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Multiblock or multiset methods are starting to be used in chemistry and biology to study complex

data sets. In chemometrics, sequential multiblock methods are popular; that is, methods that

calculate one component at a time and use deflation for finding the next component. In this paper

a framework is provided for sequential multiblockmethods, including hierarchical PCA (HPCA; two

versions), consensus PCA (CPCA; two versions) and generalized PCA (GPCA). Properties of the

methods are derived and characteristics of the methods are discussed. All this is illustrated with a

real five-block example from chromatography. The only methods with clear optimization criteria are

GPCA and one version of CPCA. Of these, GPCA is shown to give inferior results compared with

CPCA. Copyright # 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION

With the availability of sophisticated instruments and com-

puters, collecting large amounts of data is becoming increas-

ingly popular. In science and engineering, often problems

occur that have to do with analyzing several blocks of

collected data. This has generated the need for two new

types of data analysis methods, namely multiway analysis

methods and multiblock analysis methods. The first class of

methods deals with data sets that can be arranged into a

multiway array (i.e. the natural extension of a two-way

array, a matrix) [1,2], whereas the second class of methods

has been developed to analyze several data sets simulta-

neously [3]. Recently, a method has also been developed for

multiway multiblock analysis [4].

Multiblock analysis methods already have a long history

in psychometrics [3,5,6] and are still the subject of active

research [7–11]. Also in computational statistics and chemo-

metrics, multiblock methods have been developed [4,12–16]

and investigated theoretically [17,18]. Applications in differ-

ent areas have been reported [13,19,20]. It is expected that in

the future the need for multiblock methods will become even

more urgent, given the large amounts of data generated in

e.g. genomics and high-throughput experimentation.

The generic problem of multiblock analysis is to find

underlying relationships between several sets of possibly

related data sets. This paper discusses multiblock component

models, where components or latent variables are used to

summarize the relevant information between and within the

blocks. Hence multiblock models designed to predict a

certain response in a multiblock setting (multiblock regres-

sion problems or latent path models) are not discussed. There

are two essentially different ways of calculating components

in multiblock component models. One approach is to calcu-

late the first component, then remove the influence of this

component from all matrices involved (e.g. by deflation) and

subsequently calculate the next component from the cor-

rected matrices. This is called the sequential approach and is

much used in chemometrics [16]. Another approach is to

calculate all components simultaneously by solving a global

optimization problem [4]. Since there is much confusion

about the exact background of sequential algorithms, these

will be the focus of this paper.

The goals of this paper are (i) to give a framework for

sequential multiblock component methods, (ii) to discuss the

properties of these multiblock methods and (iii) to show the

workings of these multiblock methods and some of their

properties using a worked-out case study. The paper starts

with the theoretical background. Then the background of

the case study is explained, followed by a presentation of the

results of applying the different multiblock methods on

the real example. The paper ends with some conclusions.
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2. THEORY

2.1. General
There are different classes of multiblock problems, depend-

ing on the structure of the collected data sets. A mode of a

data set is defined as one of the categories used to order the

data, e.g. an object mode categorizes the different objects or

samples of whichever data are collected. A classification of

multiblock problems is possible by analyzing how many and

which modes are in common between the data sets. Figure 1

summarizes the different possibilities.

The first class of multiblock problems is encountered

when data sets with different objects and variables are

considered (Figure 1(a)). Although there might be a relation-

ship between the different blocks of data, this is not directly

evident from their structure.

In the second class of multiblock problems the objects are in

common (Figure 1(b)), but the variables measured on these

objects are different. For each data set the objects form a

configuration in a multivariate space. For finding (dis)simila-

rities between these configurations, generalized Procrustes

analysis can be used [21], which finds the maximal agreement

(in the least squares sense) allowing translation, rotation and

optional isotropic scaling of the individual blocks. Often low-

dimensional solutions are wanted. This can be achieved either

by applying PCA postprocessing to the average (consensus)

configuration obtained in full space or by imposing low

dimensionality on the consensus from the outset [22].

An alternative is to perform generalized Procrustes analysis

on score matrices obtained from separate principal compo-

nent analyses of each data set, but this has serious limitations

[8]. Multiblock component methods developed for the second

type of problems are consensus PCA [15], hierarchical PCA

[16] and multiblock covariate component models [4].

The third class of multiblock problems is encountered

when the variable mode is in common (Figure 1(c)). For

this type of problem, simultaneous component analysis

methods have been developed [8,10]. In chemistry, this class

of problems is encountered e.g. when analyzing different

chemical systems with the same spectroscopic methods.

Multivariate curve resolution has been developed to analyze

such multiblock data sets [23,24]. Monitoring of batch pro-

cesses can also be done in this fashion [25].

In the fourth class of multiblock problems there are two

modes in common (Figure 1(d)). As shown in Figure 1(d),

stacking the data sets on top of each other gives a three-way

array, for which there exist data analysis methods [1,2].

Hence multiblock methods can be seen as generalizations

of multiway methods.

It is possible to use a class 3 method for a class 2 problem

and vice versa. For instance, transposing a class 2 problem fits

such a problem in the framework of simultaneous compo-

nent analysis. Whether or not this is useful to consider

depends on the situation. The focus of this paper will be

on class 2 problems.

The different multiblock methods will be explained with aB-

block example, where blocks X1 ðI � J1Þ; . . . ; Xb ðI � JbÞ; . . . ;
XB ðI � JBÞ are the subject of research. The concatenation of

X1; . . . ;Xb; . . . ;XB is denoted as the supermatrix XðI�
PB

b¼1 JbÞ.
The cross-product matrices XbX

T
b ¼ Sb ðI � IÞ and

S ¼ XXT ðI � IÞ will be used in the sequel.

Extensions to multiway arrays will be considered

using the three-way arrays X1 ðI � J1 � K1Þ; . . . ;
Xb ðI � Jb � KbÞ; . . . ;XB ðI � JB � KBÞ. These three-way arrays

Figure 1. Different typesofmultiblockproblems (see text).
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can be matricized to X1 ðI � J1K1Þ; . . . ;Xb ðI � JbKbÞ; . . . ;
XBðI � JBKBÞ and subsequently concatenated to X ¼
½X1j . . . jXB� ðI � ðJ1K1 þ � � � þ JBKBÞÞ. All matrices are as-

sumed to be properly preprocessed; that is, usually centered

in the object direction and possibly scaled. It is also possible

to use block scaling; that is, giving each block a priori a

prespecified sum of squares.

2.2. Properties of multiblock models
There are two important choices to make when considering

multiblock methods: variance explained and fairness [3]. The

first choice relates to whether only the relationship between

blocks is interesting or whether the multiblock solution

should also describe variation within each block of data. It

is not difficult to find components that describe linear

relationships between blocks, but these components are not

necessarily good at explaining the variation within blocks.

For example, the right singular vector v associated with the

smallest singular value of X defines a component Xv � 0 that

describes an almost perfect linear relationship. The second

choice relates to whether the solution found is fair, that is,

whether each block contributes in approximately the same

amount to the solution.

Another important property of a multiblock method is the

criterion it optimizes in order to find the solution. For some

of the multiblock methods this criterion is not clear, as will be

shown below. Flexibility of the multiblock methods with

respect to generalizability to multiway data and possibilities

to incorporate constraints reflecting a priori knowledge are

also discussed. These issues become increasingly important

when dealing with real-life chemical and biological data.

In the following subsections the different multiblock

methods are presented. Table I summarizes the algorithms

and Table II summarizes some properties of the multiblock

methods, among which the ones discussed above.

2.3. SUM-PCA
The most straightforward way of multiblock analysis is to

perform a PCA on X (see Table I). Hence each block Xb is

modeled with the same superscores Tsup and its blockload-

ings Pb, with residuals Eb. SUM-PCA solves the general PCA

problem

min
Tsup;Psup

���X� TsupP
T
sup

���2
¼ min

Tsup;Pb

XB
b¼1

���Xb � TsupP
T
b

���2
ð1Þ

or, stated differently,

max
TT

supTsup¼I
tr TT

supSTsup

� �
¼ max

TT
supTsup¼I

tr TT
sup

XB
b¼1

SbTsup

 !
ð2Þ

and the right-hand side of (2) explains the name ‘SUM-PCA’.

The constraint TT
supTsup ¼ I identifies the solution up to

permutation and sign.

The solution of the SUM-PCA problem (2) is found by

solving the eigenvalue problem

XB
b¼1

Sb

 !
Tsup ¼ TsupK ð3Þ
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and, given Tsup, the matrix of superloadings Psup follows

directly from regressing X on Tsup, i.e. Psup ¼ XTTsup�
TT

supTsup

��1 ¼ XTTsup. The superloading matrix also has

orthogonal columns. Note that this does not translate to

the individual loading matrices Pb: these do not have ortho-

gonal columns.

The amount of variation in X, more specifically the sum of

squares, explained by Tsup can be separated into amounts of

variation in the different blocks explained by the superscores

Tsup. This is shown for the first superscore tsup,1 but can be

extended to all superscores. The amount of variation ex-

plained in X by tsup,1 is

�1 ¼
tTsup;1Stsup;1

tTsup;1tsup;1

¼ tTsup;1Stsup;1 because tTsup;1 tsup;1 ¼ 1 ð4Þ

and the value �1 can be written as the sum of separate

contributions cb (the suffix indicating component 1 is

dropped for convenience):

�1 ¼ tTsup;1Stsup;1 ¼ tTsup;1

XB
b¼1

Sb

 !
tsup;1 ¼

XB
b¼1

cb ð5Þ

where cb ¼ tTsup;1Sbtsup;1 is the amount of variation (sum of

squares) explained in block Xb by the superscore tsup,1.

There is no guarantee that each block contributes to the

final superscores; also, the variation explained by the super-

scores in each block is not under control. The only guarantee

is that the superscores explain the maximum amount of

variation in X and hence will also explain variation in at

least one of the blocks. Of course, by using block scaling, the

fairness and variance explained in each block can be con-

trolled to a certain extent (by giving ‘low variance blocks’ a

higher initial sum of squares). The number of components

for each block is the same.

Constraints on scores and loadings can be built in by

solving problem (1) subject to those constraints. In that

case the problem cannot be solved anymore with an eigen-

value approach, but an alternating least squares approach

should be used. An extension to multiway blocks is possible

after matricizing the three-way arrays and building a SUM-

PCA-like model for the concatenated X where each block

obtains its own loading matrix structure. Consider e.g. three

blocks X1 ðI � J1Þ;X2 ðI � J2 � K2Þ and X3 ðI � J3Þ, of which X2

is the multiway block. Then a SUM-PCA can be built as

X ¼ ½X1 X2 X3�
¼ Tsup½PT

1 G2 ðC2 � B2ÞT PT
3 � þ E ð6Þ

where X2 (I� J2K2) is the proper matricization of X2 and a

Tucker3 structure is imposed on X2. Likewise, other three-

way structures can be imposed on X2 and this multiway

generalization can cover any combination of two-way and

multiway arrays. Again, alternating least squares schemes

can be used to perform the estimations.

2.4. Consensus PCA
Consensus PCA (CPCA) was first proposed by Wold et al.

[15]. The CPCA algorithm is given in Table I, where the

normalization of tsup is omitted (this normalization was not

performed in Wold et al.’s original CPCA algorithm; see

later). As can be seen from Table I, four of the algorithms are

very similar: they share common steps (a), (b) and (e)–(l).

Several remarks regarding CPCA are appropriate.

1. A rational start tsup might be the first left singular
vector of X, i.e. the SUM-PCA superscore vector.

2. In the original algorithm [15] a weighting factor was
introduced in step (d) to correct for the different sizes
of each block. This was done to avoid the situation that
blocks with a large size tend to dominate the solution.
Such a weighting can also be done on the block itself
by using an appropriate block scaling. For conveni-
ence, it is assumed that the blocks are properly scaled
and the weighting factor is omitted.

3. The algorithm is continued until the a priori selected
number of superscores is reached.

4. The deflation step (k) is not by definition rank-redu-
cing, because tsup is not necessarily in the range of Xb. It
is rank-reducing, however, for X ¼ ½X1j . . . jXB�.

Table II. Propertiesofmultiblockmethods

Fairness Variance Criterion Superscores Blockscores

SUM-PCA Block scaling Overall: yes; individual: max
TT

supTsup¼I
trðTT

supSTsupÞ or solve STsup¼�Tsup Orthogonal Not available

no control

CPCA Built in No guarantee Solve sequentially
PB

b¼1 c
�1
b Sb

� �
tsup ¼ Btsup Orthogonal Not orthogonal

CPCA-W Block scaling Overall: yes; Individual: Solve sequentially Orthogonal Not orthogonal

no control
PB

b¼1 Sb

� �
tsup ¼

PB
b¼1 cb

� �
tsup

or simultaneously

max
TT

supTsup¼I
trðTT

supSTsupÞ

HPCA No No guarantee Solve sequentially Orthogonal Not orthogonalPB
b¼1 cbSb

� �
tsup ¼

PB
b¼1 c

2
b

� �
tsup

HPCA-W No No guarantee Solve sequentially Orthogonal Not orthogonalPB
b¼1 cbd

�1
b Sb

� �
tsup ¼

PB
b¼1 c

2
bd

�1
b

� �
tsup

GPCA Block scaling Built in Solve sequentially Orthogonal Orthogonal

max
t

PB
b¼1

R2 tsup; tb
� � PJb

jb¼1

R2 tb;Xbjb

� �
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Some properties of this CPCA algorithm can be derived

and these are summarized in Table II. Upon convergence of

CPCA it holds that w is a vector of equal weights:

w ¼ B�1=21 ð7Þ

where 1 is a B� 1 vector of ones (see Appendix II). This result

was already realized by Geladi et al. [26] and it means that,

in each cycle, tsup is simply proportional to the algebraic

mean of the blockscores tb (b¼ 1, . . . , B). Moreover, it can be

shown that, in each cycle, CPCA solves the problem (see

Appendix II)

XB
b¼1

c�1
b Sb

 !
tsup ¼ Btsup ð8Þ

where the term

cb ¼
tTsupSbtsup

tTsuptsup
ð9Þ

again represents the amount of variation in Xb explained by

the superscore tsup. This means that blocks which have a

tendency to contribute strongly to tsup will be downweighted

and vice versa. Hence CPCA has a built-in tendency for

fairness. Equation (8) shows that CPCA has no closed solu-

tion (as e.g. SUM-PCA has), because cb depends on the

unknown solution tsup and vice versa. There is no guarantee

that the variance explained by the superscores in each block

is high: this aspect is not considered in the optimization

criterion.

Constraints are not easily added to the CPCA algorithm.

Owing to the sequential nature of CPCA, a generalization of

CPCA to multiway arrays has to be done by assuming a

Tucker1 structure for the multiway arrays and using CPCA

on the properly matricized arrays.

The properties of the eigenvalue problem (8) are not clear,

because the matrix involved changes during the iterations

owing to the presence of cb. This also hampers the inter-

pretation of the superscores tsup, which is markedly different

from SUM-PCA. There a clear problem is solved of finding a

set of orthogonal superscores explaining the maximum

amount of variance in the combined data X. CPCA solves a

similar problem but now the blocks are weighted differently

by a weight factor that is only known afterwards. A further

complication of CPCA is that the set of weights will differ for

each dimension. The question is whether fairness is a desir-

able property. For example, it gives undue importance to

blocks that have little in common with other blocks. It seems

more reasonable to introduce fairness by prescaling the

blocks to e.g. equal total variance and then applying SUM-

PCA.

In real-life applications it was noticed that CPCA had poor

convergence properties [18]. It was observed e.g. that pb

becomes infinitely small and tb very large (the norm of the

product tbp
T
b does not change much). This effect is not

cancelled by normalizing w in step (g), because w only

contains the relative contributions of the tbs and not their

lengths. If the superscores are normalized to unit length

(which does not change the solution essentially), then the

convergence problems disappear. Of course, w should not be

normalized in that case. This modified CPCA algorithm is

the one presented in Table I. For this modified CPCA the

weights become (see Appendix II)

w ¼ B�11 ð10Þ

Apart from this normalization of w or tsup there is no real

difference with respect to the original CPCA method; for

example, Equation (8) and Equations (22)–(25) in Appendix

II still hold. From now on this modified version of CPCA will

be used in the calculations and derivations.

A new CPCA method was suggested by normalizing pb to

length one in step (c) [18]. This normalization is markedly

different from normalizing tsup, because the suggested nor-

malization of the pbs gives different normalization constants

for each block which do not cancel out at the superlevel.

Hence the solution of the resulting CPCA-W (see Table I)

method is essentially different from the CPCA solution. This

difference is also illustrated by investigating the weights

w¼ (w1, . . . ,wB)T in CPCA-W. It can be shown (see Reference

[17] and Appendix II) that, apart from the normalization of w

in step (h), these weights are

wb ¼ kpbk ¼ c1=2
b ð11Þ

where pb is the blockloading (i.e. the loadings from step (c))

prior to normalization. Hence the new tsup becomes a linear

combination of the blockscores with weights equal to the

norms of the blockloadings prior to normalization. This is

obviously very different from the weights used in CPCA,

which are equal for all blocks. When the superscores are

normalized to length one, then the explained variance of the

supercomponents is carried by the superloadings p.

It can be shown that the resulting method CPCA-W is

exactly the same as SUM-PCA and hence its properties are

also equal [17,18]. In terms of Equation (8), for each dimen-

sion, CPCA-W solves (see Appendix II)

XB
b¼1

Sb

 !
tsup ¼ �max tsup ð12Þ

which is exactly the same problem as (2) solved sequentially

in a NIPALS-like fashion. The maximum eigenvalue equalsPB
b¼1 cb, the total amount of variance explained by the first

component, showing again that CPCA-W equals SUM-PCA.

The similarity between SUM-PCA and CPCA-W allows for a

much simpler algorithm for CPCA-W [17,18]:

ðaÞ X ¼ TsupP
T
sup þ E

Tsup ¼ tsup;1 . . . tsup;R

� �
Psup ¼ ½psup;1 . . . psup;R�

ðbÞ for all b

ðcÞ pb ¼ XT
b tsup=kXT

b tsupk

ðeÞ tb ¼ Xbpb

ðfÞ T ¼ ½t1 . . . tB�

ðgÞ w ¼ TTtsup=kTTTtsupk
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ðhÞ deflation: pb ¼ XT
b tsup= tTsuptsup

� �
Eb ¼ Xb � tsupp

T
b

ðiÞ continue withEb ð13Þ

where the tsup are again normalized to length one.* The

weights w in CPCA-W have a different role than in CPCA.

Whereas in CPCA the weights are used to define the super-

scores, this is not the case for CPCA-W. In CPCA-W, all

superscores and blockscores can be calculated without using

weights. Nevertheless, a weight vector w can still be defined

as the weights transforming the blockscores into the super-

score: tsup¼Tw.

The same remarks with respect to imposing contraints and

generalizations to accommodate for multiway arrays are

relevant for CPCA-W as for SUM-PCA.

2.5. Hierarchical PCA
Another class of methods for multiblock PCA was termed

hierarchical PCA (HPCA) [16]. Hierarchical PCA is able to

deal with several blocks of data in a hierarchical order. In

this paper, only the multiblock problem as stated in the

introduction is considered. The HPCA algorithm for this

problem is given in Table I. The remarks 1–4 under CPCA

are equally valid for HPCA.

Upon convergence, it holds for each cycle that HPCA

solves the eigenproblem (see Appendix II)

XB
b¼1

cbSb

 !
tsup ¼

XB
b¼1

c2
b

 !
tsup ð14Þ

This means that blocks having a tendency to be important

receive even more weight. Hence HPCA does not support

fairness and tries to discriminate between blocks: it acts as a

block selector. Equation (14) shows that HPCA again has no

closed solution, because cb depends on the unknown tsup. In

practice it was noticed that the HPCA solution was very

sensitive to the starting vector of tsup, indicating the presence

of local minima in solving (14) iteratively [18].

A new version of HPCA was suggested in which the block-

scores in step (d) were normalized to length one [18,20]. This

version will be called HPCA-W (see Table I). This again

radically changes the algorithm and it can be shown (see

Appendix II) that each cycle of HPCA-W solves the problem

XB
b¼1

cbd
�1
b Sb

 !
tsup ¼

XB
b¼1

c2
bd

�1
b

 !
tsup ð15Þ

where db ¼ tTsupS
2
btsup (see Appendix II). The particular

weighting of the cross-product matrices in (15) lacks a simple

interpretation, let alone a convincing justification. Note,

however, that this weighting makes HPCA-W insensitive

to block scaling, since multiplying e.g. all values in block b by

10 cancels out in both cbd
�1
b Sb and c2

bd
�1
b . Even after the extra

normalization the sensitivity to starting values of tsup re-

mained, as shown with a simple example in Reference [18].

These problems might be due to the complicated optimiza-

tion criterion of HPCA-W.

For both HPCA and HPCA-W it is unclear how to impose

constraints. Owing to the sequential nature of HPCA(-W), a

generalization of HPCA(-W) to multiway arrays has to be

done by assuming a Tucker1 structure for the multiway

arrays and using HPCA(-W) on the properly matricized

arrays.

The methods CPCA, CPCA-W, HPCA and HPCA-W can

be summarized by the general equation

XB
b¼1

�bSb

 !
tsup ¼

XB
b¼1

cb�b

 !
tsup ð16Þ

where CPCA corresponds to �b ¼ c�1
b , CPCA-W to �b¼ 1,

HPCA to �b¼ cb and HPCA-W to �b¼ cbdb
�1. Writing Equa-

tion (16) in a more general form gives

XB
b¼1

�bSb

 !
tsup ¼

XB
b¼1

�b

 !
tsup ð17Þ

which suggests many alternative methods.

2.6. Generalized PCA
Recently, a new multiblock method termed generalized

principal component analysis (GPCA) has appeared [12].

GPCA also works sequentially and the algorithm is shown in

Table I. Several remarks regarding the GPCA algorithm are

appropriate.

� The algorithm is continued until the a priori chosen
number of dimensions is reached.

� The deflation step (e) is always rank-reducing, because
tb is in the range of Xb (owing to the projection in step
(c)).

� In chemometrics applications there will often be blocks
Xb with I� Jb, e.g. when Xb contains spectral data. For
such blocks, tsup will always be in the range of Xb and
therefore tsup¼ tb. To avoid this situation, it is possible
to restrict Xb to a certain subspace eXb and use
tb ¼ eXb

eXþ
b tsup. Of course, this changes the problem to

that of finding a suitable subspace.
� For r> s it holds that tTbrtsup;s ¼ 0 for b¼ 1, . . . ,B, i.e.

blockscores are orthogonal to previous superscores
[12].

The proof of the orthogonality of the blockscores (see

Table II) goes as follows. Owing to the deflation steps (d)

and (e), Ebr is orthogonal to tbr [27]. The next blockscore

tb(rþ 1) is found by projecting tsup,r onto the range of Eb and is

therefore orthogonal to tbr.

Using autoscaled X1, . . . ,XB, it can be shown that GPCA

solves the following problem in the first dimension:

max
t

XB
b¼1

R2ðtsup; tbÞ
XJb
jb¼1

R2ðtb; xbjbÞ ð18Þ

and after deflation a similar optimization is performed for

the second dimension. In PCA the first principal component

t1 of an autoscaled matrix X¼ [x1, . . . ,xJ] maximizes the sum

of squared correlations between t1 and xj. The next principal

component t2 maximizes the sum of squared correlations

between t2 and xj, given that t2 and t1 are orthogonal (see

Appendix II). In (18) the term
PJb

jb¼1 R
2ðtb; xbjbÞ represents the

*Note that both Qin et al. [17] and Westerhuis et al. [18] reported a
wrong value for w (step g).
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amount of explained variation in Xb by tb; this is the variance

explained by the blockscores within block Xb. The term

R2ðtsup; tbÞ represents the variation in tb explained by the

common component tsup, which is a part of the variance

explained by the superscores between blocks. Hence Equa-

tion (18) mixes explained variation between and within

blocks summed over the total number of blocks and dimen-

sions. In order to make the GPCA results comparable with

the other results, the superscores are normalized to length

one. This does not change the solution essentially.

In the original publication on GPCA, no superweights

were given. Such weights, however, can be defined analo-

gously to CPCA(-W) and HPCA(-W):

wbr ¼ tTsup;rtbr; r ¼ 1; . . . ;R and b ¼ 1; . . . ;B ð19Þ

because the length of tsup,r is one by construction. For blocks

Xb with I� Jb, tsup,r will always be in the range of Xb and

therefore tsup,r¼ tbr. Consequently, all weights will be one for

such blocks. If Jb	 I for all b¼ 1, . . . ,B, then all weights will be

equal to one for all blocks. This resembles CPCA (where the

weights are also equal), but in GPCA all tbs are equal to tsup

and this is not the case in CPCA (note the difference between

the operators XbXb
T and XbXb

þ ).

It is not clear how to impose constraints on the GPCA

solution. Owing to the sequential nature of GPCA, a general-

ization of GPCA to multiway arrays has to be done by

assuming a Tucker1 structure for the multiway arrays and

using GPCA on the properly matricized arrays.

2. CASE STUDY

3.1. Description of problem and data
The case study of this paper deals with stationary phases for

reversed phase liquid chromatographic columns. One of the

well-known problems with these stationary phases is that

they differ between manufacturers and even between

batches from the same manufacturer. This hampers the use

of liquid chromatography, one of the most widespread

routine methods of chemical analysis.

To assess the characteristics of a new stationary phase

material, tests have been proposed and compared [28–30].

These tests usually involve eluting a set of test solutes on the

column packed with a certain stationary phase and measur-

ing the characteristics of the chromatographic peaks. For

each peak these characteristics might include (i) the retention

factor k (the position of the peak), (ii) the plate height h (a

function of the width of the peak) and (iii) the asymmetry

factor USP (the skewness of the peak). The retention factors

of the test solutes give information about the hydrophobicity

and selectivity of the stationary phase material. The plate

heights of the peaks give information about the efficiency of

the packed column. Finally, the asymmetry factors give

information about secondary retention mechanisms due to e.g.

free silanol groups at the surface of the stationary phase

material.

In a large comparison study, 22 stationary phase materials

were tested using different tests proposed in the literature

[31]. Five of these tests were selected in the current case

study and these are summarized in Table III. The variables

characterizing the stationary phase were lnk, h and USP (for

details see Reference [28]). The logarithm of k was used in the

analyses for two reasons: (i) it linearizes the data [32]; (ii) it

transforms a constant relative error as present in the k values

into a constant absolute error in the lnk values [33]. This

transformation is therefore sensible if linear models are used

for the subsequent analysis. After removing several outlying

stationary phase materials (based on prior knowledge), this

results in five data sets XA (19� 12), XB3 (19� 12), XB7

(19� 12), XB (19� 18) and XN (19� 15) (for the abbreviations

see Table III).

The goal of the data analysis is to answer the following

questions.

1. Which tests are similar (redundancy) and dissimilar
(uniqueness)?

2. What are the differences between the tests?
3. What are the differences between the stationary phase

materials?
4. In which tests do these differences show up?

Roughly stated, the answers to questions 1–4 are given by

the superweights, blockloadings, superscores and block-

scores respectively. This will be illustrated in the following,

although a very detailed analysis of the tests is beyond the

scope of this paper.

3.2. Analysis of individual data matrices
Before discussing the results of the multiblock methods, it is

insightful to look at the data matrices separately. Prior to

analysis, all data sets were column autoscaled and subse-

quently block scaled to unit sum of squares. The block

scaling does not affect the results of performing a PCA on

the separate data sets, but was done to be consistent with the

multiblock analyses later which are all run with this type of

scaling.

Table III. Summaryofchromatographic tests

Name of test Solutes (abbreviations) Measured properties Mobile phase
(abbreviation)

Acidic (A) 4 acidic compounds Lnk, h and USP Water/organic modifier
(2nb, 4hb, 3cb, 2ab) (4� 3¼ 12)

Basic pH 3 (B3) 4 basic compounds Lnk, h and USP Buffer pH 3/organic modifier
(2hmp-b3, pht-b3, 3aq-b3, 4ea-b3) (total 4� 3¼ 12)

Basic pH 7 (B7) 4 basic compounds Lnk, h and USP Buffer pH 7/organic modifier
(2hmp-b7, pht-b7, 3aq-b7, 4ea-b7) (total 4� 3¼ 12)

Basic (B) 6 basic compounds (nor, dox, pro, tez, am, tim) Lnk, h and USP (total 6� 3¼ 18) Water/organic modifier
Neutral (N) 5 neutral compounds (t, e, p, a, py) Lnk, h and USP (total 5� 3¼ 15) Water/organic modifier
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The results of XN and XB7 are shown as representative of

the set of five matrices. Figure 2 shows the results of analyz-

ing the neutral data block (XN). In this figure the eigenvalues

of XN
TXN/(I-1) (a), the prediction error sums of squares

(PRESS) using cross-validation (b), the score plot (c) and

the loading plot (d) are shown. There are two dominant

eigenvalues, and cross-validation shows that two PCs are

significant. The loading plot shows a clear cluster of the lnk

values, and the first PC seems to distinguish between hydro-

phobicity/selectivity on the one hand and efficiency/sec-

ondary mechanism on the other hand.

Figure 3 shows the results for the basic pH 7 data block

(XB7). Again, eigenvalues (a), PRESS values (b), scores (c) and

loadings (d) are shown. The eigenvalue and PRESS plots

suggest three components. The score and loading plots are

different from those of XN, and this difference is not due to a

simple rotation. Hence the basic pH 7 test gives a different

view on the stationary phases than the neutral test.

3.3. Analysis of similarity between data sets
A first quick idea about the similarity between the data sets

(tests) can be obtained by calculating their correlation. Ma-

trix correlation is a generalization of variable correlation, and

several matrix correlation methods exist [34]. Of these meth-

ods, the RV coefficient is the most appropriate for the current

situation because it is orientation-independent (i.e. RV¼ 1

for A¼B up to scaling and orthogonal rotation) and easily

calculated from the data [34,35]. The RV coefficient is calcu-

lated as

RVðA;BÞ ¼ trðBTAA TBÞ
ftr½ðATAÞ2�tr½ðBTBÞ2�g1=2

ð20Þ

where tr(A) stands for the trace of A. There is clearly a

resemblance between the correlation coefficient between two

variables and Equation (20). The RV coefficient runs from 0

(no correlation) to 1 (perfect correlation).

The RV coefficients were calculated for the five data sets

with R¼ 4 and the results are shown in Table IV. The basic

tests have a reasonable intercorrelation, whereas the acidic

and neutral tests are the most deviating. Table IV does not

tell the whole story, because it only shows the pairwise (i.e.

matrix-by-matrix) correlations. A type of multiple correla-

tion coefficient can be obtained by regressing one block of

data (e.g. XA) on the concatenation of all the others ([XB3 XB7

XB XN]) and calculating how much variation in that block

(XA) is explained by these other blocks. In order to make this

regression feasible and non-trivial, each block is summarized

by its first four principal components and these are used

subsequently in the regression. From this regression a multi-

ple correlation coefficient can be calculated. For the data sets

XA, XB3, XB7, XB and XN these numbers are 0.9780, 0.9931,

0.9978, 0.9945 and 0.9935 respectively. This shows that the

acidic test is probably the most atypical.

Figure 2. Results for neutralblock: (a) eigenvalueplot; (b) cross-validation (PRESS¼predictionerror sumof squares);
(c) scoreplot; (d) loadingplot.
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3.4. Consensus PCA
The results of applying CPCA to the data are reported in

Table V. Each row in Table V shows the amount of explained

variation by the (sequentially calculated) superscores (a) and

blockscores (b) in each block of data and the total amount

explained in all blocks. Concentrating on the amounts of

variation explained by the superscores (Table V(a)), it seems

that CPCA tries to explain information in all the blocks for

each successive calculated superscore. This could be called

‘consensus behavior’. Table V(b) shows the amount of ex-

plained variation in each block by the blockscores. These

values are higher than the corresponding ones for the super-

scores, as expected, but they show a similar pattern (Table

V(b)). The amount of explained variation in the acid block

lags behind for all dimensions. The superweights are not

shown in a plot because they are all equal to 0.2 for all

dimensions and hence are not very informative.

The CPCA algorithm was also initiated with random

numbers as starting vectors of the superscores. This showed

that also modified CPCA was very sensitive to different

initializations. The results obtained for the superscores and

blockscores were different in each run; not only in their

directions, but also in the spaces they spanned. Hence

serious initialization problems are also present in CPCA.

3.5. Consensus PCA-W (SUM-PCA)
The results of applying CPCA-W to the data are reported in

Table VI. Table VI(a) shows a different pattern from Table

V(a): larger ‘jumps’ in explained variation between the

blocks as a function of the number of components are visible

in CPCA-W. The first superscore explains mostly the simi-

larity between the basic blocks, the second superscore ex-

plains mainly the neutral block, and the third superscore

Figure 3. Results for basic pH 7 block: (a) eigenvalue plot; (b) cross-validation (PRESS¼prediction error sum of
squares); (c) scoreplot; (d) loadingplot.

Table IV. RV coefficients

Acid Basic3 Basic7 Basic Neutral

Acid 1.00
Basic3 0.29 1.00
Basic7 0.38 0.78 1.00
Basic 0.20 0.72 0.71 1.00
Neutral 0.55 0.25 0.48 0.23 1.00

TableV. CPCAresults

# Comp. Acid Basic3 Basic7 Basic Neutral Total

(a) Superscores
1 20.9 40.5 33.8 38.1 42.5 35.2
2 46.6 66.4 63.9 71.0 80.0 65.6
3 56.9 75.4 73.7 77.2 84.5 73.5
4 70.4 78.9 78.4 85.6 88.7 80.4
(b) Blockscores
1 34.2 57.5 40.1 66.7 75.6 54.8
2 73.6 77.2 70.5 80.1 89.2 78.1
3 86.3 82.8 85.0 90.9 91.7 87.3
4 87.9 89.1 90.5 94.3 96.0 91.6
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almost only explains the acid block. This behavior is similar

to the results of the first simulation example in Reference

[18], where the blocks had different underlying types of

variation. To reduce the number of plots, only the ones

illustrating differences between the methods are shown.

Figure 4(a) shows the superweights of the second and third

supercomponents of CPCA-W. This plot reflects the findings

above.

After three components, each block is explained almost

equally well. The CPCA-W results follow very closely the

pattern of the multiple correlations between the blocks (see

Section 3.3). Note that the total amount of explained varia-

tion (last column of Table VI(a)) is an upper bound for the

analogous numbers for all other methods, because CPCA-W

equals SUM-PCA and this method optimizes such explained

variations.

3.6. Hierarchical PCA
The results of applying HPCA to the data are reported in

Table VII. HPCA works as a ‘block selector’: the first super-

score selects the basic blocks, the second mainly the acid and

neutral blocks, whereas the third superscore selects almost

exclusively the acid block. The pattern of explained variation

by the superscores resembles that of CPCA-W but is more

pronounced. This is also visible in Figure 4(b): it is very

similar to Figure 4(a). Also the explained variation by the

blockscores is very similar for HPCA and CPCA-W.

3.7. Hierarchical PCA-W
The five data sets were also subjected to a block-scaled

HPCA-W analysis, and Table VIII shows the results. Clearly,

the amount of explained variation in the acid block lags

behind. HPCA-W discriminates between blocks and is able

TableVI. CPCA-W results

# Comp. Acid Basic3 Basic7 Basic Neutral Total

(a) Superscores
1 15.2 47.7 36.8 49.4 28.3 35.5
2 44.4 66.7 64.1 72.7 80.6 65.7
3 78.4 69.8 67.8 75.1 82.4 74.7
4 82.2 78.4 77.5 84 86.4 81.7
(b) Blockscores
1 34.1 58.0 41.4 67.4 74.1 55.0
2 73.3 78.5 70.5 80.6 88.9 78.4
3 86.4 82.2 85.4 87.0 91.9 86.6
4 87.9 85.8 88.6 94.5 96.3 90.6

Figure 4. Plotsof superweights: (a) CPCA-W; (b) HPCA; (c) HPCA-W; (d)GPCA.

TableVII. HPCAresults

# Comp. Acid Basic3 Basic7 Basic Neutral Total

(a) Superscores
1 8.1 52.1 39.1 63.7 7.9 34.2
2 40.4 63.2 62.3 75.5 82.5 64.8
3 81.4 64.6 63.1 76.3 83.3 73.7
4 83.4 77.9 74.8 85.2 84.1 81.1
(b) Blockscores
1 37.3 57.7 42.0 67.8 52.3 51.4
2 75.0 80.5 70.7 83.2 93.3 80.5
3 86.8 82.7 84.9 85.5 95.6 87.1
4 88.4 86.8 90.3 94.6 96.9 91.4
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to find the deviating block. Also in the explained variation by

the blockscores the acid block is lagging behind, although

not so pronouncedly as in the results of the superscores.

The superweights of HPCA-W for the second and third

dimensions are shown in Figure 4(c). This plot clearly shows

that the acidic test is different and that this difference is

described by superweight 3. This is also reflected in Table

VIII(a), where, in going from two to three components, not

much variance is explained by the superscores in the acid

block, whereas all other blocks have a substantial increase in

explained variation.

3.8. Generalized PCA
GPCA was applied to all block-scaled data sets, and the

results are shown in Table IX. The amounts of explained

variation by the superscores follow closely the ones of CPCA-

W. The explained variations by the blockscores of GPCA

(Table IX(b)) are considerably lower than the corresponding

ones of HPCA-W and CPCA-W. The superweights for the

second and third dimensions are shown in Figure 4(d). This

shows the problem of blocks whose number of variables is

large compared with the number of observations. This is e.g.

the case with the basic block (19� 18). The weights of this

block are almost one. Figure 4(d) does not show a very

realistic view on the structure of the current data set.

3.9. Comparing the five different methods
CPCA, CPCA-W, HPCA, HPCA-W and GPCA are calcu-

lated componentwise. Hence these methods can be com-

pared componentwise. For CPCA-W and GPCA, each

component has a specific meaning (see Section 2); this is

less clear for CPCA, HPCA and HPCA-W. The component-

wise comparison of the superscores of CPCA, CPCA-W,

HPCA, HPCA-W and GPCA can be done simply by calculat-

ing the correlation coefficients between the corresponding

successive superscores. The results are reported in Table X.

In all cases, dimensions 1 and 2 are very similar. CPCA-W

is very similar to HPCA, which corroborates the findings in

Tables VI and VII. CPCA is very similar to HPCA-W; this is

to some extent reflected in Tables V and VIII. CPCA-W is also

similar to GPCA, although the amount of explained varia-

tion by the blockscores is considerably lower for GPCA than

for CPCA-W (see Tables VI(b) and IX(b)). The most deviating

methods are HPCA and HPCA-W, showing the impact of

the modification suggested by Westerhuis et al. [18].

The differences between the multiblock methods are also

visible in the plots of the superscores (Figure 5). Only the

plots of superscores 2 versus 3 are shown, because these are

the most interesting for illustrating differences. The similar-

ity between CPCA-W (Figure 5(b)) and HPCA (Figure 5(c)) is

clear. Also CPCA (Figure 5(a)) and HPCA-W (Figure 5(d))

are again similar. HPCA (Figure 5(c)) and HPCA-W (Figure

5(d)) are very dissimilar (see e.g. the position of Bonus). Also

the similarity between CPCA-W and GPCA is visible

(Figures 5(b) and 5(e)). A detailed analysis of the superscores

in terms of the properties of the stationary phases involved is

beyond the scope of this paper.

Again a matrix correlation method can be used to compare

the subspaces generated by the first four superscores of the

different methods [34]. In this case the GCD coefficient is

most suitable, since the interest is in the closeness of sub-

spaces spanned by the superscores of the different methods

[36]. The GCD coefficient of matrices A and B equals the

average of the squared canonical correlation coefficients

between these matrices. A GCD value of 1 means that two

subspaces completely overlap, whereas a GCD value of 0

means that the two subspaces are orthogonal. The GCD

results are presented in Table XI. This table provides a quick

overview of the (dis)similarities between the methods and

corroborates the findings in Table X and Figure 5.

TableVIII. HPCA-Wresults

# Comp. Acid Basic3 Basic7 Basic Neutral Total

(a) Superscores
1 18.7 44.6 35.7 42.3 35.1 35.3
2 45.7 67.4 64.8 70.8 78.6 65.5
3 48.8 76.9 75.5 78.8 84.8 72.9
4 57 81.4 81.7 87.6 87.7 79.1
(b) Blockscores
1 34.2 57.8 40.8 67.2 74.8 55.0
2 73.5 78.1 70.5 79.7 89.1 78.2
3 86.0 83.0 84.9 90.1 91.8 87.2
4 88.1 89.8 90.6 94.5 95.7 91.7

Table IX. GPCAresults

# Comp. Acid Basic3 Basic7 Basic Neutral Total

(a) Superscores
1 15.2 47.7 36.8 49.5 28.3 35.5
2 44.8 66.9 63.9 72.3 80.0 65.6
3 75.1 71.0 68.4 74.9 82.6 74.4
4 80.9 77.1 75.3 83.5 88.6 81.1
(b) Blockscores
1 16.3 47.9 37.6 49.5 30.4 36.3
2 46.1 67.7 65.4 72.3 81.7 66.7
3 77.5 74.5 73.6 74.9 83.6 76.8
4 82.4 80.2 79.9 83.5 90.0 83.2

Table X. Correlation coefficients between supercomponents of
CPCA,CPCA-W,HPCA,HPCA-WandGPCAa

CPCA CPCA-W HPCA HPCA-W GPCA

CPCA 1
1
1
1

CPCA-W 0.97 1
0.98 1
0.70 1
0.55 1

HPCA 0.78 0.90 1
0.78 0.90 1
0.51 0.94 1
0.30 0.93 1

HPCA-W 0.99 0.99 0.84 1
0.99 0.99 0.84 1
0.95 0.45 0.22 1
0.93 0.26 0.02 1

GPCA 0.97 1 0.90 0.99 1
0.97 1 0.89 0.99 1
0.81 0.98 0.90 0.60 1
0.77 0.92 0.75 0.55 1

aCorrelation coefficients are reported dimensionwise (top to bottom:
dimensions 1 to 4).
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3.10. Are the methods really multiblock?
An interesting question is whether the methods really give a

multiblock solution or merely a ‘collection of single-block

principal component solutions’. One way to answer that que-

stion is to look at the differences between the blockscores

generated by the different methods and the PCA scores of

the individual blocks. The GCD measure was again used to

investigate the differences between the subspaces spanned by

the first four blockscores and the first four principal compo-

nents of the individual blocks. Table XII shows the results.

All methods are really multiblock: there are clear differ-

ences between the blockscores and the individual principal

Figure 5. Plotsof superscores: (a) CPCA; (b) CPCA-W; (c) HPCA; (d) HPCA-W; (e)GPCA.

Table XI. GCD coefficients between superscore solutions (four
components)

CPCA CPCA-W HPCA HPCA-W GPCA

CPCA 1
CPCA-W 0.92 1
HPCA 0.85 0.97 1
HPCA-W 0.96 0.85 0.79 1
GPCA 0.94 0.96 0.91 0.85 1

TableXII. GCDcoefficientsofblockscoresandPCAsolutions(four
components)

Acid Basic3 Basic7 Basic Neutral

CPCA 0.73 0.76 0.93 0.75 0.66
CPCA-W 0.73 0.66 0.83 0.75 0.66
HPCA 0.74 0.69 0.92 0.78 0.74
HPCA-W 0.74 0.78 0.93 0.75 0.66
GPCA 0.69 0.58 0.72 0.60 0.56

334 A. K. Smilde, J. A. Westerhuis and S. de Jong

Copyright # 2003 John Wiley & Sons, Ltd. J. Chemometrics 2003; 17: 323–337



components. The blockscores generated by GPCA differ the

most from the individual PCA solutions. Again this corro-

borates the results of Table IX(b).

4. CONCLUSIONS AND FINAL REMARKS

Some multiblock methods have been described mathemati-

cally and illustrated with an example. CPCA-W and GPCA

have clear optimization criteria, but this does not hold for

CPCA, HPCA and HPCA-W. The methods CPCA and

HPCA-W behave very similarly. This holds also for CPCA-

W and HPCA on the one hand and for CPCA-W and GPCA

on the other hand. The explained variation by the block-

scores in GPCA is lower than in CPCA-W, and GPCA has

undesirable properties when blocks are present with fewer

objects than variables. This makes GPCA an unattractive

alternative to CPCA-W.

One of the difficulties with multiblock methods is how to

evaluate their performance. The data set in this study is too

small to perform all kinds of stability tests. However, initial

calculations indicate that CPCA, HPCA and HPCA-W are

sensitive to starting values. A thorough analysis of the cause

of this problem is not possible owing to the limited sample

size of the case study, but an extensive simulation study is in

progress.

For this problem, CPCA-W is probably the best choice. It has

a clear optimization criterion, has built-in fairness and is not

sensitive to starting values owing to its non-iterative nature.

Answers to the questions posed in Section 3.1 cannot

easily be given. Concentrating on the CPCA-W results, the

plot of the superweights (Figure 4(a))shows that the basic

tests are interchangeable. Probably only one basic test, the

acidic test and the neutral test are sufficient. The interpreta-

tion of the blockscores and blockloadings of CPCA-W is

hampered by their non-orthogonality. This is the subject of a

follow-up paper.

APPENDIX I. NOTATION

Scalars in italic lowercase; vectors in bold lowercase; ma-

trices in bold uppercase; three-way arrays in bold under-

lined uppercase.

Symbol Size Content

Xb I � Jb bth block

xbjb I � 1 jbth variable in block Xb

X I �
PB

b¼1 Jb concatenation of X1; . . . ;XB

Tb I � Rb blockscores of block b

Pb Jb � Rb blockloadings of block b

Wb Jb � Rb blockweights of block b

Tsup I � R superscores

tsup;r I � 1 rth superscore

tbr I � 1 rth blockscore of block b

pbr Jb � 1 rth blockloading of block b

Tr B� 1 collected blockscores of rth

dimension (CPCA and HPCA)

wr B� 1 superweights of rth dimension

(CPCA and HPCA)

b ¼ 1; . . . ;B scalar running index for blocks

i ¼ 1; . . . ; I scalar running index for objects

j ¼ 1; . . . ; Jb scalar running index for variables in

block b

r ¼ 1; . . . ;R scalar running index for dimension

(latent variable)

B scalar number of blocks

I scalar number of samples

Jb scalar number of variables in block b

R scalar number of superscores

cb scalar amount of explained variation

in block b

APPENDIX II. PROPERTIES

AII. 1. Proof of Equation (8)
At convergence of the CPCA algorithm (steps (e), (f) and (h)

it holds that

tsup / TTTtsup ¼
XB
b¼1

tbt
T
b tsup ð21Þ

where the symbol / indicates ‘proportional to’. Anticipating

other methods, Equation (21) also holds for CPCA-W, HPCA

and HPCA-W. For CPCA it holds that

tb ¼ Xbpb pT
bpb

� ��1

¼ XbX
T
b tsup tTsuptsup

� ��1
tTsupXbX

T
b tsup

� ��1
tTsuptsup

� �2

¼ c�1
b Sbtsup ð22Þ

using Equation (9). It also follows that

tTb tsup ¼ c�1
b tTsupSbtsup ¼ tTsuptsup ð23Þ

Hence

tsup /
XB
b¼1

tbt
T
b tsup /

XB
b¼1

tb ¼
XB
b¼1

c�1
b Sbtsup ð24Þ

which shows that tsup is an eigenvector of
PB

b¼1 c
�1
b Sb, a

weighted sum of the block cross-product matrices. The

corresponding eigenvalue � can be found by premultipying

the eigenvalue problem by tTsup :XB
b¼1

c�1
b Sbtsup ¼ �tsup

) tTsup

XB
b¼1

c�1
b Sbtsup ¼ �tTsuptsup

) � ¼
XB
b¼1

1 ¼ B ð25Þ

From (24) it is clear that tsup is proportional to a simple

summation of the blockscores tb. Hence the weight

vector w must be proportional to the unity vector 1. Normali-

zation of w in original CPCA then requires w ¼ B�1=21

(Equation (7)).

In modified CPCA (where the superscores are normalized

to length one) it holds that tsup ¼ B�1
PB

b¼1 c
�1
b Sbtsup ¼

B�1
P

tb, hence wb ¼ B�1, giving w ¼ B�11 (Equation (10)).

The weights for CPCA-W can be calculated along similar

lines. Assuming that tsup is normalized to length one, and
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omitting the normalization of w, the element wb of

w ¼ ðw1; . . . ;wBÞT becomes

wb ¼ tTb tsup ¼ pT
bX

T
b tsup

¼
XT
b tsup

tTsupXbX
T
b tsup

� �1=2

0B@
1CAXT

b tsup

¼
tTsupXbX

T
b tsup

ðtTsupXbX
T
b tsupÞ1=2

¼ tTsupXbX
T
b tsup

� �1=2
¼ kXT

b tsupk ¼ kpbk ¼ c1=2
b

ð26Þ

AII. 2. Proof of equivalence of CPCA-W
and SUM-PCA (Equation (12))
After convergence of the CPCA-W algorithm it holds that

tb ¼ Xbpb

¼ XbX
T
b tsup tTsuptsup

� ��1
tTsuptsup

� �
tTsupXbX

T
b tsup

� ��1=2

¼ XbX
T
b tsup tTsupXbX

T
b tsup

� ��1=2
¼ c�1=2

b Sbtsup ð27Þ

using again that tsup has length one. Inserting this result into

(21) yields the eigenvector problem

tsup /
XB
b¼1

tbt
T
b tsup ¼

XB
b¼1

c�1
b Sbtsupt

T
supSbtsup

¼
XB
b¼1

Sbtsup ð28Þ

which is equivalent to the SUM-PCA problem (Equation (3)).

AII. 3. Proof of Equation (14)
At convergence of the HPCA algorithm it holds that

tb ¼ Xbpb ¼ XbX
T
b t ¼ Sbt ð29Þ

Inserting this result into (21) yields the eigenvector problem

tsup /
XB
b¼1

tbt
T
b tsup ¼

XB
b¼1

Sbtsupt
T
supSbtsup

¼
XB
b¼1

cbSbt ð30Þ

showing tsup as an eigenvector of
PB

b¼1 cbSb. The correspond-

ing eigenvalue can be found by premultiplying Equation (30)

by tTsup:

�tTsuptsup ¼ tTsup

XB
b¼1

cbSb

 !
tsup ,

� ¼
XB
b¼1

cbt
T
supSbtsup ¼

XB
b¼1

c2
b ð31Þ

AII. 4. Proof of Equation (15)
At convergence of the HPCA-W algorithm it holds that

tb ¼ Xbpb=kXbpbk

¼ XbX
T
b tsup= tTsupXbX

T
bXbX

T
b tsup

� �1=2

¼ Sbtsup tTsupS
2
btsup

� ��1=2
¼ d�1=2

b Sbtsup ð32Þ

where db ¼ tTsupS
2
btsup. Inserting Equation (32) into (21) yields

the eigenvector problem

tsup /
XB
b¼1

tbt
T
b tsup ¼

XB
b¼1

d�1
b Sbtsupt

T
supSbtsup

¼
XB
b¼1

cbd
�1
b Sbtsup ð33Þ

Equation (33) clearly shows of which expression tsup is an

eigenvector. The corresponding eigenvalue can be found by

premultiplying Equation (33) by tTsup:

�tTsuptsup ¼ tTsup

XB
b¼1

cbd
�1
b Sb

 !
tsup

) � ¼
XB
b¼1

c2
bd

�1
b ð34Þ

AII. 5. Proof that PCA maximizes summed
covariances (or correlations)
Let Z ¼ ½z1; . . . ; zJ� ðI � JÞ be column-centered and t1 be the

first principal component of Z. Then covðzj; t1Þ ¼ ð1=IÞtT1 zj.
Hence

XJ
j¼1

cov2ðt1; zjÞ ¼
1

I

� 	2XJ
j¼1

tT1zj
� �2

¼ 1

I

� 	2XJ
j¼1

tT1zjz
T
j t1 ¼ 1

I

� 	2

tT1
XJ
j¼1

zjz
T
j

0@ 1At1

¼ 1

I

� 	2

tT1ZZ
Tt1 ð35Þ

and the last form of (35) is exactly what PCA maximizes. For

autoscaled Z and varðt1Þ ¼ 1 the covariances are correla-

tions. The second principal component t2 is found orthogo-

nal to t1 and using a similar expression.
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