
average matrix to reduce. 

The rank relations depend on the relations between the matrices which 
are averaged. Let us examine, for instance, the relation between semantic 
differential matrices, where each matrix represents the correlation of scales 
for a variety of concepts of one person. Even when there is a high degree of 
resemblance between the matrices, individual differences do exist. They 
cannot be considered as error components and there is no reason to assume 
that  they will conform to the customary statistical assumption concerning 
random error. The differences between the factor matrices are a "genuine" 
source of variability and we may expect also the "estimated rank" of the 
average matrix to rise. When the individual differences are small, and ir- 
relevant to the purpose of the investigation, a simultaneous factor analysis 
may be appropriate. However, the number of factors extracted should be 
even less than the "estimated rank" in order to minimize the effect of in- 
dividual differences, i.e., only the major factors should be extracted. 

On the other hand, when the differences among the matrices are attrib- 
uted to sampling error of the correlation coefficients, the average of the error 
components tends to zero, as a limit, as the number of the matrices increases. 
Mathematically, the rank of the average matrix will still increase and ap- 
proach its order. (As a matter of fact, for fallible data the rank is so inflated due 
to error that generally the rank equals the order of the matrix.) However, the 
residuals for a fixed number of factors may decrease, or, stated obversely, 
though the total number of factors increases, there may be less significant 
factors and a smaller number may be needed to account for the same residuals, 
i.e., the "estimated rank" may decrease. 

Discussion 

One important implication of the preceding theorem concerns permissible 
operation with the correlation coefficients. Some textbooks do not recommend 
averaging correlation coefficients and suggest a prior application of the z 
transformation [4]. This transformation normalizes the sampling distribution 
and is relevant to the application of the t test of significance, but is not related 
to the issue of additivity. 

I t  seems that permissible operations cannot be defined in general but 
depend on the mathematicM context defining the purpose and meaning of 
the operations. I t  should be noted, however, that the conclusion which dis- 
penses with the transformation is based, indirectly, on the fact that the same 
weight is assigned to all the residuals in equation (1), irrespective of the 
magnitude of the correlations. 

Simultaneous factor analysis applies to any set of matrices, independent 
as well as dependent ones, i.e., it can be employed, also, for the analysis of 
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correlation matrices based on the same population as in multi-way classifica- 
tion tables. Indeed, let x,k be an element of a triple classification table. The 
table can be sectioned into a set of two-way tables, e.g., K tables of order 
J by I, each of which may serve for the computation of a correlation matrix. 
Thus, we obtain K matrices of order I or order J (depending which correla- 
tions are required by the design of the research). 

This conclusion has interesting implications for the comparison of various 
methods of analysis of multi-way tables, especially Abelson's ANOVA model 
and Tucker's Three-Mode factor analysis model [1, 6]. I t  is easier to expound 
the main idea by a concrete illustration; semantic differential data consist 
of ratings of various objects, on scales, by persons. Since classical methods 
of factor analysis are not suitable for treatment of multi-way tables, the data 
have to be reduced to two-way tables. Within the framework of psycholin- 
guistic studies individual differences are of secondary importance, as phrased 
by Abelson [1], they are "agents of discrimination." By this he means that 
scales are employed to discriminate objects, whereas the raters serve in capac- 
ity of an instrument. Since the variance due to the agents of discrimination 
is, in a sense, instrumental error, it is customary to reduce the data by averag- 
ing the scores of each object, on each scale, averaging over subjects. 

On the other hand, Tucker's model of Three-Mode factor analysis [6] 
utfilizes the principle of sectioning the data into two-way matrices, averaging 
the corresponding covariances (more precisely, the sum of products), and 
factoring of the resultant matrix. Thus, the semantic differential provides 
covariance matrices for each subject. The model requires analysis of the aver- 
age of these matrices. The rationale of this procedure can be interpreted by 
the theorem of simultaneous factor analysis, for the underlying principle of 
tile procedure consists of fitting a fixed factor matrix to all subjects. Obviously, 
the same reasoning applies to all the possible ways of sectioning the original 
table. 

In order to avoid a possible misrepresentation, it should be emphasized 
that the preceding discussion refers only to the rationale of the technique of 
Three-Mode factor analysis; its fundamental idea is beyond the scope of our 
problem. 
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