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SUMMARY

We generalize Kruskal's fundamental result on the uniqueness of trilinear decomposition of three-way arrays to
the case of multilinear decomposition of four- and higher-way arrays. The result is surprisingly general and
simple and has several interesting ramifications. Copyfig2000 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Consider an x Jmatrix X and suppose that rank) = 3. Letx; ; denote thei(j)th entry ofX. Then it
holds thatx;; admits athree-component bilinear decomposition

3
Xij =Y aiby (1)
f=1

foralli=1,...) andj=1,... . Equivalently, lettinga; := [a,y,...,a, " and similarly forby,
X = a]_bI + azbg + a3b13— (2)

i.e. X can be written as a sum of three outer products of the respective component vectors, which
constitute rank-1 matrices. Lét := [a;, a, as] and B := [by, by, b], and X can be expressed as

X =ABT. Note the trivial fact thaATT ~*BT =X for any invertibleT; hence, giverX, infinitely

many @, B) pairs can potentially give rise t§. Unless some additional structure is assumed or
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230 N. D. SIDIROPOULOSAND R. BRO

imposal on A andbr B, it is impossble to uniquelyunrawel the conponentprofilesas andb; from X.
Let us now consideran | x J x K three-wayarray X with typical element x;; and the F-
componentrilinear decompaoision

F
Xijk =Y aisbjfCus )
f=1
foralli=1,...1,j=1,...,.Jandk=1,... K. Equaton (3) expresseshethreeway array X asasumof F

rank-1threeway factors. Analogaisto the definition of matrix (two-way array)rank,the rankof a
threeway array X canbe defined[1,2] asthe minimum numker of rank-1 (three-way)components
needel to decompos X.

Define anl x F matrix A with typical elementA(i,f) := a ¢, J x F matrix B with typical element
B(j.,f) := by andaK x F matrix C with typical elementC(k,f) := ¢+ A distinguishirg feature of the
trilinear modd is its uniquenessUndermild conditionsthetrilinear modelis essatially unique; that
is, givenX, A, B andC areunique up to permutaipn andscalirg of columns—both mosly trivial and
inherenty unresohableambiguites.

The first published uniquenessresults are due to Harshnan [3,4], who actually developed
PARAFAC basedn a principle putforth by Cattell [5] (seealsoCarroll & Chang[6]). Otherresuls
soonfollowed (e.g.Reference7]), culminatingin Kruskal’s[1,2] result,whichis thedeepstto date.
An unusualvariety of applicationsin diverse disciplines has always beenbehind the questfor
improved undestandirg of the trilinear modelandextersions,generalizéions and evenrestrictions
(N. D. Sidiropaulos X. Liu, subnitted manuscipt) thereof

Any four-way arraycanbe ‘unfolded’ into athree-wg array, mud like a matrix canbe unfolded
into a vecbr via the standad vec()] operation; henceuniquenessof quadilinear decompotiion of
four-way arrays follows from uniquenes of trilinear decompogion of three-way arrays. This
simpligic view, howeer, does not shedlight on the exact condtions under which a unique
quadriineardecompogion canbeguaranted,nordoesit provideanycluesasto therigidnessof the
required condtionsasonemovesto higherdimensons.In this papemwe genealize Kruskal’sresultto
the caseof multilineardecompotion of four- andhighe-way arrays providing a predse andsimple
sufficiert condtion for uniquenesavhich beconeslessrestrictive asonemovesto higherdimensons.

Therestof this paperis structurel asfollows. Secton 2 containsnecesarypreliminariesjncluding
Kruskal’'suniquenesresult(Theoreml) andabast lemma (Lemmal) thatis key in extendingit to
N-way arrays.Proofof the basiclemmais included. Section3 containsthe mainresultandits proof.
Conclwsionsaredrawnin Section4. A compactproofof Kruskals uniqguenessesultfor thethreeway
caseis includad in the Appendix for completeness.

2. PRELIMINARIES

Thek-rankof amatrix is arank-like concept thatplays akey role in multilinearalgebra The concept
of k-rank is implicit in the semnal work of Kruskal[1], butthe termwaslater coined by Harshman
andLundy [8] (k-rank standsfor Kruskalrank).

Definition 1

Given A O C"™F, ra := rank (A) =r iff it contairs at leasta collection of r linearly independet
columns andthis fails for r + 1 columns.ka (the k-rank of A) =r iff everyr columnsarelineady
independat, andthis fails for at leastone setof r 4+ 1 columns(ka < ra < min(l,F) for all A).

We arenow readyto stae Kruskal's uniquenessesut [1].

Copyright 2000JohnWiley & Sons,Ltd. J. Chemometric000;14: 229-239



MULTILIN EAR DECOMPOSITIONOF N-WAY ARRAYS 231

Theoren 1 (uniquenssof trilinear decompoision)

Consicer the F-componet trilinear modé

F
XijIm = Z a by £ Cicf
=1

fori=1,..1,j=1,...Jandk=1,... K, with &b ;,0.s O C. Definean| x F matrix A with typical
elementA(i,f) ;= a; andsimilarly J x F andK x F matricesB and C. Given x;; for i=1,... ],
j=1,...Jandk=1,...K, A, B andC areuniqueup to permutaion andscalingof columnsprovided
that

ka + ks + ke > 2F +2 (4)

NotethatTheoren 1 holdsfor real-or conplex-valuedparaméersandarrayelementsThe origind
proof of Kruskalwastargetdto the real-valied case(all matrix andarray elementdrawnfrom R)
owing to somesubtletesinvolved in the definition of threeway arrayrank[1,2]. In an attemptto
investigataf theresut carriesoverto the conplex case acompactproofthatchecksfor the conplex
casehasbeenderivedin Refeence[9]. That proof is also providedin the Appendk heren for
compldeness.

Thefollowing lemmais key in extending Kruskals resultto N-way arrays.

Lemmal (k-rankof Khatri-Rao product)
Consicer A = [ay,...,ag] O C*F, B=[by,....bg] 0 C*F and

AD1(B)

AD:(B)
BOA := . :[b]_@al,"',b[:@aF]

AD; (B)

where® standsfor the Kronecler produd, ® standsfor the Khatri-Rao (colurm-wise Kronecler)
productand D;(B) is a diagonalmatrix contairing the jth row of B on its diagonal. If ky > 1 and
kg > 1, thenit holdsthat

kB@A > mln(kA + kB — l, F)
whereasif ky =0 or kg =0,

kson =0

Lemmal is dueto SidiropoulosandLiu (submited manuscipt) which buildson an earlierresult
by Sidiropaulosetal.[10] ontherank of the Khatri-Raoprodud. We includea more compactstand
aloneproof below, both for the sakeof completenessandbecase Lemmal is key in proving our
main resut.

Proof

Theproofis by contadiction Let Sbethe smallesinumtber of linealy depen@éntcolumnsthatcanbe

Copyright0 2000JohnWiley & Sons,Ltd. J. Chemometcs 2000;14: 229-239



232 N. D. SIDIROPOULOSAND R. BRO

drawnfrom B © A, denotedby by ® a,...,br, ® &y (if acolledion of lineady depenéntcolumns
cannotbe found, then,by convertion, S=F + 1; with this convertion, kgoa =S —1). Thenit holds
thatthere existu, O C,...,us 0 C, with 1 # 0,...,us # 0, suchthat

by, @ & + - - + pgbrs ® 8 = Oy 1

or, equivalently,

Adiag([pi1,- - -, pg])BT = 01,5 (5
with

A:=lag, - a5, B = [by, -, bg]

Invoking Sylveste’s inequality,
ro= rank(ﬂdiag([ul, . -,MS])ET) > rank(A) + rank(B) — S
However,by definition of k-rank,
rank(A) > min(ka,S),  rank(B) > min(kg, S)
andthus
r > min(ka,S) + min(ks,S) — S (6)
Notice thatmin(ka + kg — 1,F) > max(ka, Kg), becawse:

o if ka + ks — 1> F, thenmin(ka + ks — 1,F) =F > maxKa, kg);
o el if kya+ks —1<F, then min(ka + kg — 1,F) =ka + kg—1=maxKa, kg)+min(ka,
ks) —1 > max(ka, Kg), sinceka, ks andhencealsomin(ka, kg) > 1.

Now considerthe following case for (6):

o if 1 <S<min(ka, kg), then(6) givesr > S> 1,

o el if min(ka, kg) < S<maxka, Kg), then inequality (6) gives r > min(ka, kg)+ S
—S=min(ka, kg) > 1;

o el if maxka, ks) <S<minks+ks — 1F), then (6) gives r>ka+ks —S but
S<min(ka + ks — 1,F) impliesthatks + kg — 1> S i.e. ka + kg —S> 1, andhencer > 1.

The conclusbn is thatr > 1 for S< min(ka+ks — 1,F); butr is therank of A diag ([114,...,ud) BT,
which according to Equaton (5) is a zero matrix, henceits rank shoull be 0. We havetherebre
arrived at a contadiction which shows thatthe smdlest numberof linearly depenént columnsthat
canbedrawnfrom B ©® A muststrictly exce@ min(ka + kg — 1,F). It remansto patchthe prooffor
the casewhereone or both of ka, kg is 0. Note thatky =0 if andonly if A containsat leastone
identicaly zero column,in which casethe column-wise Kroneckerprodud will haveat least one
identicaly zerocolumn,henceits k-rankwill be 0. This conpletesthe proof of the lemma. [

We arenow readyto extend Theoreml to highe-way arrays.
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MULTILIN EAR DECOMPOSITIONOF N-WAY ARRAYS 233

3. MAIN RESULT

Let usfirst consideruniquenessf quadrilinear decompogion of four-way arrays.

Theoren 2 (uniquenasof quadrilinea decompoiion)

Consicer the F-componat quadrilinea model
F
Xijim= > @09 N
f=1

fori=1,...1,j=1,..J, 1=1,...L andm=1,... M, with &,b+,0;1,hm+ O C, and suppos that the
modelis irreducible in the sensethat x; ;| m cannotbe represated using fewer thanF components
(thisis equivakntto sayingthatthefour-way array with typical element x; j | m is of rankF). Define an
| x F matrix A with typical elementA(i,f) := g ¢ andsimilarly J x F, L x F andM x F matricesB, G

andH. Givenx;jymfori=1,...1,j=1,...3,1=1,...Landm=1,...M, A, B, G andH areuniqueup

to permutition andcomgdex scalingof columnsprovidedthat

kan + ks + ks +ky > 2F +3

Proof

Definea three-wg array with typical element
Vi 7= X, k= (- DM

for i=1,...1, j=1,...J and k=1,... ML, where [ stands for the ceiling operator (smallest
integer> its argurrent).y; ; « is simply thefour-way arrayx; ;| m rearrangednto anordinary threeway
arrayby concdenatingthe third andfourth modes suchthatthe fourth modeis nesedwithin thethird
mode.Furtherdefinean ML x F matrix C with typical element

Gt 1= Ot Ml -2ms
It is theneasyto seethat

HD;(G)

HD»(G)
c=| = |=GoH

HDL(G)

Note that the assumedrredudbility of the quadilinear modelfor x;; m (equivakently, rank of the
four-wayarray)impliesthatka,kg.ks,ky areall > 1.1n orderto seethis, suppogthatk, =0, in which
caseA containsatleast onecolumnthatis identically zera Let a¢ bethis column. Thenthe fth factor
hasidentically zerocontribution to thedatax; ;; m, andthusthemode canberepresentéusingF —1
componerd, which contradictsirreducibility. Then, invoking Lemmal regading the k-rank of a
Khatri-Raoproduct,andTheoren 1 appiedto y; ., we concludethatA, B, C =G © H (andhenceG
andH) areunique up to permutaion andscalingof columnsprovidedthat
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234 N. D. SIDIROPOULOSAND R. BRO
ka + ks + min(kg + ky — 1,F) > 2F 42 (7)

We may assumewithout loss of genenlity that ky > kg > kg > ky. If kg + ky > F + 1, then
Ka + kg > kg + ky > F 4+ 1 = ka + kg > F + 2, andhence

kA+kB+min(kG+kH—1,F)2F+2+F:2F+2

in which casenequalty (7) is alwayssatisfial. If, ontheothe hand kg + ky < F + 1, thencondition
(7) becomes

ka + ks + ks +ky >2F +3

andthe proof is complde. [ |

Remak 1

Onemay wonderif the sufficiert condition derivedheren is any betterthanthe obviousone, i.e.
applying Kruskals condition to individual three-wg subarays. Consider the following situatian:
ka =kg =kg =2, ky =3 and F = 3. None of the individual threeway subarrag satisfiesKruskals
condition, becase 2+2+4+3=7<2x3+4+2=8; however, 24+2+2+3=9=2x3+3, and
hencethe sufficent condition derivedhereinindicatesthat the modéd is unigue.

The resultfurther generlizesasfollows.

Theorem 3 (uniguenasof multilinear deconposition)

Consicer the F-compmentN-linear model

foris=1,...,lsand6=1, ..., N, with afi)f € C, andsuppos thatit is irredudble (< therankof the
N-way arraywith typical element; ,...,ix is F). Then,with obviousnotaion, givenx; ,...,i foris=1,
.., lsands=1,...,N, A® for §=1, ..., N areuniqueup to permutaion and scalingof columns
providedthat

N

ZkA(é) > 2F + (N — 1)

=1

Proof

Startingfrom theN = 5 case assumavithout lossof geneality thatkaa > Kawe ... > kae, cCOncdenate
modes4 and5, andapply Lemma 1 and Theorem2 to concludethatA®, ..., A® areunique up to
permugtion andscalirg of columnsprovidedthat

kA(l) + kA(2> + kA(s) + min(kA(4) + kA(s) -1, F) >2F+3 (8)

If kA(A) -+ kA(s) >F 41, then kA(2> -+ kA(a) > kA(4) + kA(5> >F+1, hencekA@) + kA(a) >F 4+ 2, andthus
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MULTILIN EAR DECOMPOSITIONOF N-WAY ARRAYS 235

kA(l) + kA<2) + kA(s) + min(kAm) + kA(s> -1 F) > kA(n +F+24+F>2F+3

since irreducibility implies that kae > 1. Therdore inequalty (8) is always satisfiel for
Kaw + kaw > F + 1. If, onthe othe hand,kaw + kas < F + 1, thencondtion (8) becomes

kA(l) + kA(Z) + kA(3) + kA(4) + kA(5) Z 2F + 4

andthe proof for N =5 is complde. Similarly, for N =6 oneusesthe conditionfor N=5, andsoon
andsoforth |

Remak 2

Noticehowthebilinearcase(N = 2) is generially excludedthek-rankof anymatrix with F columns
is at mostF, hencethe left-handside of the inequality is at mog 2F, while the right-handside is
2F + 1 for N=2. Also note that ‘extra’ modes of k-rark 1 (containng collinear profiles) neither
contributeto nortakeawayfrom uniquenessAs aspecialcaseit is well known thatathreeway array
where one way is made up of replicates will not provide sufficent variation for a unique
decompotion, becasethe k-rank of the replicateloadingswill be1. This, however, is notthe case
for four- and higha-way arrays. Even if the loadingsin one way are of k-rank 1, unique
decompotion is still possble by virtue of Theoran 2, hencereplicatesmay be unproblematally
treatedasan additionalway if sodesired

Remak 3

If all matrices involved are full k-rank (a matrix whos columnsare drawn independetly from
absolutly continuaus distributionsis full k-rank with probaility one),then

zN:min(lé, F)>2F+(N—1)
6=1

is sufficiert. Notice how going to highe dimensons improvesthings: for true N-dimersional data
setsmins=1. . N(ls) = 2, meaninghatoneextradimensiorincreasesheleft-handsideby atleast2 but
theright-handsideby only 1. It follows thatfor 2N > 2F + (N —1) (< in N> 2F — 1 dimensons),
F-componat multilinearmodelsare generically unique by sheerdimensonality alone.

4. CONCLUSIONS

Giventhe complexiy in theline of argumemn behind the proof of Theoren 1, the extensonto N-way
arraysis refreshinglysimple. A posterbri thereasoris clear:thethree-wg caseis thefirstinstane of
multilinearity for which uniguenessholds, and from which uniquenesspropagags by virtue of
Khatri-Raostructure(inducedby unfolding/maticizing a multilinearmodd) andLemmal.
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APPENDIX: Proofof Theoreml

In proving Theoreml, animportantlemmais first neededThis lemmais interesing in itself andis
statedand proved separatsl by Kruskal [1] without reference to uniquenessof triple produd
decompotion. Kruskalprovesit assummg real-valuedmatrices, but, in contras to theuniquenes®f
triple produd deconpositionrestts, it only involvesrank (insteadof k-rank) andspanargumetts for
a pair of matrices. It therebre readly genearlizesto the complex case.

Lemma2 (permutaton lemma)

Let w (v) denotethe numberof non-zro elementsof v 0 CK. Giventwo matricesC andT with the
samenumtler of columns(F), suppos that C hasno idertically zerocolumns,andassumehatthe
following implication holdsfor all v:

w(VIC) <F —rankC)+1 = w(V'F) <w(v'C)

We thenhavethat C = CIIA, wherell is a permuation matrix and A is a non-sngular complex
diagonalscalng matrix.
With this lemma we arereadyto give the main proof.

Main proof

Consicerinitially uniquenesof C. Uniquenessf A andB will follow automaically from uniqueness
of C by the symmary of both the cormplex trilinear modelandthe k-rank condition. Supposethere
existA 0 C'*F, T 0 C**F andB O C?*F suchthat X, = ADy (C)BT =AD(C)B" for k=1,2,...K.
We wish to showthat

IF w(viC) < F —rankC) + 1

THEN w(v'C) < w(v'C)
for all v O C. Thuswe areconcernedn thefollowing with those v O C¥ for whichw(v'C) < F —
rank(C) + 1. We wish to showthat for these v 0 C* it alwaysholdsthatw(v'C) < wv'C). Thisis
investigaedunderthe premseof thek-rankcondition(4), andthe proofwill beaccomplifiedby first
deriving an inecuality for w(v'C) with resgect to propertiesof the modd X, = AD(C)B". This
inequalty will thenbe proven to imply the above.

Taking linear combinatians ZE:l VX, it follows that

Adiag(v'C)BT = Adiagv'C)B' W = [vy, -, vk]" € CX (9)
Therank of a matrix produd is alwaysless thanor equalto the rank of any factor,andthus
w(v'C) = rank(diagv'C)) > rank/Adiagiv'C)B' ) = rank Adiagv'C)BT) (10)

Let v := w(v'C) bethe numberof non-zroelementsn v'C andexcludethosecolumnsof A andB
correspadingto thezeras of v'C. Theresultingtruncatedmatrices A andB havey columns.Definet
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MULTILIN EAR DECOMPOSITIONOF N-WAY ARRAYS 237
0 € asthe correspondingnon-zeropartof v' C. Sylvester’sinequality resultsin
rank(Adiag(v'C)B") = rank(Adiag(t)B") > rank(A) + rank(Bdiag(t)) — (12)
As all elementsof t arenon-zro, it follows that
rank(A) + rank(Bdiag(t)) — v = rank(A) + rank(B) — v (12)

The matrix A has~ columnsof the original A andsimilarly B has~ columnsof B, andfrom the
definition of k-rank it holds that

rank(A) > min(v, ka), rank(B) > min(~, kg) (13)
Thus,from (10)-(13),
w(vTC) > min(7, ka) + min(v,ks) — v (14)

For differentvaluesof v = w(v'C), this implies that

w(vTC), w(vTC) < min(ka, ks) (i)
w(vTC) > { min(ka, ks), min(ka, ks) < w(vTC) < max(ka,kg) (ii) (15)
ka + kg — W(VTC)7 W(VTC) > max(k/.\, kB) (III )

Observethatin orderto establishthe implicationrequred by the permuation lemng, it sufficesto
showthat the k-rank condiion (4) andthe conditionthatw(v'C) < F—rankT) + 1 jointly exclude
the latter two ((ii) and(iii)) possililities. This will be proven by contradicion.

First we needto provethat (4) impliesrank(C) < rank({C). From(9) it follows that

VIiC=0],; = Adiagv'C)B" =0,

Consicer w(v'C), the numberof non-zro elementsin v'C. We will show that w(v'C) =0.
Supposeheopposte, namelythat1 < w(v'C) < F. As partof thederivaion leadingto (15),we have
shownthat

w(vTC), w(vTC) < min(ka, ks)
rank(Adiag(v'C)B") > ¢ min(ka, ka), min(ka, ks) < w(vTC) < maxka,kg)  (16)
ka +kg —w(V'C), w(v'C) > max(ka,ks)

Sincekg < F, condition(4) leadsto

kn +ke >F+2>F+1
ke + ke + ke > 2(F + 1) {A 5 =

min(kA, kB) >2

Equation (16) therefore shows that rank(Adiagiv'C)BT) > 1 if 1 <w(v'C) <F. However,
Adiag\v'C)B" = 0,,., soits rank shouldbe 0. Thereforeit holdsthat

VIC=0,r = VIC=0,r = rank(C) <rankC)

Copyright0 2000JohnWiley & Sons,Ltd. J. Chemometcs 2000;14: 229-239



238 N. D. SIDIROPOULOSAND R. BRO

Recallthe assunption of the permutition lemmaandwork leftwards:

F—ke+1>F—rankC)+1>F —rankC) + 1> w(v'C) (17)

wherethe leftmostinequaity follows from thefactthatk-rank < rank.Fromthek-rankcondition(4)
it follows that

Kn +ks +ke >2(F+1) = ka+ks—F—-1>F—-kc+1 (18)
The inequaities (17) and(18) arecombinal to give the secoml key inequaity
kn +ks —F—-1> W(VT6> (19)

Consicernowinequalities (15) and(19) jointly. Supposehatthethird leg (i) of (15)isin effect i.e.
w(v'C) > maxKa, kg); then

kA—f—kB—F—lZW(VTE)zkA—‘rkB—W(VTC)

which is not possble, becausav(v'C) < F. Similarly, suppos thatthe secondeg (i) of (15)is in
effect,i.e. min(ka, ks) < w(v'C) < max(ka, kg); thenwe obtain

ka +kg —F — 1> w(v'C) > min(ka, ks)
which is impossible,as
ka + ks — F — 1 =min(ka,ks) + max(ka,ks) — F — 1 < min(ka, kg) — 1
becasemax(ka, kg) < F. The only remahing option is leg (i), i.e. w(v'C) < min(ka, kg), andthus
w(vTC) > w(v'C)

which is exactly what is requred by the permutaion lemna (note the trivial fact that
ka + ks + ke > 2(F + 1) = min(ka, kg, kc) > 2, which implies that no one of A, B, C hasall-
zerocolumns).Thusit hasbeenshown thatC = CITIA, where I1 is a permugtion matrix and A is a
non-singlar complexdiagonalscaling matrix. The trilinear modelis complégely symmetric in the
sensethat any oneof the threematrices canbe put in the middle of the deconposition. The k-rank
conditionis alsosymmetic (sumof k-ranks). It thereforefollows that A andB arealso unique up to
permuation andscale.This compldesthe proof. [ |

Remak 4

It canbeshownthatthepermugtionis commonto all threematrices,andthe productof therespective
scaless idertity; however we skip this for spaceconsideations.
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