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Abstract 

Smilde, AK., 1992. Three-way analyses. Problems and prospects. Chemometrics and Intelligent Laboratory Systems, 15:143-157. 

Three-way methods are multivariate data analysis tools that compress and visualize simultaneous variation of combinations of 
variables and objects. Unfolding, Tucker and PARAFAC models are examples of such methods. The interest in such tools is 
increasing in chemometri~. The history of three-way methods is sketched and the basic theory is presented, together with chemical 
appIications. Problems in the three-way analyses area are summarized. Some prospects for future use of three-way methods are 
given. 

INTRODUCTION 

The increasing amount of data originating from 
advanced instrumentation has clearly revealed the 
need for statistical tools to handle this amount of 
data. In analytical chemistry, for instance, the 
growth of hyphenated analysis inst~ments is such 
an example. Such developments can be seen in 
other areas of chemistry, too. Multivariate analy- 
sis is particularly suitable for handling large 
amounts of data, since the problem for which the 
data are collected usually has a multivariate na- 
ture: it can be fo~ulated in terms of the simulta- 
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neous influence of a (large) number of variables. 
numerous successful applications of multivariate 
analysis in chemistry are available, showing the 
power of these methods. 

A relatively new branch in the field of multi- 
variate analyses is the analysis of multi-way data. 
In order to acquaint the reader with multi-way 
data, some examples of this kind of data will be 
given later on, in the section on theory and appli- 
cation. For the moment it will suffice to say that 
multi-way data are data that can be arranged 
according to more than two categories of vari- 
ables and/or objects. For example, three-way data 
are a collection of numbers which can meaning- 
fully be arranged in a data table with three direc- 
tions, or modes. Most of the readers will be 
familiar with two-way data: these can be arranged 
in a two-way table, a matrix. A three-way data 
table is the logical extension of a matrix. 

0169-7439/92/$05.00 0 1992 - Elsevier Science Publishers B.V. All rights reserved 



144 A.K. Smilde / Chemom. and Intell. Lab. Syst. 15 (1992) 143-157 

The purpose of this paper is to present the 
ideas behind multi-way analyses, to position 
multi-way analyses in relation to other multivari- 
ate tools, to discuss problems of multi-way analy- 
ses, and to sketch the prospects of such methods. 
The discussion is restricted to three-way analyses 
since this part of multi-way analysis has been 
developed to the greatest degree. 

Some theory will be presented first, illustrated 
by a selection of published applications. The 
problems will be discussed and finally the 
prospects will receive attention. 

THEORY AND APPLICATIONS 

This section will be divided into separate parts 
according to two aspects of data analysis. The 
first aspect pertains to whether the data are ar- 
ranged in a two-way or a three-way setup. The 
second aspect describes whether the data are 
arranged in one block, two blocks or more than 
two blocks, respectively. AIthough not explicitly 
mentioned in the separate parts of this section, 
there should be an intimate relation between 
problem formulation and the ordering and kind 
of data obtained 111. 

Obviously, other aspects of the data are also 
important: are the measurements made on a ra- 
tio, an interval, an ordinal or perhaps on a nomi- 
nal scaled level? Are the data discrete or continu- 
ous? For ease of presentation, ratio-scaled con- 
tinuous data are presupposed. 

Bold, lower case italic characters refer to vec- 
tors, bold roman capitals refer to two-way matri- 
ces, and bold italic, underlined, capitals refer to 
three-way matrices. Some capitals have a special 
meaning: G, I, J, K, L, M, and N are the 
number of levels in different modes or the num- 
ber of components in the models (the exact 
meaning is clarified in the text); g, i, j, k, 1, m, 
and y1 are used as running indices. 

The reader is probably familiar with most of 
the methods presented for two-way data. In order 
to make the connection with three-way methods 
more clear, the two-way methods receive explicit 
attention. 

Methods for two-way one-block data 

The most important method in this class is 
probably the singular value decomposition (SVD), 
or the closely related principal component analy- 
sis (PCA). These methods have been explained in 
detail elsewhere [2,3]. Suppose the data are col- 
lected in the I x J matrix X, with typical element 
xii_ The SVD of X can be written as 

X = UDV’ (1) 

where U (I x G) and V (1 x G) have the property 
U’U = V’V = I and D (G X G) is a diagonal ma- 
trix with non-negative diagonal elements ar- 
ranged in decreasing order and g is the rank of 
X. The power of the SVD becomes clear when (1) 
is written in the spectral decomposition form: 

X = u,d,v; + u,d,v; + 1. * +u,d,vt, (2) 

where ui (i=l,..., G) and vi (j=l,..., G) are 
the ith and jth column vectors of U and V, 
respectively, and d, (g = 1,. . . , G) is the gth 
diagonal element of D. Note that each individual 
matrix uid,vi has rank one. It can be shown [4] 
that u,d,v;, is the best rank-one appro~mation 
of X in the sense that u,d,v; minimizes the 
Frobenius norm (sum of squared entries) of X - 
uld,v;, the residuals. Likewise, +d,v; is the best 
rank-one appro~mation of X - u$d,vi with the 
restriction that u2 is orthogonal to ui and v.,_ is 
orthogonal to vr. 

The individual vectors u are called principal 
~mponents and can be regarded as latent vec- 
tors [5,6] which carry the hidden structure of X. 
Various kinds of plots will make interpretation of 
the latent structure more easy [7,8]. The best 
rank-two approximation of X is shown in Fig. 1. 

Fig. 1. The singular value decomposition (SVD). The matrix X 
is decomposed as a summation of scores (u, and u,) times 
loadings (u, and ~~1. E is the matrix of residuals. The circles 
represent the singular values dI and d,. In practical appiica- 
tions d, and d, are usually absorbed into 11, and u2. 



AK Smilde/Chemom. and Intell. Lab. Syst. 15 (1991) 143-157 14.5 

The circles in the figure represent the singular 
values (the d vaiues), Usually the singular value 
is absorbed in the u vectors. The squares of the 
singular values measure the importance of the 
individual components. The number of compo- 
nents should be kept as low as possible and can 
be chosen according to different kinds of criteria 
[9,10]. 

Data preprocessing is an important step. Data 
centering is usually performed, e.g. column cen- 
tering the X matrix. This is not always an obvious 
choice: in spectral map analysis [ll] double cen- 
tering (over cohrmns and rows> is performed for 
good reasons. Scaling the data is also not 
straightforward. Usually, when the X matrix con- 
tains measurements made on different kinds of 
variables, i.e. not measured in the same units, 
scaling the columns to unit length (or variance) is 
recommended. In case of variables that are all 
measured in the same unit, it is less clear whether 
or not to scale. 

A particular kind of centering and scaling is 
performed in correspondence analysis [12]. This 
kind of analysis is best suited for contingency 
tables, i.e. when the data represent counts. 

The way PCA is presented above is a typical 
data-analytical approach. A more statistical ap- 
proach, in terms of linear combinations of the 
original variables, is given by Anderson [13]. An 
interesting justification of the use of PCA in the 
analysis of data tables is given by Wold [14]. He 
shows that PCA can be regarded as an extension 
of Taylor’s approximation theorem. 

For ease of discussion, let the rows of X repre- 
sent objects and the columns of X the variables 
measured on those objects. When the analysis of 
the differences between the objects is wanted, 
other methods than PCA are available. Grouping 

Fig. 2. X, and X, are matrices between which a connection is 
sought. One mode is common, e.g. I objects. The number of 
levels in the other modes (e.g. variabtes) are indicated by I, 
and J2. 

of the objects can be analyzed by discriminant 
analysis 131, SIMCA [El, ALLGC [16] or CLASSY 
[17], when the grouping structure is known be- 
forehand (supervised learning). The objective is 
then to see whether the grouping structure repre- 
sents itself in the measured variables. Unsuper- 
vised methods, for example cluster analysis [3], 
are needed when the grouping structure is not 
known and should be discovered. 

When interest focuses on relations between 
variables in the block other methods come to 
mind. The principal variables approach [18] tries 
to select the most important variables. PCA and 
factor analysis, perhaps with factor rotation op- 
tions, give also insight in relations between vari- 
ables. 

Methods for two-way two-block data 

The two-block problem is visualized in Fig. 2: 
the problem is formulated in such a way that the 
connection between the matrices X, and X, is 
sought. Usually, X, and X, share the same ob- 
jects (have one mode in common). Stated other- 
wise, two different blocks of variables are mea- 
sured on the same objects. 

The most apparent problems that translate 
into this situation are the regression problems: X, 
contains the Y variables (the dependent variables) 
and X, contains the independent variables. Re- 
sponse surface methodo~o~ [19] is an outstand- 
ing example of this type of data analysis. Another 
area is multivariate calibration [201; however, 
there is one difference with response surface 
methodology: in multivariate calibration the dis- 
tinction between independent and dependent 
variables is not made, or is not always clear. 

Typical statistical methods used in the two- 
block case are multiple linear regression [3], par- 
tial least squares (PLS) regression [201, principal 
component regression [2,3,20] and ridge regres- 
sion [211. All these methods seek to make good 
predictions of the X, block variables, using the 
X, block variables as predictors. In this respect, 
the two blocks are not treated symmetrically. 

Methods that do not treat the two blocks 
asymmetrically are, for instance, canonical corre- 
Iation [31 and procrustes analysis 1223. Both meth- 
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Fig. 3. X, to XQ are matrices between which similarities are 
sought. One mode is common, e.g. I objects. The number of 
levels in the other modes are indicated by J. 

ods aim at understanding the connection between 
both blocks: canonical correlation tries to find 
correlated linear ~mbinations between both 
blocks and procrustes analysis tries to rotate one 
of the blocks in order to resemble more the other 
block after the (optimal) rotation. 

Fig. 5. A three-way data matrix & with number of levels I, J, 
and K in the different modes. 

associated with the problem at hand. Path analy- 
sis 1251 and LISREL [261 are developed to handle 
this situation. The original PLS method was also 
designed to solve these kind of problems [261/. 

Methods for three-way one-block data 
Methods for two-way multi-block data 

The general setup of the data matrices is de- 
picted in Fig. 3. Again, there is usually one mode 
in common: the object mode. An example of such 
a problem is sensory data: a number of food 
varieties (I) is tested on J qualities by Q panel 
members. Is there agreement between the panel 
members with respect to certain quality vari- 
ables? To what extent do the panel members 
disagree? 

Consensus PLS [23] tries to find a common 
underlying structure for all X matrices. General- 
ized procrustes analysis [24] tries to deal with the 
same question. This method tackles the problem 
of investigating the differences between the ma- 
trices Xi by rotating simultaneously all these ma- 
trices. 

Another type of multi-block problem is shown 
in Fig. 4. The matrices are placed in a certain 
hierarchy, as a direct result of model assumptions 

il X4 

Fig. 4. The four matrices XI to X, are placed in a certain 
hierarchy and analyzed as a path model. 

The data matrix $ that should be analyzed is 
visualized in Fig. 5. Three modes can be distin- 
guished: mode one with index i = 1,. . . , I, mode 
two with index j = 1,. . . , J and mode three with 
index k= l,..., K. The general term ‘mode’ is 
used here since the difference between object 
and variable is not always clear in multi-way data. 
In applications of three-way methods in image 
analysis 12’71 the first mode can consist of differ- 
ent wavelengths, the second and third modes 
describing the spatial arrangement of the surface 
of which the image is taken at the different 
wavelengths. In this case, the second and third 
modes may be called objects. In another applica- 
tion [28] in which, for different samples, chro- 
matograms are taken with a diode-array detector, 
the samples may be called the objects. Yet, in the 
case of a three-way matrix, in which one mode 
consists of different stationa~ phases, the second 
mode consists of different mobile phase composi- 
tions and the third mode consists of different test 
solutes [29,30], it is not at all clear what the 
objects are. From now on, the term mode is used: 
no attempts are made to classify modes as objects 
or variables. 

In order to analyze the three-way data matrix 
8, generalizations of the SVD would be conve- 
nient. Psychometricians have already put a lot of 
effort into this area and have come up with 
interesting methods. The first general~ation was 
put forward by Tucker [31] and is called the 
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Tucker3 model. This model is shown in Fig. 6 
and, written out formally, it is 

L M N 

have repercussions on the kind of problem to 
which the Tucker3 model can be applied. Exten- 
sions to the case of four-mode matrices [34] and 
n-mode matrices [35] have been reported. 

I=1 m=l n=l 

where ail is the typical element of the (I XL) 
loading matrix A of the first mode, bjm of the 
(JXM) second and ck,, of the (KXN) third 
mode loading matrices, B and C, respectively. 
The element zlm,, is the typical element of the 
three-way core matrix z and eijk is the typical 
element of the three-way residual matrix E. If 
the numbers L, A4 and N are small a consider- 
able data reduction has taken place. The core 
matrix z represents the magnitude of and the 
interactions between the latent factors. Plots of 
A, B and C may help the interpretation of the 
latent factors. The matrices A, B and C are col- 
umn-wise orthonormal [32,33] and A, B, C and z 
are chosen in such a way that the sum of squared 
residuals is minimized. The three-way Model 3 
does not have a unique solution: rotations can 
give other solutions with the same sum of squared 
residuals as the one found. 

Two points are worth noticing about the 
Tucker3 model. Firstly, interaction between la- 
tent factors of different modes is provided for by 
the off-super diagonal elements of the core ma- 
trix. Secondly, the number of factors distracted 
for each mode need not be equal, i.e. L, M, and 
N are not necessarily equal. Both observations 

K 

J f7 I 

I x 11 /--- 
1 

One of the earliest applications of the Tucker3 
model in chemistry is reported by De Ligny et al. 
[361. In this study the Tucker3 model is used to fit 
normal-phase retention values where the differ- 
ent modes are solutes, adsorbents and eluents. 
Another application is in the field of air polution 
chemistry [37] where the modes correspond to 
chemical elements, sampling sites and time peri- 
ods. An attempt is made to give a physical inter- 
pretation of the Tucker3 model. 

The second generalization takes up the idea of 
the SVD as giving a bilinear model of X and 
provides a trilinear model of X. Both the CAN- 
DECOMP [38] and the PARAFAC [32,39] model 
come down to a trilinear model. This model is 
depicted in Fig. 7 and is formally 

Xijk = c aigbjgckg + eijk 
g=l 

(4) 

where xijk and eijk have the same meaning as in 
Eqn. 3 and aig, bjg, ckg are typical elements of 
the loading matrices A (I X G), B (J X G) and C 
(K X G). A, B and C are chosen in such a way 
that the sum of squared residuals is minimized. 

Model 4 is seen to be a simplification of Model 
3. Firstly, the number of components in all modes 

1 
K 

J 

3 IE 

/--- 

Fig. 6. The Tucker3 model. z is the (L X M X N) core matrix and E is the matrix of residuals. L, M, and N are the number of 
components for the first, second, and third mode, respectively. 
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Fig. 7. The PARAFAC model. The circles indicate the sizes of the com~nents, as in the SVD case. 

are equal and, secondly, there is no interaction 
allowed between the latent factors of different 
modes. Stated otherwise, the core matrix of Eqn. 
3 has simply become a three-way identity matrix 
with ones on the main superdiagonal. It is of 
course possible to rewrite Eqn. 4 and extract a 
size component (a kind of eigenvalue) in order to 
obtain insight in the importance of a specific 
component. This size component is visualized in 
Fig. 7 with a circle. 

In the PARAFAC model the com~nents can 
be chosen in such a way that they are not neces- 
sarily orthogonal. Fig. 8 shows a more general 
PARAFAC decomposition for not-necessarily or- 
thogonal components. Note that in the core ma- 
trix of Fig. 8 only the super diagonal is non-zero, 
which makes it clear that the PARAFAC model 
is a simplified version of the Tucker3 model. 

One of the advantages of the PARAFAC 
model (Model 4) is that the sofution is rotation- 
dependent. Every rotation destroys the minimum 

sum of squares of the optimal solution. Hence, 
the solution is unique (apart from sign differ- 
ences) and is directly interpretable. 

The generalized rank annihilation method can 
be regarded as a PARAFAC model [401 and is 
used for calibration purposes with liquid chro- 
matography-ultraviolet (LC-UV) measurements. 

The final generalization of the SVD is given by 
the principle of unfolding [411: 

G 

where xijk and i+ have the same meaning as 
before, tl, is the typical element of the (I x G) 
score matrix T and vjkg is the typical element of 
the loading matrix V, (.I X K). The loading matri- 
ces V, to V, can be stacked and the three-way 
loading matrix in Y (J X K X G) is obtained. 
Model 5 is shown in Fig. 9, where Eqn. 5 is 
rewritten in order to provide for a size compo- 

K 

J fil IE 

Fig. 8. The PARAFAC model rewritten. The PARAFAC model is seen to be a special case of the Tucker3 model where the 
number of components in each mode is equal and the core matrix is superdiagonal by (- - - - - -). 
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Fig. 9. The unfolded PCA model. The matrix 3 is written as a summation of score vectors (u, and u,) times loading matrices (V, 
and V2). The circles represent the singular values dt and d,. Usually, the ds are absorbed in the us. 

nent (the circles), again indicating the importance 
of a factor. The principle of unfolding is ex- 
plained elsewhere, it suffices to say here that T 
and _V are calculated in such a way that the 
residual sum of squares is minimized. Rotation of 
the solution does not destroy the minimum sum 
of squares. The solution is, therefore, not unique. 
Note that the treatment of the modes is asymmet- 
ric. Hence three different model specifications 
are possible for a given three-way matrix. Appli- 
cations of this kind of generalization are, e.g., in 
image analysis [27,41] and in round-robin tests 
1421. In the latter application the three-way data 
set (40 X 4 X 4) consists of measurements on four 
tests with synthetic solutions of Cd, Cu, Zn, and 
Ni made by eight laboratories, each of which 
provided five repeat estimations. The laboratories 
were tested for stable and reliable operations. 

There are a number of differences between 
the three generalizations (Models 3, 4 and 5). 
This can already be inferred from the equations. 
Rotation dependency of the solutions gives im- 
portant differences. The idea of a latent factor 
differs between the Tucker3 and the PARAFAC 
model [32]. The PARAPAC model is trilinear, 
whereas the other two models are not. 

Fig. 10. Three-way matrices ,tyt and & between which a 
connection is sought. One mode is common (e.g. I objects). 

Methods for three-way two-block data 

The general problem is depicted in Fig. 10. 
What is the connection between the two three-way 
matrices? Again the idea should be stressed that 
there is a close relationship between a problem 
and the ultimate way it is formulated. At first 
glance, Fig. 10 might seem a little far-fetched, but 
serious problems which can be formulated in a 
Fig. 10 structure have already been published 
[29,30,44,45]. 

Both the PARAPAC model and the unfold 
approach have been generalized to solve the 
question posed in Fig. 10. The unfold solution is 
discussed first (see ref. 41). 

It is supposed that one of the modes is com- 
mon to both three-way matrices, for instance the 
object mode with running index i = 1,. . , , I. Fig. 
11 shows the unfolding of both three-way matri- 
ces leaving the common object mode intact. The 
PLS method can be used to calculate r,, ZQ, wi, 
p, and q1 [20]. It can be shown that these param- 
eters are calculated in such a way that the covari- 
ante between t, and ui is maximized [46]. It is 

JlKl t u J2K2 

Fig. 11. The two matrices & and & of Fig. 10 are unfolded 
in such a way that the common mode is left intact. A common 
PIS procedure can be used to estimate the scores t and I, 
the loadings p and q, and the weights I. 
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possible to fold p, back, in order to obtain a 
loading matrix Pi. The number of components 
can, for instance, be established by cross-valida- 
tion. For a new object, the associated X, values 
have to be known, then the associated X, values 
can be predicted using the PLS model coeffi- 
cients. Applications are given in the field of chro- 
matography [29,30], pharmacology [44] and with 
high-performance liquid chromatographic-diode 
array data [281. 

StHhle 1441 gives an interesting algorithm to 
solve the trilinear three-way decomposition of 
two-block data. This is a generalization of the 
question posed in Fig. 10 with a PARAFAC 
approach. Stlhle assumes that &, and & have 
at least one mode in common and he gives a 
trilinear decomposition of &, that can be used to 
predict &. An example from the field of phar- 
macology is given where in 3, the first mode 
consists of rats treated and untreated with am- 
phetamine, the second mode consists of different 
kinds of neurochemicals and the final mode is the 
time at which samples are taken from the rats by 
microdialysis. The data in & are measurements 
of concentrations of the neurochemicals. The X, 
matrix is simply one column with zeros and ones 
representing whether the rat is treated or not. 

Another approach to use the PARAFAC 
model to help solving the problem presented in 
Fig. 10 is due to Smilde et al. [29]. They make use 
of the fact that there is a common mode, for 
instance (again) the object mode i = 1,. . . , I, and 
the variables in the other modes have the same 
background. Stated otherwise, the levels jr = 
1 , . . . , J, of & and j, = 1,. . . , J, of 3, can be 
pooled in a meaningful way to one set of levels 
j=l , . . . , J. The same holds for the levels in the 
third mode. An example is given from the field of 
chromatography. The common (first) mode is the 
stationary phase, the second mode consists of 
mobile phase compositions at which retention 
measurements of a set of solutes (the third mode) 
is made. Measurements of a subset of the solutes 
at a subset of the mobile phases are put in &. 
The PARAFAC model is used to predict reten- 
tion values on a new stationary phase (a new 
object). For a new stationary phase, only mea- 
surements of the solutes at mobile phases that 
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Fig. 12. The connection is sought between three-way matrices 
XI-J& which share at least one mode. 

are not in 3, suffice to predict the retention 
values of the subset of solutes at the subset of 
mobile phases in &. In practice this means that, 
for instance, for any new stationa~ phase only 
three chromatograms of each four solutes have to 
be taken to predict retention values of a (much) 
larger set of solutes at a larger set of 
phase compositions. 

Methods for three-way multiple-block data 

mobile 

The multiple-block situation is depicted in Fig. 
12. There are as yet no methods for dealing with 
this type of problem. Are there really no prob- 
lems that can be meaningfully made operational 
in such a dataset structure? 

software for the three-way method 

Different software packages are available to 
calculate the parameters in the three-way models 
(see the references for addresses). The unfolding 
solution can be calculated with any program that 
can handle ordinary PCA or PLS. Usually, miss- 
ing values can be handled by such software and 
personal computer versions are available. For the 
PARAFAC model a program written by Harsh- 
man [47], based on an iteration scheme, is avail- 
able 1471, but convergence is sometimes a prob- 
lem and it is not always possible to impose or- 
thogonality constraints [48]. Missing values can be 
handled by the Harshman software and a per- 
sonal computer version is available. A closed 
solution of the trilinear (PARAFAC) model is 
published which works well if the factors are 
linearly independent in at least two of the modes 
[49]. The Tucker model can be handled by GEP- 
CAM (generalized principal components with 
missing values) [50]. An alternative for the per- 
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sonal computer is the program TUCKALS3 I511 
which can handle small and medium problems. 
An algorithm taking care of missing data is being 
developed [521. 

An interactive matrix language (IML) is incor- 
porated in the software package SAS [53]. The 
NIPALS algorithm, which is often the basis for 
PCA and PLS calculations, can easily be imple- 
mented in SAS/IML. 

PROBLEMS 

Notation 

A very important topic is the kind of notation 
used in the three-way context. This is perhaps not 
of fundamental importance, but is surely so from 
a didactic perspective. Psychomet~cians have an 
idiom completely different from chemometri- 
cians. Even among the latter, there are two 
‘schools of notation’: the tensor school (Sanchez 
and Kowalski [401) and the school of Wold et al. 
[41]. Some agreement in this respect would be 
helpful. 

As yet unrealized generalizations 

Some of the methods presented in the previ- 
ous sections have not yet been generalized to the 
three-way case. It is tempting to make all kinds of 
generalizations, but GLOGA (general lack of 
good applications) should be avoided [54]. In the 
Prospects section some ideas for future applica- 
tions of three-way methods are given, pointing 
towards meaningful generalizations. 

One of the first generalizations which should 
be tackled is the ‘multi-mode variable selection’ 
problem. In the two-way case, methods are avail- 
able to select within a set of p variables a small 
number of impo~ant ones using the two-way ma- 
trix X where n observations are made on the p 
variables [2,181. The selected (important) vari- 
ables explain as much of the variation in X as 
possible. When these important variables are 
called markers [6,55], projections on these marker 
variables may give insight into the data set at 

hand. Analogously, marker object plots can be 
used. 

For the three-way case, where two of the modes 
are regarded as variables, this generalizes to the 
question of how combinations of variables in the 
two variable modes can be chosen in such a way 
that they explain as much of the variation in & as 
possible. Perhaps the idea of marker variable 
projections can be generalized, where projections 
are made on the markers from the two different 
modes. A ‘quick and dirty’ method of the multi- 
mode variable selection problem is described by 
Smilde et al. 1291. For the multivariate calibration 
of chromatographic systems, multi-mode variable 
selection is a problem [29,30]. 

When a problem can be formulated in terms of 
the connection between two three-way matrices 
and when the underlying structure of the two 
matrices is best described by a Tucker3 model 
then no method is available for connecting the 
two blocks. A predictive two-block Tucker3 model 
might be worth developing. Another method that 
has not yet been developed for connecting two 
three-way matrices is three-way procrustes analy- 
sis. 

When multiple blocks are involved, no three- 
way methods are available connecting these blocks 
in a presupposed hierarchy. Generalized three- 
way procrustes analysis might be worthwhile. 

Error propagation and diagnostics 

The parameters calculated in the three-way 
models are, of course, subject to error. When the 
three-way model is used to make predictions - 
e.g. the prediction of new retention values [29,30], 
or the prediction of concentration levels [40] - 
these predicted values carry an error. For the 
two-way case some work has been done for calcu- 
lating this error [56]. For the three-way case little 
is known: only one theoretical paper has ap- 
peared [57]. 

Diagnostics are particular values that can be 
calculated and interpreted in order to gain insight 
into the performance of a method or a model. In 
the area of regression, diagnostics like Cook’s 
distance and leverages are especially important 
[58]. 
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Some diagnostics have already been developed 
for two-way methods. For PCA, for instance, 
leverages can be calculated [20]. Also, residual 
variances of fitted objects and variables in PCA 
and PLS may serve as diagnostic tools. 

Residual variances are also useful tools in 
three-way methods. It would be convenient to 
have available diagnostics with which one can 
make a choice between the different three-way 
models. Is the underlying structure of a three-way 
matrix trilinear or actually bilinear? Should the 
more complicated Tucker model be used or the 
simpler PARAFAC model? 

Local rank, contextuality and homogeneity 

Local rank is the rank of a part of a two-way 
matrix [59]. A local rank map can be created in 
which each part of the two-way matrix is given a 
rank. A requirement when creating a local rank 
map is that the modes of the matrix have some 
metric, e.g. increasing time. This map gives an 
idea of the homogeneity of a data set. Local rank 
maps can be generalized to three-way matrices, 
but different generalizations are possible. The 
three-way local rank map might give information 
about the homogeneity of the three-way data set. 
Supposing that the three-way local rank map 
shows large rank fluctuations, does this have im- 
plications for the kind of (global) methods used 
to analyze the three-way data set? Perhaps a 
three-way local rank map can help in solving the 
multi-mode variable selection problem mentioned 
earlier. 

In contrast to the local rank map, most of the 
methods for analyzing a three-way matrix do not 
reckon with contextuality. Interchanging different 
levels within one mode does not change the out- 
come of the method. This feature is not always 
desirable. A simple two-way example from re- 
versed-phase liquid chromatography will illustrate 
this. 

Suppose that capacity factors of p test solutes 
are measured at IE mobile phase impositions. It 
is known from chromatographic theory [601 that 
the logarithm of the capacity factor of a solute 
can be written as a smooth function of the frac- 
tions of the mobile phase constituents. When the 

p solutes are understood as variables and the n 
mobile phases as objects, the matrix X (n Xp) 

can be formed. Summaries of the data (first and 
second order moments) are the (p X 1) vector of 
variable mean values .and X:X,, where the sub- 
script c stands for column-centered. Actually, 
X:X, is a poor summary of the data set since it 
does not take account of the abovementioned 
smooth functionali~. Yet a lot of multivariate 
methods (e.g. PCA) work on the basis of this 
X:X, matrix. Similar examples of contextuality 
problems can be found in spectroscopy. 

This contextual&y problem is of course also 
present in the three-way cases. Methods which 
take account of contextuality would be helpful, 
for instance in solving the problem of predicting 
capacity factors over a continuous range of mo- 
bile phase compositions [29]. Creating methods 
that are ‘designed context dependent’ is really a 
challenge. 

Homogenei~ of the data set is another topic 
which deserves attention and is related to local 
rank maps and contextuality. Perhaps a three-way 
data set should be split into more homogeneous 
parts and analyzed separately. What kind of mea- 
sures are suitable to detect heterogeneity? 

~onli~ea~~ies, bilinea~~, and t~~inea~ty 

A topic which has received much attention 
lately in the chemometric literature is the effect 
of nonlinearities and how to handle them [61,62]. 
Harmful effects of nonlinearities within a three- 
way matrix on the above described three-way 
methods can be expected. When using the 
PARAFAC method for prediction, nonlinearities 
can cause large prediction errors [29]. What kind 
of nonlinearities can be expected? How can they 
be detected? And how can the damage they cause 
be prevented? 

St%hle [44] ,concludes that the trilinear decom- 
position is perhaps too restricted. Yet any con- 
straint that can be introduced in the unfolding 
model may improve its prediction properties. 
Smilde et al. [29] argue along the same lines. 
Analogously to continuum regression [63], it is 
perhaps worthwhile to develop a continuum bi- 
trilinear decomposition where a parameter LY gives 
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either a bilinear (a = 0) or a trilinear (a = 1) 
model. The parameter a can be assessed by 
cross-validation. 

Geometrical interpretations 

A lot of the two-way methods described have a 
geometrical interpretation. Much work has been 
done, particularly in the area of PCA and PLS 
[5,61. The interpretation of latent variables by 
means of object and loading plots [71 gives valu- 
able insights. The biplot technique [S] can serve 
as a useful tool to visualize the connection be- 
tween objects and variables. 

For three-way methods it is a fact that plots of 
loadings for different components in the same 
mode (single-mode loading plots) are analogous 
to the usual two-way scores or loading plots and 
can be used in a similar fashion for interpreta- 
tion. For instance, for a three-way matrix which is 
decomposed into two components with the 
PARAFAC model, three single-mode loading 
plots can be created, visualizing information in 
the three different modes. 

In the TUCKALS3 program I511 multi-mode 
loading plots can be created, combining loadings 
in two different modes. These plots can be used 
to interpret the connected information in two 
modes. Further insight into the merits of the 
single- and multi-mode plots and the informative 
power of these plots towards the hidden structure 
in the three-way matrix is necessary. 

Preprocessing of data 

By preprocessing we mean the operation of 
centering and scaling the data. In two-way data 
the combination of these two operations is called 
autoscaling. For two-way data, column-centering 
is usually a correct thing to do. Column and row 
centering (double centering) is useful for particu- 
lar applications. The spectral map method 1111 
uses this kind of centering. 

For three-way data the kind of centering to be 
used is not obvious at all. When the three-way 
matrix is understood as a collection of one-way 
arrays, centering can be performed over these 

arrays. This already defines three different cen- 
tering operations. When the three-way array is 
understood as a collection of stacked planes, the 
average of each plane can serve to center the 
whole plane. Again, this defines three centering 
operations. There is also the possibility to center 
the whole three-way array at once, using the 
overall centroid of the three-way matrix. Some 
combinations of the above-mentioned centering 
operation give yet further centered three-way ma- 
trices. 

When scaling is considered, things get even 
more complicated. There are also different kinds 
of scaling and, in ~mbination with the centering 
operations, the number of possibilities for pre- 
processing the data is large. 

The problem is complicated indeed, and some 
rules of thumb concerning how to preprocess the 
data in a particular case would be helpful. 

Physicochemical interpretations 

A physiochemical interpretation of the calcu- 
lated components is not easy. In the three-way 
case, in particular, this is usually difficult. Yet 
some physicochemical information may perhaps 
be conceived when interpreting the components 
correctly and after performing various rotation 
methods; however, problems do arise. 

In the case of a PARAFAC model, is it always 
necessary to choose orthogonal latent vectors? In 
the PARAFAC model this is a matter of choice. 
Or should the latent vectors be uncorrelated? 
(This is not the same as orthogonal; the equiva- 
lence depends on the kind of centering.) For the 
PARAFAC method it holds that rotating the 
components gives an essentially different solu- 
tion. 

Rotations are allowed for the components of 
the Tucker3 model and can facilitate interpreta- 
tion of the underlying physiochemical model 1371. 
Yet, knowledge of the underlying physico- 
chemical reality has to be available for a good 
interpretation. Is it possible to use Tucker3 mod- 
els for exploratory reasons, i.e. to obtain insight 
into physic~hemical realities? 
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PROSPECTS 

Some of the prospects are already given in the 
Problems section, i.e. the new three-way methods 
which can be developed. It is very hard to say in 
general what the prospects of three-way methods 
are. Progress in the area of applying multivariate 
methods can perhaps be compared with progress 
made in the area of experimental design and 
optimization. The one-factor-at-a-time method 
has been replaced by the multi-factor approach 
[64]. The central idea of the multi-factor ap- 
proach is to vary all factors simultaneously (but in 
a systematic fashion) in order to optimize some 
response depending on these factors. There is a 
growing tendency to use multivariate analysis, but 
thinking in terms of multi-way data is still uncom- 
mon. Yet multi-way methods are flexible tools for 
studying the simultaneous variation within a sys- 
tem described by different kinds of variables 
and/or objects. In the following, different kinds 
of future applications in different areas are 
sketched. It is by no means exhaustive; rather, it 
is meant to trigger ideas in the minds of the 
readers. 

~ultiua~ate st~t~tical process contra1 (MSPC) 

Statistical process control is an area of consid- 
erable importance in industry. A new develop- 
ment is multivariate statistical process control. 
Three-way methods can play a role in this area. 
Take, for example, samples at different points in 
a process, measuring a number of features of that 
sample at regularly spaced time intervals. A 
three-way matrix results that can be analyzed and 
used to monitor the process. 

Hyphenates analyst methods 

There is a growing interest in hyphenated 
analysis techniques. Combining liquid chromatog- 
raphy with diode array detection on different 
samples [28] is an example of such a technique. 
Other ~mbinations like gas chromatography- 
mass spectrometry (GC-MS), LC-LC, LC-MS, 
GC-IR and inductively coupled plasma-atomic 
emission spectroscopy are available. It is clear 

that three-way methods are very suitable to han- 
dle problems with interpreting and reducing the 
data obtained with hyphenated analysis methods. 

Chromatography 

An attempt is already being made to use 
three-way methods in the multivariate calibration 
of chromatographic systems [29,30]. When the 
problem of contextuality (see the Problems sec- 
tion) is solved, an important step forward will 
have been taken. Ordinary PCA has proved to 
give insight into the mechanisms that control 
retention [65]. It is expected that incorporating 
the stationary phase as a separate mode will give 
insight into retention mechanisms as they depend 
on the kind of stationary phase. 

Pharmacology 

An example of the use of a trilinear decompo- 
sition in pharmacology has already been given 
(see Theory and Applications and ref. 44). It is 
not difficult to imagine other applications, e.g. by 
incorporating biological activities. The screening 
of potential compounds can also be tackled by 
three-way methods. Suppose a number of com- 
pounds are tested, on different tests with the use 
of different rats. A three-way matrix results, which 
can be analyzed to solve the question of which 
compound is the most potent and selective. Com- 
bining in vivo and in vitro experiments may give 
rise to methods of analyzing two-block, three-way 
matrices. 

Quantitative 
(QSAR) 

structure-activity relationships 

With the development of sophisticated soft- 
ware which calculates the electron density distri- 
bution of the minimum energy conformation of a 
compound [66], a three-way matrix is available 
that can serve as a blueprint of the compound. 
How should this three-way matrix be treated? 
Should it be unfolded or strung out, or used as 
such? It is clear that incorporating this kind of 
data in QSAR studies calls for three-way meth- 
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ods, where the problem sketched in Fig. 12 is no 
longer far-fetched. 

Simulation and random noise testing 

Since the underlying structure of real data is 
generally unknown, simulations can serve as a 
surrogate to investigate the effect of properties of 
such an underlying structure. The effect of the 
degree of bi- and trilinearity of the underlying 
structure may be simulated. For example, gener- 
ate elements xijk = Ctigpjjkg where the summa- 
tion runs from g = 1 to G. These elements can 
form a three-way matrix X and this matrix can be 
analyzed by three-way models. Varying the rank 
of the generating loading matrices P, to PG gives 
varying bi- and trilinear properties of X (e.g. 
rank-one matrices PI-PC give trilinearity). Of 
course, random noise should be added to the 
generating ts and Ps in order to mask the varying 
bi- and trilinearity. The consequences of the dif- 
ferent properties of the underlying structure and 
of the noise level for the performance of the 
different three-way models can be evaluated. 

The consequences of different kinds and dif- 
ferent degrees of nonlinearities is another area in 
which simulation may be helpful. A systematic 
approach in which designed nonlinearities are 
simulated and tested for their consequences on 
three-way methods can be illuminating. Again, 
noise levels can be varied to investigate the effect 
of the noise. 

For both of the applications of simulations in 
three-way data analysis described above, it holds 
that not only the consequences on the descriptive 
and predictive power of the three-way methods 
should be assessed. The validation of diagnostic 
values attached to the three-way methods is very 
important. For example, is it possible to develop 
diagnostic tools to check for bilinearity or non- 
linearity, and how do these diagnostics behave 
under the varying simulated conditions? 

Process analytical chemistry 

One of the latest developments in analytical 
chemistry is process analytical chemistry [67]. In- 

line sensors give complex and noisy data that can 
perhaps be analyzed with three-way methods in 
order to measure concentration levels of different 
substituents in a flow. 
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