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The model for three-mode factor analysis is discussed in terms of newer
applications of mathematical processes including a type of matrix process
termed the Kronecker product and the definition of combination variables.
Three methods of analysis to a type of extension of principal components
analysis are discussed. Methods I and III are applicable to analysis of data
collected for a large sample of individuals. An extension of the model! is de-
scribed in which allowance is made for unique variance for each combination
variable when the data are collected for a large sample of individuals,

Extension of the two-mode factor analytic model to three or more modes
of data clagsification has been suggested by Tucker. Initial discussions of
this development appear in the monographs: Problems in Measuring Change
[8] and Coniributions to Mathematical Psychology [9]. The latter of these two
monographs gives the basic mathematical structure of the proposed model.
A further discussion of the mathematical structure was given by Levin in
his PhD dissertation Three-mode factor analysis [4]. Results of experimental
trials of the method were reviewed by Tucker in a paper read at the 1964
Invitational Conference on Testing Problems [10]. Since the Tucker and Levin
descriptions of the mathematical structure of the model and analysis pro-
cedures, there have been several mathematical developments which add
power and clarity to the structure of the model. The structure of the three-
mode factor analytic model is discussed here in terms of the newer mathe-
matical statements. A further refinement to be considered involves allowances
for a type of unique variance related to errors of measurement. A fictitious
body of data is used to illustrate several points.

Remarks on Notation

In the development of the three-mode factor analysis model it has been
found quite useful to adopt several rather unique features of notation. Some
of these notational items are at variance with common mathematical usage
but have been found helpful in consideration of some relatively complex
relations. Much of standard summational and matrix notation has been
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retained. Following is a summary of notational items relevant to the present
statement of the model.

A first item is the use of the word mode. Tucker introduced this term to
denote “a set of indices by which data might be classified” ([9], p. 112). For
example, the scores of a sample of individuals on a battery of tests could be
classified by the individuals in the sample and cross-classified by the tests
in the battery. The individuals in the sample would be the elements of one
set, of indices by which the scores are classified; thus, the sample of individuals
would constitute one mode of the data. A second mode of this data would be
the battery of tests. The test scores could be arranged in a rectangular table
with rows for individuals and columns for tests. Such an arrangement will
be termed, in the present context, a two-mode matrix. If the battery of tests
were administered to the sample of individuals on several occasions, the set
of occasions would be considered as a third mode. The data, now, could be
arranged in a rectangular prism or box with horizontal strata of cells for
individuals, vertical strata parallel to the end planes for tests, and vertical
strata parallel to the front plane for occasions. Such an arrangement will be
termed a three-mode matrix. In general, an n-mode matrix would involve
cross-classification of the data on n sets of indices, or modes. Each datum
would correspond to an element of the Cartesian product of the sets of classi-
fication indices or modes.

Each mode will be identified by a lower-case letter, for example, the letter
7 may be used for the mode for individuals in a sample. It has proven con-
venient to use this lower case letter in several related, but distinct roles:
1) as a general identification of the mode, 2) as a subscript identifying the
mode to which an element belongs, and 3) as a variable identification symbol
for the elements in the mode. An example of the first usage is a statement
such as “mode 7 is for the individuals in the sample.” An example of the
second usage is in the assignment of identification symbols 1, 2;,3;, -+ , N,
to the individuals in the sample. The identification symbol for each element
of a mode is composed to two parts, one part being a number termed the
index value of the element, designated by v(¢), and the other part being
the identification subscript for mode. It will be noted that the elements for
each mode constitute an ordered set. The index value will be utilized in any
calculations for identification of elements. The series of index values for the
elements in a mode shall consist of the integers from 1 to the number of ele-
ments in the mode. The number of elements in a mode will be designated by
the captial letter N with the subscript identifying the mode, that is, by N,,
where m is used in the present context as a generalized mode identification;
thus, N; is the number of elements in mode 7. In the third role, the letter is
used as a general, unspecified identification symbol which may be partic-
ularized to the identification symbol of each of the elements in turn. For
example, %;;; will be used as the generalized entry in the three-mode matrix
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X with the letters 7, j, and k being used as generalized identification symbols
for the elements in the three modes. The index values for elements in a mode
are designated by v(m) = 1, 2,3, --- , N, . The elements in a mode are
designated by m = 1,,,2,,3,., -+ , Np,, .

A convenient notational step has been to define combination modes as con-
trasted to the elementary modes indicated in the preceding paragraph. A
second-order combination mode is defined as the Cartesian product of two
elementary modes and is denoted by the letters of the two elementary modes
enclosed in parentheses. Thus, (4j) is a combination mode formed by the
Cartesian product of the elementary modes 7 and j. Each element in the
combination mode corresponds to a pair of elements from the elementary
modes, one element of the pair from each of the two modes. Every such pair
of elements from the two elementary modes corresponds to a distinct element
in the combination mode. The index-value part of the identification symbol
for each element in a combination mode is computed over the index values
of the identification symbols of the corresponding paired elements of the
elementary modes. The form of the equation is given below.

¢y (@) = @) — 1IN; + ().
An illustration of this computation is given below for N; = 2 and N; = 3.

Identification Symbols for

Elementary Modes Combination Mode

T )
]." 1,‘ l(t'i)
1; 2; 260
1; 3; 3Gn
2; 1; Aiihy
2 2; Sin
2-' 37’ 6(l'i)

The order (z7) may be read as “i-outer loop, j-inner loop.” This definition
is compatible with computer calculation of subscripts. It is to be noted that
(¢j) and (j2) contain the same elements but with a change in order and corre-
sponding index values. The number of elements in a combination mode is
the product of the numbers of elements in the elementary modes:

(2) N(u) = NiN:' .

A matrix will be designated by a capital letter; an element in the matrix
will be designated by a lower-case letter, with subscripts indicating the loca-
tion of the element in the matrix. The first subscript will designate the row
mode of a two-mode matrix or the horizontal strata mode of a three-mode
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matrix. The second subscript will designate the column mode for a two-mode
matrix or the vertical strata mode parallel to the end planes of a three-mode
matrix. The third subscript for an element of a three-mode matrix will
designate the vertical strata mode parallel to the front plane of the matrix.

A notational device that has been found to be especially useful for two-
mode matrices is to pre-subscript the letter for the matrix with the letter
for the row mode and to post-subscript the matrix letter with the letter for
the column mode. Thus, ;4,, is the matrix having entries a,,, , such as entry
7,3, in row 7; and column 3,, , with rows for mode 7 and columns for mode m.
It is to be noted that the matrix ,A4; with entries a,; is the transpose of
matrix ;A4,, . The entry in matrix ,,A; for elements 3,, of mode m and element 7,
of mode 7 is @s,,7, ; note that this entry is identical with entry a5, in matrix
A, , the modes for rows and columns of the matrices having been inter-
changed as in transposing the matrix. Thus, for fixed values of ¢ and m, a;,,
and a,; are two ways of denoting the same quantity, the first in matrix ;4.
and the second in the transposed matrix, ,4; . This notational device will
be utilized to designate the transpose of a matrix.

The use of subscripts here is at variance with common mathematical
practice. Commonly, a matrix such as A4 is defined to have rows for one mode
and columns for a second mode. The subscripts for the elements are used in
common mathematical notation solely as indices; thus, z could be used as a
row index to designate individual if the row mode were individuals and be
used as a column index to indicate factor if the column mods were factors.
In the first case 7 would be the first subsecript and in the second case 7 would
be the second subscript. In contrast, in the present notation, any given letter
will designate a particular mode and the arrangement of the matrix will
change with a change in location of the subsecript. This change in notation
permits the use of matrix letters to designate classes of matrices with the
particular matrix in the class being designated by the modes involved. For
example, A may be used to designate factor coefficients for individuals by
factors. If m designates one set of factors and m* designates another set of
factors, the matrix ;4, will designate the coefficients for individuals ¢ and
factors m while the matrix ;4 ,,. will designate the coefficients for individuals
¢ and factors m* As noted previously, the transpose of a matrix may be
designated by interchange of the pre-subscript and the post-subscript. The
letter A would still designate the class of matrix by the class of entries it
contains.

Another convenience offered by the notation is in the representation of
three-mode matrices. Let X be a three-mode matrix for modes <, j, and %
with elements z,;, . Consider use of the combination mode (¢j). Then, the
" three-mode matrix may be written as a two-mode matrix with rows for the
combination mode and columns for the third mode. This matrix could be
denoted as ;;; Xy . The same matrix can be written, also, as the two-mode
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matrix (;,X; by use of the combination mode (k) for rows and mode j for
colurnns. When the order of the elementary modes is considered along with
the possible pairs of three things taken two at a time, that is, when the per-
mutations of three things taken two at a time are considered, and when the
possibility is considered that the combination variable can be used as the
row mode or the column mode, there exist twelve ways that the three-mode
matrix may be written as a two-mode matrix. The chosen notation is helpful
in dealing with these cases.

In a matrix product of two-mode matrices, the post-subscript of the
first matrix must conform with the pre-subscript of the second matrix.
This matrix multiplication follows the usual convention of an entry of the
product matrix equalling the sum of products between entries in a row of the
first matrix with entries in a column of the second matrix. Consequently, the
common subseript for the two matrices will be written only once. For example,
the matrix product of matrices ;4; and ;B, will be written as .A,;B; . This
product yields the matrix ;C) with row mode ¢ and column mode k.

A matrix operation that has not been used extensively in psychometrics
but which has been found especially helpful in the present context is the
direct product or Kronecker product of two matrices. For a discussion of the
direct product or Kronecker product see MacDuffee ([6], pages 81 ff.) or
Bellman ([1], pages 226 ff.). Consider the two matrices .4, and ;B, with
elements a,,, and b;, . Let the entries of a matrix (;;,H (., be ki mypy which
are defined in terms of the entries of ;4,, and ;B, by

(3 hiiyimpy = Gimbip -
The matrix notation for this operation will be
(4) i mm = iAn X B, .

The Kronecker product matrix may be written as a supermatrix containing
submatrices proportional to the matrix ;B, , the second matrix of the product.
The constants of proportionality are the elements of the first matrix (4, .
Thus, rectangular representation of the Kronecker product matrix is given
below.

(@0 By (@120 iB) (@153, iB,) -
(@251, iB5) (@220 iB) (@23, iBy) < -

7 H mp) —
(HT e (aaalm in) (a352u :‘Bp) (a353m :‘Bp) e

It is to be noted that the modes of the Kronecker product matrix are com-
bination modes obtained from the modes of the matrices involved in the pro-
duct. The row mode of the Kronecker product is obtained from the row modes
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of the matrices involved, the outer loop mode of the combination being the
row mode for the first matrix and the inner loop being the row mode for the
second matrix. The column mode of the Kronecker product is similarly a
combination mode of the column modes of the matrices involved in the
product.

Several propositions concerning the Kronecker product are important
to the use of this operation in three-mode factor analysis. These propositions
will be described here without proof. Bellman [1] discusses the less obvious
propositions.

a) The transpose of a Kronecker product matrix equals the Kronecker
product of the transposes of the original matrices in the same order as in
the original product. Compare (6) with (4).

(6) (m:n)H(ii) = .4; X pBi .

b) If the matrices 4, and ;B, are square and symmetric, then their
Kronecker product (;;)H (p Will be a square, symmetric matrix.

¢) If the matrices ;A, and ;B, are diagonal matrices, their Kronecker
product will be a diagonal matrix containing products of pairs of diagonal
elements, one member of the pair being a diagonal entry in ;4,, and the other
member of the pair being a diagonal entry in ;B, , for all possible such pairs.

d) The proposition of (7) is true for Kronecker products.

(7) (-AmSn) X (z'Bqu) = (a'Am X in)(mS» X PTG)’

e) If matrices ;4,, and B, possess left inverses, the left inverse of their
Kronecker product is the Kronecker product of their left inverses in the same
order; that is, if

wAlA, = I, and BB, =,I,,

where A and ,B : are the left inverses of ;A,, and ;B, aud where ,,1,, and I,
are identity matrices, then

(8) (mA:r X pB;)C’Am X in) = (mp)I(mv) y

Wwhere (mml(mp» 18 an identity matrix. Note that the left inverse matrix is
denoted by a dagger and that the subscripts indicate row and column modes
of this matrix.

f) If the matrices ;4,, and ;B, are column-wise sections of orthonormal
matrices, their Kronecker product will be a column-wise section of an ortho-
normal matrix. This proposition is a special case of the preceding proposition
and occurs when ,A| is the transpose of ;4,, and ,B] is the transpose of ;B, .

g) The relation of the characteristic roots and vectors of two square,
symmetric matrices to the roots and vectors of their Kronecker product is
of considerable importance. Let the two matrices be ;P; and ,Q, and let their
Kronecker product be (1, S as given in (9).
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(9) in X Ich = (ik)S(iIc) .

Let the matrices ;P; and Q. be resolved into their characteristic roots and
vectors as in (10).

(10) P; = ;B,P,B; and Q. = CQ.L:,

where the matrices ,P, and @, are diagonal matrices containing the charac-
teristic roots of ;P; and ,Q, , respectively, and the matrices ;B, and ,C, con-
tain, as column vectors, the characteristic vectors of ;P; and @, , respectively.
The characteristic vectors are unit vectors so that

(63)) BB, = ,I, and [C.C, = .I,.

Let the matrix (;, S be resolved into its characteristic roots and vectors
as in (12).

(12) (ik)S(ik) = .(ik) V(PQ)S(DG) V(ik) '

where 0S8, 15 a diagonal matrix containing the characteristic roots and
an Vo contains, as column vectors, the characteristic vectors of (xS -
The characteristic vectors are unit vectors so that

(13) (ra) V(m V(zza) = (pa)Im) .
The interesting relations are given by (14) and (15).
(14) (w)S(W) = vPv X aQa .
(15) o Voo = B, X 0o .

These relations are developed from substitution from (10) into (9) and use
of propositions (c¢) and (f). Thus, the matrix of characteristic roots of the
Kronecker product matrix is the Kronecker product of the matrices of char-
acteristic roots of the two matrices involved in the product; and the matrix
of characteristic vectors of the Kronecker product matrix is the Kronecker
product of the matrices of characteristic vectors of the matrices that enter
into the product.

Fundamental Model for Three-Mode Factor Analysis

A body of data to which three-mode factor analysis would be applied
can be recorded in a three-mode matrix X which has cell entries z;;, . One
example of such a body of data was used as an illustration in the section
Remarks on Notation and consisted of scores of a sample of individuals on a
battery of tests on several occasions. A second example could be the ratings
of a sample of individuals on a selection of traits by several raters. A third
example could be ratings by a sample of individuals on a selection of bipolar
adjective scales of a selection of concepts as is done in studies using the
gsemantic differential developed by Osgood, Suci, and Tannenbaum [7]. In each
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of these cases, the data consist of numerical values which are identified by
three modes of classification. These modes are directly related to the observa-
tion of the data and may be termed observational modes. These observational
modes will be designated as mode ¢, mode j, and mode k.

A convenient form in which to list the data is as a two-mode matrix
with elementary mode ¢ for rows and combination mode (jk) for columns.
This is matrix ;X . Table 1 gives observed scores in a matrix ;X ;, for a
fictitious example that will be used to illustrate these notes.

Since, in practice, an allowance should be made for discrepancies in
fitting a model to observed data, such an allowance is symbolized in the
present context by letting £,,, be the value obtained from the model and
¢::x be the value of the discrepancy. Then

(16) Tiin = o+ € )

It is desirable, of course, that the discrepancies should be very small. In the
present conception, a major contribution to £;;, will be made by a component
labeled £;;; to be discussed in this section. Other components of limited scope
and having very limiting definition may be added to the #,;. to produce the
£:5% . Such a component will be introduced in the last section of this paper.
For theoretical purposes in the present section, the conceptual measures £;;;
will treated as if known. Later sections will treat problems of fitting the
model to data.
The model for #,;;, written in summational notation, is

(17) Eiie = Z Z Z aimbizzckﬂgmnq .

In this model, three derivational modes, m, p, and ¢, are defined as con-
ceptually more basic than the modes employed in making the observations.
Each of these derivational modes corresponds to one of the observational
modes: m corresponding to ¢, p corresponding to j, and ¢ corresponding to k.
Each of these derivational modes can be thought of as a set of factors in the
domain of the corresponding observational mode. An alternate interpretation
1s to think of each derivational mode as consisting of conceptual, or idealized
categories corresponding to the observational mode. Thus, if the observational
mode 7 1s used to designate individuals in a sample, the derivational mode m
can be thought of consisting of factors among individuals or of conceptual,
or idealized individuals. It is hoped that the number of elements in each
derivational mode will be markedly less than the number of elements in the
corresponding observational mode. This hope is prefaced by the condition
that a sufficiently large number of elements are included in each observational
mode from the domain of elements that might be included.

The coefficients a.,. , b;, , and ¢, are entries in two-mode matrices
A, B, , and ,C, . These coeflicients describe the elements in the observa-
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tional modes in terms of the elements in the derivational modes. The coeffi-
cients ¢,.,, are entries in the three-mode matrix G which is termed the “core
matrix.” Just as in the original three-mode matrix, X, in which each cell
represents a particular combination of categories from the observational
modes and the entry is a measure of a phenomenon whose value depends on
the combination of categories, in the same way each cell in the core matrix,
@, represents a unique combination of categories from the derivational modes
and the entry is a measure of the phenomenon for this combination of cate-
gories. The core matrix can be thought of as describing the basic relations
existent in the measures of the phenomenon being observed. The two-mode
matrices ;4. , ;B, , and .C, transform the statements of these relations from
applying to the more basie derivational modes to applying to the observational
modes. The interrelations among elements of one of the observational modes
depend, in part, on the similarity of their relations to the derivational modes,
and, in part, to the relations in the core matrix.

The fundamental model given in (17) can be written in terms of two-
mode matrices by use of combination variables and Kronecker products.
Three such interpretations are

{18a) X = iAnGoobB; X O,
(18b) iX(ik) = inG(mq)(mAi x qok)v
(180) kX(:'i) = kCaG(mp)(mAi X DB:f)‘

These three forms involve using each of the observational modes as the row
mode for the matrix X and the other two observational modes as a combina-
tion mode of the two-mode matrix. The core matrix G is correspondingly
arranged to the matrix X in each of these equations, taking into account the
correspondence of observational modes to derivational modes. In each of
these equations, the elementary derivational mode used as the row mode for
the matrix G is transformed by the appropriate two-mode matrix to the
observational mode used as the row mode of matrix X. For example, in
(18a), the two-mode matrix ;A,, transforms the row mode m of matrix @
to the row mode ¢ of matrix X.

An interesting point in (18) is the natural way the use of combination
modes in writing three-mode matrices as two-mode matrices is conformal
with the use of the Kronecker product. The development of these equations
will be illustrated with the development of (18a) from (17) which can be
rewritten as

(19) xiik = Z Aim Z Z gmvv(bizacka)'

When the portion of the right term of (19) involving the double summation
over p and ¢ is written as a two-mode matrix with rows for mode m and
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columns for the combination mode (jk), the sum of products over mode m
with a;,, can be written as the first matrix multiplication on the right side of
(18a). It is to be noted that the product (b;,c.,) is an element of the Kronecker
product (,B; X C}) as per (3) and (4) with appropriate arrangement of the
subscripts. The matrix multiplication G, GB; X i) accomplishes the
double summation over p and ¢. Equations (18b) and (18¢) are similarly
developed.

Some matrix rank restrictions are convenient for the present discussions.
These restrictions may be relaxed in some restricted senses in future develop-
ments; however, they will be assumed to be satisfied for the present.

(202) Rank (fX an) = Rank (;4,) = Rank (.G40(B; X L) = Na. .
(20b) Rank (iX @w) = Rank (;B,) = Rank (,G(mp(»4: X ) = N, .
(200) Rank (kX(,',')) = Rank (,-,Cq) = Rank (QG(,M,)(,,,A; b4 pB,)) = Nq .

For justification of these restrictions, consider the first equation, (20a). A
possibility exists that the rank of ;4. is less than its column order. In this
case ;A, could be post-multiplied by a nonsingular transformation matrix
coupled with pre-multiplication of ,.G o by the inverse of the transformation
matrix. Such a transformation will not alter the product ;4.G . . This
transformation may be selected so that one or more columns of the trans-
formed ;A,, contain all zero entries. The number of columns containing non-
zero entries in the transformed 4, could equal the rank of (A, , but not
be less than the rank of ;A4, . Those columns of the transformed ;4, con-
taining all zero entries can be discarded along with the corresponding rows
of the transformed ,.G',o , thus reducing the column order of ;A, and row
order of .G, to the rank of ;A4,, . It is assumed in the specification in (20a)
that any such order reduction possibilities have been accomplished and the
possibility of the rank of ;A ,, being less than N,, is discarded. A corresponding
argument applies to the case for which the rank of .G GB; X O] is
less than the number of rows, N, . Note that, if the ranks of ;4. and
(G B X L] are N,, , then the rank of , X, is N,, also. Thus, all
possibilities violating the restrictions are discarded.

The three ranks given for the matrix X when written in three different
ways are not necessarily equal. They are connected by the interesting group
of inequalities that state that no one of the three ranks can be greater than
the product of the other two ranks. This statement results from considering
the matrix G written in each of the three ways included in (18) and (20).
Note that the number of rows of G when written in each way equals the rank
of X written in the corresponding way. The number of columns of @ is the
product of the ranks of the matrix X written in the two non-corresponding
ways. For example, the number of rows of .G, is N, which is the rank of
X (;x, and the number of columns is the product of N, and N, which are the



LEDYARD R TUCKER 289

ranks of the matrices ; Xy, and ;X i;, . If the number of rows of G written
in any of the three ways were greater than the number of columns, then the
rank of that way of writing ¢ would be equal to or less than the number of
columns and would surely be less than the number of rows. However, the
rank of G written in any of the three ways must equal the number of rows of
that way of writing G. Therefore, no one of the three values N,., N, , and N,
can be greater than the product of the other two.

An interesting group of relations may be developed from the products
defined by

(21a) g = XX,

(21b) ipi = iX(-‘k)Xi )

(21¢) @ = XunXe -

Substitution from (18) into (21) yields

(22a) S = AGo0(B;: X LBy X €0 paGnd:
(22b) J'Pi = B,G(noy(md: X L1):An X i00)maG:B;
(22¢) 1@k = 10 mn(nds X :B)(:An X B, msGiCh -
Note the use of the transpose of a Xronecker product as indicated in (6). Let
(232) wMn = 2GooGBi X L(Bs X 0 waGm »
(23b) oo = Gma(ndi X LD(An X iC)naGs
(23¢) i = Gmlndi X :B)(i4dn X iBo) (anGe -
Then from (22) and (23)

(24a) g1 = AMLA,

(24b) :P ; = iB,P,B; ,

(24c) W@ = LQL: .

The form of (24) suggests that the matrices ;4,,, ;B,, and ,C, could be
determined as factor matrices of the product matrices with the matrices
w5 P5 , and Q, being analogous to covariance matrices among the factors.
This is, in fact, a legitimate interpretation. Any method of factoring that
produces factor matrices in which the number of columns is equal to the rank
of the matrix being factored may be used. Application of principal axes
factoring will be discussed in a subsequent section. Before discussing this
topic further, it is necessary to consider possible transformations of the deriva-
tional modes.

Let the matrices ,Tpe , ;T , and T'.« be square, nonsingular matrices
and let
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(253') o‘Ame‘ = iA m*
(25b) ,'Bprt = ,‘B p*
(250) quTq. = qut .

The m*, p* and ¢* are transformed derivational modes and the matrices
A, iBye , and C,. contain coefficients describing the observational mode
elements in terms of the transformed derivational modes. The inverse trans-
formations are

(2634) o'Am'(me')_l = l'Am ’
(26b> :'Bv'(pr‘)—l = in ’
(260) kCQt(qth)—l = qu N

It is to be noted the row modes and column modes must be interchanged
when inverting a matrix. Substitution from (26) into (18a) yields

(273') “X(ik) = -‘Am*(me‘)_lmG(pa) [(D‘Tp)_lp‘Bi x (Q*Ta)hla‘ok]'
Use of the proposition of (7) concerning Kronecker products yields

(283') iX(ik) = iAm‘(MTvn‘)_lmG(w)[(D‘Tv)-l X (a'Ta)_l](p*Bi X Q"Ck)'
Let

(29a) wGoay = (Tme) wG oo [ T) ™ X (0T,
(29b) wGimearr = GTo0) oG imar [(weT) " X (T,
(29¢) G imepry = (Ta) 7 G iy (e T) ™" X GoT) ']
Substitution of (29a) into (28a) yields

(30a) Kin = iAmGoran(nB; X oCh).

Equation (29a) gives the transformed G matrix that is developed in steps
involving (27a), (28a), and similar statements may be made for the other
two modes. Equation (30a) indicates that the use of the transformed two-
mode coefficient matrices and transformed core matrix G reproduces the
model in the form of (18a). The other two equations of group (30) would
demonstrate the same point.

Equations (29) yield the same transformed G matrix written in the
three ways as two-dimensional matrices. Once the transformation matrices
are determined by some rotation of axes procedure, the transformed @ matrix
can be determined by some one of the set (29).

Tracing through the effects of the transformations on the matrices
oM, P, , and @, produces the following transformed matrices to maintain
the form of (23) and (24) for the transformed coefficient matrices and core
matrix.
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(31a) M pr = (T oM (T ™"
(31b) S (pTv')-lva(»‘T» -
(310) ol = (aTa‘)_laQq(a‘Ta)*l'

The existence of the flexibility afforded by the freedom of transformation
permitted by the model is both important and the source of many problems.
There is a lack of uniqueness. This gives rise to many problems yet to be
solved. It is important to recognize and to remember this lack of uniqueness
and the resultant freedom of transformation.

One example of the utilization of the freedom of transformation is in
choice of factoring methods to be applied to the product matrices ;7 , ;P; ,
and ,§, . For example, let the transformations be so chosen that .M ,. is an
identity matrix. Then the transformed (24a) would be

4M; = ,-Ach,- .

This is in standard form for many of the methods of factor analysis, such as
principal axes, centroid, and sguare-root. Each method implies a different
transformation.

Determination of the matrices ,7,. and ,T,. by rotation of matrices
;B, and ,C, to simple structure has seemed to be successful for several studies.
In these studies, the mode 7 has been used to represent individuals. Either
the matrix ;A4,, was not determinate as discussed in a subsequent section or
the rotation to simple structure was not markedly successful. An alternate
method of rotation for determining the ,,T,. matrix was to rotate the core
matrix to simple structure. This met with moderate success. While the formal
aspects of the transformation of derivational modes are indicated in the
preceding ‘discussion, the practical problems of determination of these trans-
formations are yet to be solved.

Up to this point, the discussion has involved the relation of three-mode
matrix X to the core matrix G. The inverse relation will be discussed in this
paragraph. In this discussion, the left inverses of the matrices ;4. , ;B, , and
+C, will be used. These left inverses are defined by

(32&) mAr = (mAiAm)—lmA
(32b) B = (,BB,),B; ,
(32¢) i = (0:C)7Cs

The existence of these inverses is assured by the conditions placed on the
ranks of the matrices in (20). Proposition (e) as to Kronecker products yields
left inverses of the Kronecker products of the coefficient matrlees Use of
these inverses in (18) yields

(832) wAIX 0By X L) = wBn »
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(33}3) pB:‘X(.'k)(.'A; X kC:) = PG(ma) ’
(33¢) Ci%inGAn X B = G -

Equations (33) reinforce the idea that the matrices X and @ are related by
linear transformation by two-mode matrices of coefficients for each of the
three corresponding pairs of modes, ¢ with m, § with p, and k with q. It appears
reasonable to say that the core matrix G is a transformation of the matrix X.
The reverse statement is proper also.

The following inverse relations may be noted for the product matrices
M, ;P;, and Q. .

(342) ATAL = M, ,
(34b) BiP.B, = ,P,,
(340) cC;GkC: = aQa .

These equations are obtained from (24).
A group of important structural relations occur when the coefficient
matrices are column-wise sections of orthonormal matrices; that is, when

(35) wdid, = 1, 3 ,B,-B,, = zaIp ; aCqu = ch .

Then the left inverses defined in (32) are the transposes of the coeflicient
matrices. Then, the Kronecker product of pairs of these coefficient matrices
are also column-wise sections of orthonormal matrices, as per proposition (f)
concerning Kronecker products.

Refer to (23). The products of Kronecker products on the right-hand
side of these equations are identity matrices for this case and can be deleted
so that these equations become

(3634) mMm = mG(pa)Gm ’ - -
(36b) oLr = GimoGe
(36¢) & = GimpGa -

It is interesting to note that the matrices M, , P, , and @, are product
matrices of the core matrix G written in the three ways. Thus, (24) and (34)
give transformations between corresponding product matrices for X and G.

Due to the rank statements of (20) and to the coefficient matrices being
column-wise sections of orthonormal matrices, the traces of corresponding
pairs of these product matrices are equal.

(372) tr (M) = tr (M),
(37b) tr (P,) = tr Py,
(370) tr (ka) = tr (GQG)’



LEDYARD R TUCKER 293

where, for example, tr (;47;) denotes the trace of matrix ,47; , which is the
sum of the diagonal entries of this matrix. Note that the diagonal entries
in each product matrix are the sum of squares of the entries in the correspond-
ing rows of the matrix forming the product in (21) or (36). Therefore, the
trace of each product matrix equals the sum of squares of the entries in the
entire matrix forming that product matrix, A consequence of these relations
is that the sum of squares of the entries in the matrix X equals the sum of
squares of the entries in the core matrix G.

(38) .Z,Zkzx?’k= ;pz;gfmw'

This is a most interesting relation between these two matrices.

Some further important relations for the case when the coefficient
matrices are column-wise sections of orthonormal matrices occur when the
transformations from matrix X to matrix G are taken in steps. Let

(39) me:) = mA-‘X(ik) = mG(pw)(pBi X aCh):

where the second equation is obtained from (18a). A rewritten form of (39)
follows where there is a change in the formation of the combination variables
used as column modes for the two-mode matrices.

(40) Ko = iXin(dn X i) = B,Gmo(nla X L)
Note that

:’X(mk)Xi = iX(ik)<iAm x ka)(mAl' x ka)({k)X,' .

When it is noted that the Kronecker product on the right-hand side is a section
of an orthonormal matrix so that the product of Kronecker products produces
an identity matrix which may be deleted, then

(41) iX(mk)Xi = :'X(ih)Xi = :Pi .

Thus, the product matrix ;P; defined in (21b) is not affected by an ortho-
normal transformation applied to the mode . The same conclusion could be
obtained by an orthonormal transformation on mode k. A more general form
of this relation is obtained by defining matrices of the form

(42) 1Ry = 1 mir(aln X By) = 1L An X By).
It can be shown by steps like those between (40) and (41) that
(43) kX(mp)Xk = EX(;,')X;; = ka .

The general proposition is that the product matrix for any one mode is in-
variant over orthonormal transformations applied to other modes of a three-
mode matrix. Use of this proposition will be indicated in the next section on
factoring a three-mode matrix by an extension of the method of principal axes.
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Factoring by Characteristic Roots and Vectors

The preceding section has treated the fundamental structure of the model
employed in three-mode factor analysis. In this section and the next, the
focus of attention will be on operational matters of procedures for fitting the
model to observations. The particular procedures to be described will be
based on determination of characteristic roots and vectors of various
product matrices. These procedures are an outgrowth of the principal com-
ponents and principal axes factoring procedures commonly applied in two-
mode factor analysis. They are based also on the development by Eckart
and Young {3] on the approximation of one matrix by another of lower rank.
In the present section, the &;;, will constitute the £;;, of (16).

One matter considered as external to three-mode factor analysis, but of
considerable importance to the analysis for each body of data is the scaling
of those data. The model is written in terms of sums of squares and sums of
products of the observations. If a reasonable origin of measurement exists
for a particular body of data, the experimenter may find it preferable not
to use deviation scores but to use the original measures. In this case, the
model would be approximating the original observations and not just the
deviations from some mean. In another case, it may be reasonable to consider
that all measures for one of the variables in a mode such as j involve a single
scale of measurement irrespective of the elements of the other modes. How-
ever, this scale may involve an arbitrary origin and unit of measure. Then,
the measures for this variable might be transformed to standard scores over
all measures for this variable. For example, suppose that the data consisted
of scores of a sample of individuals, mode 7, on tests in a battery, mode j,
given on several occasions, mode k. A distribution of scores could be tabulated
on each test in which the score of each individual on each occasion was
entered separately from his score on each other occasion. Thus, each individual
would be represented by N, scores on this distribution. All scores on the
distribution could be transformed to deviation scores with unit variance.

A third alternative exists when the measurement for each variable in
mode j is considered to be on a different scale for each occasion or situation
in mode k. Then the scores for combination variables (jk) could be separately
standardized. In general, decisions on scaling of each particular body of
data should be considered in terms of characteristics of the data. The model
is not particularized to a single type of scaling of the data.

For many applications of three-mode factor analysis, one mode of the
data will consist of individuals in a sample. In these cases mode ¢ may be
used to represent the sample with N, being the number of individuals in the
sample. It appears to be desirable to consider all scores divided by VN,
before entering it into the three-mode factor analysis. Suppose that y.;
represents the data appropriately scaled, for example, as standard scores
for each variable. Then, let
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1
(44) Tk = W Ysse »
This is done so that matrices such as ;P; contain mean squares and mean
products in the sense given below.

1

(45) iPi = :'X(-ik)Xi = N?i

If product matrices are computed for the scores y,;; , these product matrices

should be divided by N; to produce the product matrices for scores z; ;. .
The general strategy of the procedures to be discussed is to develop

transformations on the observed data so that the following properties hold.

1) The transformations are of the form of the three-mode factor analysis
model.

2) These transformations are column-wise sections of orthonormal
matrices.

3) The contribution of successive elements of the derivational modes
to the total sum of squares is in decreasing order.

4) The coefficient matrices along with the core matrix account in full
for the observed data.

Then, the approximation is developed by truncation of each derivational
mode in such a way as to retain only those elements that make nontrivial
contributions to the sum of squares of the observed data. The foregoing
statement is not as strong as corresponding statements for principal com-
ponent factoring of two-mode matrices. Even though the computations in
the following procedures involve steps analogous to steps in principal com-
ponents analysis, these procedures do not produce a least-squares approxima-
tion to the data. Investigations of the mathematics of a least-squares fit for
three-mode factor analysis indicate a need for an involved series of successive
approximations. The strict least-squares fit to the data will not be considered
in this report.

In order to specify the strategy in more detail, the following observed
product matrices are defined.

(46&) M, = iX(z‘k)Xs' s
(46b) Pi = XuwX;,
(46¢) W@ = XXy .

Consider the characteristic roots and vectors of these observed product
matrices and let the modes for these dimensions be m, , p, , and ¢, with
N.., N,, , and N,, as the number of nonzero roots. Note that all roots of
product matrices will be diagonal entries in the diagonal matrices ,,, M, ,
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2aPp 5 and 4,Q,, . Also, let the roots for each matrix be arranged in descending
order. Further, let the vectors corresponding to the roots be entered as
columns in the matrices ;4,,, , ;B,. , and C,, . Then

(4:73) c‘Mc' = c'Am,Mm,Ai ’
(47b) iPi = ti,PmBi ?
(470) ka = kCanQa.Ck .

The core matrix may be obtained by a formula analogous to (33a), remem-
bering that the coefficient matrices are column-wise sections of orthonormal
matrices so that their left inverses are their transposes.

(48) m.G<p.a.) = m.AeXuk)(in. X qu,)-

Since all nonzero roots are retained, a precise fit to the observed data matrix
«X (i»y 18 obtained by an extension of (18a).

(49) -'ch) = -‘AMaG(ma:)(ﬂ-Bi X a.Ck)-

The foregoing analysis could be termed the complete model for the observed
data and all of the propositions developed in the preceding section could be
applied.

According to (36a) each root in matrix ,,,M,., is 4 sum of squares of
entries in a horizontal plane in the core matrix G. Similarly by (36b) aud (36¢),
each root in matrix ,,P,, is the sum of squares of entries in a vertical plane
of @ parallel to the end planes and each root in ,,Q,, is the sum of squares of
entries in a vertical plane parallel to the front plane of G. Since the roots are
arranged in descending order in each matrix, the lower planes, the right
planes, and the rear planes should contain small entries. Consequently, some
of these planes could be deleted without markedly reducing the total sum of
squares of the entries in the matrix @. It was shown in the discussion asso-
ciated with (37) that the sum of squares of the X matrix for any given G
matrix equalled the sum of squares of the G matrix provided, as in the present
case, that the coefficient matrices were column-wise sections of orthonormal
matrices. It is proposed to define the approximation model by truncating
the modes m, , pq , and ¢, by deleting elements corresponding to small roots.
The modes for the approximation, then, will contain the first N,, , N, , and ¥,
elements from the modes from the complete model. No precise way has been
developed for the decision as to what elements should be retained in the
approximation model. This is the same problem as the number of factors
problem in two-mode factor analysis.

A major problem in the foregoing determination of the approximation
model stems from the fact that each entry in the G matrix is in three planes.
Thus, an entry may contribute to the sum of squares for one, two, or three
small roots, one root being from each of the modes. This fact makes the sum
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of squares of the entries dropped by the truncation procedure applied to the
three modes less than the sum of the roots dropped. A further problem gen-
erated by these interdependencies between the modes is that the deletion of
elements for one mode results in the product matrices for the other modes
for the reduced G matrix no longer to be diagonal, and thus not be associated
with characteristic roots and vectors solutions for the X matrix. It is for
this reason that the proposed procedure does not yield, necessarily, a least-
squares approximation to the observed data.

A point that will not be considered here is the transformation of the
derivational modes. This topic, which is analogous to the rotation of axes
problem in two-mode factor analysis, was discussed in association with (25)
through (31). Such transformations should be considered in the analysis of
each body of data.

Following are notes on three operational procedures utilizing the strategy
discussed in the foregoing paragraphs.

Method I

This method, which follows directly from the preceding discussion, is of
limited application since it involves all three observed produet matrices
directly. When one of the observational modes is relatively large, the corre-
sponding product matrix is large also and may exceed computer capacity.
For example, if the data were collected on a sample of 300 subjects, the
product matrix ;M,; would be 300 X 300. The solution for characteristic
roots and vectors for this matrix would not be feasible. However, this method
has been used on smaller bodies of data and is outlined here.

1) Compute the product matrices ;M , ;P;, and ,Q; from the observed
data matrix X as per (46).

2) Compute the characteristic roots and vectors of these product
matrices.

3) Retain only the roots considered to be significant in some sense and
form the diagonal matrices ,,M,, , ,P, , and ,§, containing the retained roots
in descending order. As indicated in the general discussion, the problem of
how to arrive at the decisions as to which roots to retain has not been solved.
The best procedure available may be to make the plot between root number
and root size for each of the product matrices and to inspect the resulting
series of points for a break from a steep slope to a more gentle slope and to
retain all roots preceding this break. In any case, small roots should be
discarded.

4) Form the coeflicient matrices ;A , ;B, , and ,C, containing as columns
the unit-length characteristic vectors corresponding to the roots retained.

5) Compute the core matrix G' by one of the equations like

(50) mAiX(ik)(in x kca) = mG(DG) ’
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which is obtained from (48). An alternate procedure is to make a series of
computations such as listed below. Note that the output three-mode matrix
from each step is rewritten for the next step as to row and column modes.

(51) wd Xy = wXan -
(52) BiX ity = Xy «
(53) CeX mpy = Gmn
Method IT

The problem of one of the product matrices being too large for feasible
computation by Method I may be solved by use of Method II. In describing
this method it is assumed that the large mode is mode 7 for individuals.
Following is an outline of the steps in this method.

1) Compute the product matrix ;P; for the observed matrix X as per
(46b).

2) Determine the characteristic roots and vectors of ;P; and form the
diagonal matrix , P,, containing all nonzero roots, or non-almost-zero roots,
and the matrix ;B,, containing the corresponding unit length characteristic
vectors. A truncation of the characteristic roots and vector mode is envisaged
with the number of roots retained in this step N,, , between the number of
all nonzero roots, &, , and the number of roots retained in the final approxi-
mation, N, . It is important to discard only the very small roots at this time
in addition to the zero roots. Elimination of very small roots, however, does
aid in reduction of computations in subsequent steps and should not ma-
terially affect the results of these steps which assume that all nonzero roots
are retained at this point.

3) Compute the matrix

(54) p.X(m = mBiX("k) .
4) Compute the product matrix Q. by (46¢) or by
(55) th = kX(.'p,)Xk .

This latter procedure yields an approximation when almost-zero roots are
discarded in the preceding step.

5) Determine the characteristic roots and vectors of ,Q; and form the
diagonal matrix ., @,, containing all nonzero, or non-almost-zero roots and
the matrix ,C,, containing the corresponding unit-length characteristic
vectors. As before, a truncation of the roots is envisaged between all nonzero
roots retained at this stage and the roots retained for the final approximation.

6) Compute the matrix

(56) aX iz = aCiX i »
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7) Rewrite ,, X (i, a8 ;X 5,0, and compute the matrix

(57) (m«x)S(qu) = (max)XiX(qu) .

Note that

(58) t’X(mq:) = iAm.G(p.a.) ’

then

(59) (9:4.)8(2):0:) = (p.q,)Gm.AiAm,G(p,q,) = (D:G:)GMQG<ﬁn¢|) »

since ;A,,, is defined as a column-wise section of an orthonormal matrix. A
consequence of (59) is that (,,..,@.. is a factor matrix of (,,..)S.ey - The
(mran)Sizary cOmputed in (57) is taken as a section of (,,.)8.q.) Obtained by
deletion of rows and columns containing almost-zero entries.

8) Compute the characteristic roots and vectors of ;4,8 (p.ay 80d form
the diagonal matrix ., S,., containing the nonzero or non-almost-zero roots
and the matrix (,,.,,V .. containing the corresponding unit-length vectors.

9) Compute the matrices

(60) (mh)Gm: = (vldx)V"hS’l’l/lz
and
(61) ‘Amn = "X(ma:) me‘s';»yz .

Note that steps (8) and (9) utilize the Eckart and Young development [3]
for approximation of the matrix ;X,,., by the product of the matrices
A, and ,, G, - This development permits the analysis of a matrix utilizing
a product matrix of order of the smaller mode of a two-mode matrix. This
is the particular feature of Method II that permits analysis of data involving
a large mode <.

10) Reduce the number of elements in each derivational mode to those
elements that will be used in the approximation. Comments on this reduction

" are made in step (3) for Method 1.

Method I11

This method, like Method II, solves the problem of computations when
the mode ¢ for individuals in the sample is very large. Method IIT has some
very interesting relations to the multitrait-multimethod matrix of Campbell
and Fiske [2]. Furthermore, it is basic to the analysis allowing for measure-
ment error type of uniqueness described in the next section of the report.

A matrix similar to the Campbell and Fiske multitrait-multimethod
matrix may be defined as (xR, . It could contain the correlations among
the combination variables, but it is not restricted in this fashion. Whether
the entries are correlations or not depends on the scaling of the entries in
the matrix X. If the scaling for each combination variable is to standard
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scores divided by the square root of the number of individuals, this matrix
would contain correlations; otherwise the entries would not be correlations.
The definition of this matrix is

(62) (ik)R(ik) = (ik)X-'X(ik) .

It is a product matrix of the observed data matrix X and has rows and
columns for the combination variables. The relation to the multitrait-
multimethod matrix is more apparent if submatrices are defined of the form
xEi . These are correlations among elements of mode k for specific values of
mode j. Remember that mode j formed the outer loop for the combination
mode (jk) and that mode k formed the inner loop for the combination mode
(jk). The sectioned matrix may be represented as follows and is illustrated in
Table 2.

1;.I<Rk,li ly'.kRk.2,' li.kRk.ai

2{.1:Rk.l,' 2,—.kRk.2,' 2,-.1ch.3;

3,-,]st.1,' 3,-,k~Rk.2,- 3y.kRk.3;

The general form of the sections is ; .R;,;» where j is used as a variable index
for the elements in mode j and j' is used as an alternate variable index for
the elements in mode j. The entries in the matrix ;R ;) are given by

(63) Tikiter = Zx“k:c,-,-,k. .
t

The entries in section ; R, ;. are for the specified values of j and j’ for the
specified section.

The entries in the product matrices ;P; and ,@; have simple relations to
the entries in the matrix (;;,R ;) . From (46b)

(64) Pii» = zf‘_, Z TiixTijon »
Substitution from (63) yields
(65) Pii» = ; Tiki'k »

Note that the entries r,,;., for specific values of j and j’ are diagonal entries
in section ; +R; ;- . Thus, the value of p;;. is the sum of these diagonal entries
which is the trace of this section.

(66) Diir = tr (;ulle, ;).

The diagonal entries in the matrix ;P; are the traces of the corresponding
diagonal sections in the matrix ;xR and the off-diagonal entries in ,P,
are traces of corresponding off-diagonal sections of (;1,R ) -
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The entries in the matrix ,@, are, according to (46c),

(67) Qrxr = Z Z Tiivlijer o
Substitution from (63) yields
(68) Qrxe = Zrikik’ .

Note that the entries 7,;,» occur only in the diagonal section of ;)R and
that the summation in (68) for specific values of k& and &’ is over entries in
corresponding locations in the diagonal sections of (j,yR ;i . Thus, the matrix
+Qx can be expressed as the sum of the diagonal sections of the matrix ;4R ;i -

(69) W = E Y

Method ITI uses the foregoing relations to develop the matrices ;P; and
+@. . Following are the steps of Method I1I,

1) Compute the matrix (;;, R, by (62).

2) Compute the product matrices ;P; and ,Q, by (66) and (69).

3) Determine the characteristic roots and vectors of these product
matrices and form the diagonal matrices of roots , P,, and ., Q,, and matrices

of vectors ;B,, and ,C,, . All nonzero, or non-almost-zero roots are retained
as in steps (2) and (5) for Method II.
4) Compute the matrix . .,)8 .0y , defined by (57), by

(70) (ma.)S(p,m = (mBi X q:Ck)(ik)R(ik)(iBm X kcﬂl)'

5) Determine the characteristic roots and vectors of (..., and
form the diagonal matrix ,,,S,., containing the nonzero, or non-almost-zero

roots and the matrix ,,,,V.., containing the corresponding unit-length
vectors.

6) Compute the core matrix G by (60), repeated here for the readers’
convenience.

_ 1/2
(mq;)Gmn - (mu.)VMxSﬂu .

7) Compute the matrix ;4,, by
(71) ﬂ'Arnn = iX(ik)(iBm x qun)(ma;) me‘sr;i/z .

8) Reduce the number of elements in each derivational mode to those
elements that will be used in the approximation. Comments on this reduction
are made in step (3) for Method I.

Model and Analysis with Unique Variance for Combination Variables

In the preceding section, the three-mode model has been used as a direct
approximation to the observed data. This is more analogous to prinecipal
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components analysis than to multiple-factor analysis which includes the
concept of unique factors. A complete analogy to multiple-factor analysis
has not been achieved for the three-mode model. However, a step in this
direction has been made by the development to be described in this section
in which the scores on combination variables are conceived of as arising from
two sources, one being the scores generated by the three-mode model and
the second being scores on variables unique to each of the combination
variables. This revised model is described more precisely in the following
paragraphs.

An assumption made in the revised model is that the sample of individuals
is very large. This sample of individuals will be taken as mode 7 of the data.
For defined conditions to be described in (73) and (74), following, to hold
precisely, the sample size has to be unrestrictedly large. These relations
probably will be adequately approximated with large-sample data.

Consider

(72) ie = Zijx + Lo,

where £;;, is the approximation in (16) to the observed measures z;;, , £
is that portion of the approximation defined by (17) and involves the three-
mode model, and &;;; is that portion of the approximation that is unique to
each combination variable. Let the three types of entries indicated above be
entries in three-mode matrices X, X, and X. Important properties of the
unique portion for combination variables are defined in (73) and (74).

(73) (ik)XeX(ik) = 0,
(74) (il:)X:‘X(ik) = ik U%ik) ’

where (1 Ui, 18 a diagonal matrix containing entries u};,, in the diagonal
cells.

Tables 3 and 4 give the unique scores matrix ;X ;,, and the common
score matrix , X, for the observed scores given in Table 1 for a fictitious
body of data to be used to illustrate the relations discussed in this section.
These data are set up so that there are no errors of approximation e;;, of (16);
and thus, the observed scores z;;, in Table 1 equal the approximation scores
#£:;x which are obtained by adding the unique scores #,;;, in Table 3 to the
common scores £;;, in Table 4. Fach column of scores in matrix ;X ;;, in
Table 3 is orthogonal to every other column of scores in this matrix, thus
satisfying (74). Further, every column in ,X;;, is orthogonal to every column
in matrix ;X ;;, of Table 4, thus, satisfying (73). The sums of squares of the
entries in the columns of X ;,, , after being divided by N; to convert them
to mean squares, are listed in Table 2 in the row labeled u7;,, which is the
next to last row of this table.

The matrix ;R » has been defined in (62). Correspondingly, let
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TABLE 1
Observed Score Matrix tX k) for Fictitious Problem
% % 3 4
% oo % % % YoR % A % Lo % &% % oA % % %
Yoo %o oo o oo oo "o oo %o s Moo Pao o Moo Pao o0 Ve a0 Peo P

1i 46 33 7 10 9 35 27 17 12 13 43 36 28 15 20 35 37 38 20 26
Zi ~-34 -25 -9 -286 -9 -17 5 -1 -12 17 1 [ 12 7 12 1 11 48 4 22
3i 10 -9 1 18 -9 =17 =15 1 -8 -18 ~25 ~12 ~24 11 -~ 4 -19 -87 -3 -4 -26
41 -22 1 1 -2 9 -1 =17 =17 -17 -19 -24 -16 ~11 28 -17 <11 -48 -20 -22
51 26 33 7 -10 9 13 7 13 0 -9 31 8 20 23 -12 7 -7 12 32 -14
6 -1 25 -9 -6 -8 -7 .15 -5 “5 el -4 4 15 1z -7 7 24 16 14
7! ~-10 -9 1 -2 -9 5 5 5 9 “13 -8 -16 -19 -~ 4 -1 7 -12 <16 14
8‘ -2 1 1 18 ) -11 3 -18 -12 5 -7 4. -8 -19 4 1 ~7 -24 -32 -14
9, 4 15 7 10 -9 85 15 17 12 -1 29 24 28 1 4 18 17 3% 4 10
10 “34 ~7 -9 =26 9 «17 -7 ~1 =12 3 -13 12 12 -7 28 17 31 48 20 38
11‘ 10 9 1 18 9 ~-17 -3 i -3 1 ~-11 24 -24 3 =20 ~35 ~17 -36 -20 -10
12i ~22 =17 1 -2 -9 -1 ~§ ~17 -3 -5 =12 -16 3 -12 -1 -31 -~48 -4 -38
131 26 15 7 -10 -9 13 19 13 0 5 17 20 20 9 4 1 13 12 16 2
141 -14 -7 -8 -6 9 -7 =3 =5 8 9 ~25 ~16 4 1 -4 -1 -13 24 32 -2
151 -10 8 i -2 9 5 -7 5 4 ~b 1 4 ~16 - 6§ 12 «17 «18 ~12 -32 ~ 2
16i -2 =17 1 18 ~9 ~11 ~«9 -138 -12 -9 7 -8 -8 -5 =12 17 13 -24 -16 2
17i 48 3 -7 ~-10 -9 35 27 3 -4 -1 43 36 12 1 4 35 37 24 4 10
1Bi -34 -25 -23 -6 9 ~17 5 13 4 3 1 0 28 -7 28 1 11 36 20 38
191 10 -9 15 -2 9 -17 <15 ~13 8 1 ~25 ~12 ~ 8 3 -20 «19 =37 24 =20 -10
201 -22 1 15 8 -9 -1 -17 -3 -8 -3 ~19 24 -32 3 -12 ~-17 -11 -38 -4 -38
21 26 33 -7 10 -9 13 7 «1 16 5 31 8 4 9 4 17 -7 24 16 2
22i -14 ~25 ~23 -26 9 -7 -15 9 -8 9 -11 - 4 20 1 -4 -17 7 as 32 -2
23i ~10 -9 15 18 ] 5 5 -9 -12 -5 -13 -8 0 -5 12 -1 7 =24 -32 -2
24i -2 1 15 -2 -9 =11 3 1 -9 -7 4 -24 -5 =12 1 -7 -38 -16 2
25 i 46 15 -7 ~10 9 35 185 3 ~ 13 29 24 12 15 20 19 17 24 20 26
261 ~-34 -7 23 -6 ~9 <17 -7 13 by ~13 12 28 7 12 17 3 36 4 22
27i 10 9 15 -2 -9 ~17 =~ 3 ~13 8 ~13 =11 -24 -8 -11 -4 -35 -17 -24 -4 -26
28i -22 -17 15 18 9 -1 -5 -3 ~8 17 -5 =12 -32 -11 -28 -1 -31 -3 -20 -22
29[ 28 15 -7 10 ] 13 19 -1 8 -9 17 20 4 23 -12 1 13 24 32 -14
30i ~14 -7 -23 -26 -9 -7 -3 9 -8 -5 <25 =18 20 15 12 -1 ~18 38 18 14
311 -10 9 15 18 -9 5 ~7 -9 -12 9 1 4 0 -19 -4 -17 -18 -24 -16 14
321 -2 -17 15 ~2 9 -11 -~ 9 1 4 5 7 -8 -24 -19 4 17 13 -38 -32 -14

(75) (ik)R(ih) = (ik)XiX(:‘k)

and

(76) (ik)R(ik) = (ik)X-'X(ik) .

It can be shown by substitution of a matrix form of (72) into (75) and alge-
braic simplification involving the definitions in (73), (74), and (76) that

(77)

2
(ik)R(ik) = (ik)R(ik) - (mU(m .
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TABLE 2%
Matrix o RO
1 2 3 4
i b j
o e sp— 2 3 R
Lo % S % AR % A 5% oA % Rk A& % % %

17 1 9 20
Lo oo oo %m0 S Soo "o foo e e Mo Zen P Moo Pao e Mo e e P

lk luk) 604 336 72 72 0 306 204 72 72 0 360 240 108 108 ] 162 108 108 108 0

2k Z(jk) 336 305 48 48 0 204 136 48 48 ] 240 160 72 72 0 108 72 72 72 0

1’ 3k 301() 72 48 145 96 0 24 - 4-40 0 - 40 12 - 32 -128 - 48 - 80 - 36 - 84 -264 -144 -120
ﬂ‘ 4Gk) 72 48 96 196 0 24 - 4 - 40 0 - 40 12 - 32 -128 - 48 - 80 - 36 - 84 -264 -144 -120

5k sdk) ] 0 ] 0 81 ] 0 ] 0 ] 0 0 ] 0 ] 0 0 0 0 0

lk Gﬁk) 306 204 24 24 0 271 147 60 42 18 261 192 108 72 36 162 135 144 90 54

zk 7(jk) 204 136 - 4 ~ 4 0 147 149 56 28 30 182 158 114 54 60 135 135 174 8 90

zj 3k a(jk) 72 48 - 40 - 40 0 60 56 93 12 32 84 88 108 44 64 72 96 192 96 98
4k g(ik) 72 48 0 [+] [ 42 26 12 80 - 4 48 28 24 32 - 8 18 6 36 48 ~ 12

Sk mﬁk) [ 0 - 40 - 40 0 8 30 32 - 4 8 36 60 84 12 72 54 90 156 48 108

1k ll(jk) 360 240 12 12 0 261 192 84 48 36 391 264 162 90 72 243 216 234 126 108

Zk 120k) 240 160 - 32 - 32 0 192 158 88 28 60 264 272 192 72 120 216 234 312 132 180

8, Sk 13(]}() 108 72 -128 -128 0 io8 114 108 24 84 162 192 344 112 168 162 234 516 264 252
4k 146k) 108 72 - 48 -~ 48 0 72 54 44 32 12 90 72 112 137 24 54 54 204 168 36

5k lsﬁk) 0 0 - 80 ~ 80 0 36 60 64~ 8 72 72 120 168 24 208 108 180 312 9% 216

l’k ls(jk) 162 108 - 36 - 36 0 162 135 72 18 54 243 216 162 54 108 307 243 270 108 162

2k 17ak) 108 72 - 84 -~ 84 [} 135 135 96 € 92 216 234 234 54 180 243 397 414 144 270

4’ 3k 1e(jk) 108 72 -264 -264 0 144 174 192 36 156 234 312 516 204 3812 270 414 1008 504 468
4k lg(jk) 108 72 -144 -144 0 90 84 96 48 48 126 132 264 168 9 108 144 504 424" 144

51( 2O(jk) [] 0 -120 -120 0 54 90 96 - 12 108 108 180 252 36 216 162 270 468 144 388

Unique Mean Squares uz(jk)
100 81 43 100 81 64 36 49 64 49 49 36 64 49 64 64 100 36 64 64

Common Portion Mean Squares r ik Gk

504 224 96 96 o 207 113 44 16 36 342 236 280 88 144 243 297 972 360 324

*The entries in this table are mean products, the sums.of products having been divided by Ni .

Since (jxy Ui, is a diagonal matrix by definition, only the diagonal entries
of ¢;wRe are affected in obtaining the matrix (;z By . This is analogous
to insertion of communalities in the diagonal cells of correlation matrices
in two-mode factor analysis.

Table 2 gives the matrix ()R for the illustrative example. The
entries in this matrix have been scaled to mean products which implies that
the entries in the data matrix had been divided by the square root of the
number of individuals in the sample. Such rescaling by a constant of pro-
portionality has trivial effects on the model and the analysis, but should be
remembered when relations with scores of individuals are considered. The
rescaling to mean products was performed in order to obtain coefficients
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TABLE 3
Unique Score Matrix 13& )
5 % 3 4

I T e A S T T L " " VL T ™

Las %m0 o0 %o o0 %o Yo %o o oo o Zao Pao Mo Teo e Yo P P Pen
3 1 9 7 1 8 8 e 7 8 7 7T €& 8 7T 8 8 10 & 8 8
20 -10 -9 7 -0 -9 -8 6 -7 -8 7 7 -6 -8 T -8 -8 -10 6 -8 -8
3, 10 -9 -7 10 -8 -8 -6 7 -8 -7 -7 & -8 -7 8 8 <10 -6 6§ -8
4 <10 9 -7 -0 9 8 -6 -7 8 -7 -7 -8 8 -7 -8 -8 10 -6 -8 8
5, 10 9 7 .10 9 -8 -6 T -8 -7 7 -6 8 7 -8 8 -10 -6 8 -8
6 10 -9 7 10 -9 8 -6 -7 8 -7 7 6 -8 7 8 -8 10 -6 -8 8
T, 10 -9 -7 -0 -9 8 6 7 8 T -7 -6 -8 -7 -8 8 10 6 8 8
§ 10 9 -7 10 9 -8 6 -7 -8 T -7 & 8 -7 8 -8 -0 6 -8 -8
5, 10 -3 7 10 -3 8 ~6 7 8 =7 -7 =6 8 -7 -8 =8 -10 6 ~8 =8
1, 10 9 7 <10 9 -8 -6 -7 -8 -7 -7 6 -8 -7 8 8 10 6 8 8
1, 10 9 -7 1 9 -8 6 7T -8 1 7 -6 -8 T -8 -8 10 -6 ~8 8
12, 10 -9 -7 -10 -9 8 6 -7 8 7 T & 8 7 8 8 -10 -6 8 -8
13 -0 -9 7 -10 -9 -8 6 7 -8 7 -7 6 8 -7 8 -8 10 -6 -8 8
1, 10 9 71 10 9 8 6 ~7 8 T -7 -6 =8 -7 -8 8 -10 -6 8 -8
15, <10 8 -7 -0 9 8 -6 7 8 -1 7 6 -8 7T 8 -8 -10 6 ~8 -8
1, 10 -9 -7 10 -9 -8 -6 ~7 -8 -7 7T -6 8 7 -8 8 10 6 8 8
w10 9 -7 -0 -3 8 6 ~7 -8 -7 7 6 -8 -7 -8 8 10 -6 ~8 -8
18 -0 -9 -7 10 9§ -8 6 7T 8 -7 7 -6 8 -7 8 -8 -10 -6 8 8
19 10 -9 7 -0 9 -8 -6-7 8 7 -7 6 8§ 7 -8 8 <10 6 -8 8
0 <10 9 7 10 -9 8 -6 7 -8 71 -7 -6 -8 T 8 =8 10 6 8 -8
2, -0 9 -7 10 -9 -8 -6 -7 8 7 7 -6 =8 -7 8 8 -10 & -8 8
2 10 -9 -7 <10 9 8 -6 7 -8 1 7 6 8 -1 ~8 -8 10 8 8 -8
23, <10 -3 7 10 9 8 6 ~7 -8 -7 -7 -6 8 7 8 8 10 -6 -8 -8
4 10 9 7 -0 -9 -8 6 7 8 -1 -7 6 -8 T -8 -8 -0 -6 8 8
% 10 -9 -7 <10 9 8 -6 ~7 -8 7 -7 -6 -8 T 8 -8 -10 «6 8 8
%, -0 9 -7 10 -9 -8 -6 7 8 T -7 & 8 7 -8 8 10 -6 -8 -8
27 10 9 7 -0 -9 -8 6 -7 & -% 7 .86 8 -7 8 -8 10 6 B8 -8
2 -0 -9 7 10 9 8 6 7T -8 -7 T 6 -8 -7 -8 8 <10 6. -8 8
2 -0 -9 -7 10 8 -8 6 -7 8 -7 -7 6 -8 7 -8 -8 10 6 8 -8
0, 10 9 -7 -10 -9 8 6 7 -8 -7 -7 -6 8 7T 8 8 <10 6 -8 8
s, -0 8 7 10 -9 8 -6 -7 -8 7 7 6 8 =7 -8 -8 -10 -6 8 8
® 10 -9 7 -0 5 -8-6 7T 8 71 7 -6 -8 -7 8 8 10 -6 -8 -8

unbiased by sample size. Due to the equivalence of the matrix X and matrix
X for the example, the matrix in Table 2 can be considered also to be (1 B ixy »
As noted previously, the next to last row of Table 2 gives the diagonal entries
uZ;y Of matrix (4, U%,, . The last row of Table 2 gives the diagonal entries
Foimy ik TOT the matrix (B ;i) . The entries in the Tow 7 ;1)) Were obtained
by subtracting the u};;, from the diagonal entries in the body of Table 2.
This operation is in accord with (77). Further, according to (77), if the entries
in the row 7z s were substituted for the diagonal entries in the body of
the table, the result would be the matrix (i, B ;) .
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TABLE 4
Common Score Matrix i;( )
Y 2 3 4
Lo % oA % N T T T T A
Yao oo S0t Can Con "o oo %o e Man Pao Poo Moo Ban o T o Pao P
36 24 0 [+ 0 27 21 10 4 [ 38 30 20 8 12 27 27 30 12 18
-24 ~16 -~16 ~16 0 -9 -1 6 -4 10 -6 6 20 1) 20 9 21 42 12 30
[i] (] 8 8 0 -9 -9 ~6 0 -6 -18§ ~18 ~16 -4 -12 ~27 -27 -30 -12 ~18
-12 -8 8 0 -9 =11 -10 0 -10 ~12 -18 -24 ~ 4 20 -9 ~21 -42 -12 ~30
36 24 0 0 0 21 i3 6 8 -2 24 14 12 18 -4 9 3 18 24 -6
~24 -16 ~16 16 ) 15 -9 2 0 2 «18 ~10 12 8 4 -9 -3 30 24 [
0 0 8 8 [ «-3 -1 -2 «4 2 -6 =2 -8 -12 4 «9 -3 ~18 =24 ]
~12 -8 8 8 0 -3 -3 -6 -4 -2 0 -2 ~16 =12 - 4 9 3 -30 -24 -6
36 24 ’ [\] 0 0 27 21 10 4 ] 36 30 20 8 12 27 27 30 12 i8
«24 «16 ~16 -16 0 -9 -1 6 -4 10 -6 [:3 20 0 20 9 21 42 12 30
0 1] 8 8 ¢ - -9 -9 -6 0 -6 ~18 ~18 «16 -4 -12 -27 =27 -30 -~12 -18
-12 -8 8 8 0 -9 -11 -10 o -10 ~12 ~18 =24 -~ 4 20 -9 21 ~42 12 30
36 24 0 1] 0 21 13 [ 8 -2 24 14 12 16 -4 9 3 18 24 -6
-24 -16 ~16 -16 L] ~15 -9 2 [1] 2 -18 ~10 12 8 4 -9 -3 30 24 [
0 [1] 8 .0 -3 -1 -2 -4 2 -6 -2 -8 -12 4 -9 -3 -18 -24 6
=12 ~8 8 0 “3 -3 ~6 -4 -2 0 ~2 ~16 ~12 =4 8 3 -3 —2.4 -8
36 24 0 0 27 21 10 4 6 36 30 20 8 12 27 27 30 12 18
-24 =16 =16 -16 [4] -9 -1 6 -4 10 -8 6 20 0 20 g9 21 42 12 30
0 0 8 0 -9 -9 -8 0 ~6 ~18 «18 -16 - 4 12 =27 =27 <30 -12 18
~-12 ~8 8 8 1] -9 ~11 -10 o ~10 -12 18 -24 -4 -20 -9 =21 +42 ~12 30
36 24 0 o 0 21 13 ] 8 ~2 24 14 12 16 = 4 9 3 18 24 -~ 6
-24 -16 ~16 -16 0 -15 -9 2 1] 2 ~18 =10 12 8 4 -9 -3 30 24 [
0o o 8 0 -3 ~1 -2 =4 2 =6 =2 -8 -12 4& -9 -3 .18 -24 &
-12 ~ 8 8 8 [+] “83 «3 -6 -4 <2 0 =2 <16 -12 -4 9 3 ~30 -~24 -6
36 24 0 0 27 21 10 4 6 36 30 20 8 12 an v 30 12 18
=24 ~16 ~16 ~16 0 -9 -1 6 -4 10 -8 6 20 1] 20 g 21 42 12 30
V] 0 8 8 0 -9 «9 -6 0 -6 ~18 ~18 =16 -4 ~12 =27 <27 <30 ~12 ~18
-12 -~ 8 8 1] -8 -11 =10 0 =10 ~12 -18 =24 ~ 4 -20 -9 =21 ~-42 ~12 30
36 24 0 0 0 21 13 [:] 8 ~2 24 14 12 6 -4 9 3 18 24 -6
~24 «16 =~16 «16 0 -1 -9 2 0 2 -18 ~10 12 8 4 -9 -3 30 24 6
[} 8 8 0 -3 -1 -2 -4 2 ~6 =2 -8 -12 4 -9 -3 ~i8 ~24 6
2 -8 8§ 8 0 -3 -3-6-4-2 9 -2 16 12 -4 5 3 30 - -8

A relation of the matrix (;,,E;;, is important relative to the estimation
of the entries u%;,, . These entries are analogous to the unique factor variances
in two-mode factor analysis. By the relation to be developed below, these
two problems can be brought together. By (76) and (18a)

(78)

(ik)R(:‘k) = (,-B,, X kCa)(w)GmAiAmG(m)(pBi X aCk)-

Let the factors among individuals be orthogonal so that the matrix ;4,, is
a column-wise section of an orthonormal matrix. This is the equivalent for
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the present case to the definition of uncorrelated factors in two-mode factor
analysis. Equation (79) states this definition. Also, let the matrix (;»F. be
defined as in equation (80).

(79) wAidp = I, .

(80) (i0Fn = (iBy X 100 60y Gm-
Substitution from (79) and (80) into (78) yields
(81) anlan = ol -

This is the familiar factor equation for two-mode factor analysis, here applied
to the analysis of combination variables (jk). As a consequence, the diagonal
entries ;x5 are the communalities in this two-mode factor analysis for
combination variables. The same problems and methods of estimation of
communalities exist here as for two-mode factor analysis.

The factor matrix (;,F,, for the illustrative example is given in Table 5.
This is a principal-axes factor matrix obtained from the characteristic roots
and vectors of the matrix (;;, &, obtained by substitution of the entries
Fimin into the diagonal cells of the matrix ;B s, in Table 2.

TABLE 5 TABLE 6
Factor Matrix (jk)Fm of Matrix Gk)n ak) Mode j Product Matrix \Pi and Characteristic Roots and Vectors
1 2 3 4 Matrix P Roots of _P, Matrix B
™ m m m ¥ i ip
1 2 3 4, 1 2
1k 1 11,0721 18,7719 - 4,0095 - 3,5982 i i J b 2] P
2k 2016 7.3814 12,5146 - 2.6730 ~ 2,3988 11 920 402 344 -174 1 3404.0670 1j L0697 .8618
3k aﬁk)- 5.8294 7.5341 2.0812 - 9612 2‘1 402 416 631 645 zp 1217,93828 2j .2938 .3168
*k 4(jk)- 5.8294 7.5841 2,0812 - ,9612 3’ 3844 631 1090 1377 Sj 55627 ,2030
4. -174 645 1377 2196 4 ,7768 -,3418
Sk S(Jk) 0 0 0 0 § 9
11: sUk) 9.6334  10.6813 =~ ,0013 .3268
zk 7(jk) 8,7716 5.8652 1.2089 - (4496
- - .29 - .91
Sk s(jk) 6.5584 2699 2932 03
4k 9(jk) 1,8598 2,2414 - 2,7086 4247
5 10 4,6986 2,5113 2,4155 - 1.3350
k (k)
1k n(jk) 13,7308 11,9766 2.0022 2,4528
Zk 1201‘) 13,8524 5.4731 3.7503 3002 TABLE 7
% 13(jk) 16,0315 - 4.3068 - 1.6269 - 1.3400 Mode k Product Matrix kék and Characteristic Roots and Vectors
4k 1401{) 68,6343 L7158 | ~ 6.4579 1,3300
- - Matrix @ @
5k 15(jk) 9,8971 5,0226 4,8309 2.6700 atr: ka Roots of.ka Matrix qu
1, 2 3 4 5,
Ik 160.k) 12,2921 3.8860 6.0104 6.3779 k k k k k lg 29 89
Zk 17(jk) 15.2430 - 1,1763 7.6302 2.24%4 lk 1286 990 564 312 252 1 3185,0782 lk 5132 .6530 ,1852
3k ls(jk) 28,4193 ~12,1108 ~ 4,0013 ~ 1.2890 Zk 980 870 710 290 420 2 1039.8484 2k .4852 ,3131 -,2142
4k 1901() 14,3236 -~ 4.5769  ~11,2477 2,7160 3k 564 710 1392 724 668 Sq 397.0731 Sk 5780 ~.5615 ,0057
5 zoOk) 14,0957 -~ 7.5339 7.2464 - 40050 4 312 200 724 G660 164 4 2919 -.3170 6810
5 252 420 668 164 5 - -
Roots  2848,0285 12409651 421,7354 111,2651 k 04 5, 2861 ~.2445 -,6753
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In case the matrices ;B, and ,C, are column-wise sections of ortho-
normal matrices, (80) may be solved for the core matrix G.

(82) (va)Gm = (,,B, X aCk)(ik)Fm .

If communality estimates can be obtained that are appropriate for two-
mode factor analysis of the combination variables as indicated in (81), these
estimates may be substituted in the diagonal cells of matrix ;xR ;) to obtain
an estimate of the matrix (;x Bz . Then, this matrix may be used in Method
III of analysis described in the preceding section. This analysis would start
at step (2).

Table 6 presents the matrix ;P; obtained by (66) and Table 7 presents
the matrix ;Q; obtained by (69) for the illustrative example. The character-
istic roots and vectors for these two matrices are given also in Tables 6 and 7.
All nonzero roots, and only nonzero roots, have been dropped. Since there
were two nonzero roots for matrix ;P; , there are two elements in the deriva-
tional mode p and N, is 2. There are three nonzero roots for matrix @, , thus
there are three elements in derivational mode ¢ and N, is 3. The matrices of

TABLE 8
Kronecker Product (’13p X kcq)

1 2
P P

2 3 1 2 3

Ta q q q q q

1 2 3 4 5 6
uct o} ™ e} i) )
L g, %8 0455 L0120 4420 5624 1595
7 2y, 038 ozs 0w 4179 2697  -.1845
L, 3 3y, 0403 -0 L0004 4978 -.4836  .0049
4 gy 0208 -2l Loars 2514 -.2730  .5865
8, By 0199 -010 04 2461 -.2106 -.5816
L, Sgy 1608 919 0544 1626 .2069  .0587
2 Ty M 0920 -0629 537 0992 -.0679
2, 3 8y, 1698 -850 007 83l -1779 L0018
4 9, 088 -0 2001 0025  -,1004  .2157
5 10, 0881 -.078  -.1%84 0906  -.0775  -.2139
Y, i, 2836 3600 1024 J042 1326 0376
2, 12, 2682 2731 -1isd L0985 0636  ~.0435
3 3 135, 195 3103 L0082 JA178 -,1140 L0012
4 Mg, 613 -1z 3764 0593  -,0844  .1382
5 18g, 581 -2l -7 0581  -,0406 -.1371
1, 16, 3987 6078 1439 ~1758  -2230  -.0632
%, g, S769 2432 -l6s4 -.1657 -.1069  .0731

4 3 18 . 4490 -.4362 0044 -1974 1918 -,
% 18 8 0019
4, 19, 2267 ~2462 5290 -, 0997  ,1083  ~.2326
B 20g, 2222 -89 -.5216 - 0977 0835  .2306
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characteristic vectors are the coefficient matrices ;B, and ;C, . These matrices
are given to the right of Tables 6 and 7.

The Kronecker product (;B, X .C,) is given in Table 8. It is to be noted

that since the matrices ;B, nad ,C, were column-wise sections of orthonormal
matrices, this Kronecker product matrix is also a column-wise section of an
orthonormal matrix.
» Table 9 gives the matrix (.S, for the example computed according
to (70) from the estimate of ;% ;s obtained by substitution of estimated
communalities into the diagonal cells of the observed ;iR (i, . This change
from (70) as stated is to be noted. Table 9 also presents the characteristic
roots and vectors of the matrix (S - There are four nonzero roots so
that N, is 4. The characteristic vectors form the matrix (4 V., . When columns
of V.. are multiplied by the square roots of the corresponding charac-
teristic roots, as indicated in (60), the core matrix (.G, is obtained. This
matrix is given on the right of Table 9.

The core matrix could be obtained from (82) also, in case the matrix
(i Bn had been factored to the matrix ;xF., . It is to be noted that the
roots given for this factoring in Table 5 are equal to the roots obtained for
the matrix (,,S,q and given in Table 9.

Another analogy with two-mode factor analysis shows up at this point.

TABLE 9
Matrix (N)s(m)' Characteristic Roots msm' Characteristic Vectors cpq)vm' and Core Matrix m)cm
Matrix 8 Characteristic Roota
(oq) (pa) s
1 2 mm
24 P
1 2 3 1 2 3
q q q q q q
1 2 ‘8 4 5 8
a) ©q) ) ®q) (pq) (0q)
1q lw 2489.31 ~288,90 -163.46 17.42 840,82 ~190,07 Jm 2848.0285
Ip 2q 2(pq) ~288.90  583.43 22,30 461,70  -17.28 173.08 2m 1240,9651
3 3 . -163.46 22,30 33L31 170,82 108,39 -4 3 421,7354
9 ™ ™
1q 4(111) 17.42 461,70 170,32 695,75 288,91 163.47 4m 112,2651
2 2 5 840,82 -17.28 108,39 288,91 456,41 ~22,30
P a4 s .
3 6 ~190,07 173.08 - 163,47  ~22.30 65.76
LS )
Characteristic Vectors (pq)vm Core Matrix (pq)Gm
1 2 3 4 1 2 3 4
m m m m m m m m
-_— — — -
1 .9320  -.0085 1605 2052 1 1 49,738 -.299 3.296 16
O ) > . R 2.164
1 2 2 -1242 5665 5000 567 2 2 . -6,628 19,956  10.26 .9
» ‘a ‘e p *a e 8 5988
3 3 -.0464 1850 -,7628 ,580 3 3 -2.476 6.517 =15,661 1!
a e 4 a ea) 6.122
1 4 0158 7344 1003 -,4400 1 4 843 25,871 ~2,08 -4,
1 9 69: 391 2 2 3 58 . o
5 3290 2692 -.839 -,2943 2 5 1.5 9.483 -6,964 -3.1
% % e b 0 oo T 6.964  -3.104
-.0731 181 182 -.1364 3 6 -3.90 6.4 . -1,
sq 60!1) 07! 8 8 SR 04 2.727 1,439
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The matrix ;A4,, is not determinate. This is precisely the same problem as
indicated by considering (71) in step (7) of Method III factoring. The appro-
priate X matrix to use is an estimate of X. However, an estimate of neither
X nor X is available. The definitions of (73) and (74) force the combination
variables scores in these two matrices to be located in a space of higher
dimensionality than the space for the original combination variable score.
Thus, the column vectors of matrix ;A,, are in this higher dimensional space
and are not determinate from the data in matrix X for observed scores.

While the factor coefficients for individuals in matrix ;4,, are not deter-
minate, (71) may be used with the observed score matrix X to obtain a type
of estimate of these factor coefficients. The properties of these estimates
have not been explored. Consequently, these estimates should be used with
considerable caution.

Once the coefficient matrices ;B, and C, and the core matrix (,,,@,, have
been determined, the problem of transformation of derivational modes should
be considered. Comments on this problem are given in association with (25)
through (31). It is to be noted that no restrictions were made that the trans-
formation matrices had to be orthonormal. It is not at all clear what this
restriction would mean for modes p and ¢. For mode m, the meaning involves
restrictions whether elements of this mode should be orthogonal in the
matrix ;A,, or ;A4.. . The orthogonal restriction for this matrix is equivalent
to the restriction to uncorrelated factors in two-mode factor analysis. Trans-
formations on modes p and ¢ in coefficient matrices ;B, and ,C, result in
inverse transformation on the core matrix G but do not affect the matrix
A . As previously indicated, attempted transformations on modes p and ¢

TABLE 10
Transformations of Derivational Modes

pr“ qTQ* m
IP* 21>“ 1‘1* 'ZqT 3'1* Lok 2m"‘ am* 4m*
1 986 3728 1 2510 1740 2214 1. .96 228 .28 .32
2, 2242 - .302 2, 2585 -L75T -1.299 2, -89 .668 707 015
127 1,373 -1.554 3 -312 -a47 043 938
4. 7 -0z 695 -103

oo+ g ©*e")’m
1o 7 1o %, %, T .. 8., 4.
3 z o 1 3 0 0 Ly o 1 3 2 )
5 1 1 2, 2 [ 1 Le 2 Zongn 2 1 1 )
3 1 2 3, 0 2 2 S Sprg © ) 0 0
4 0 8 % ° 2 0 1, 4 1 0 1 1
5% © 0 2 2 2q* 5<p*q*) 3 o -1

P* gt YY)

1) -1 2

3 6 2
qa*  o*q%)
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to matrices ;B,. and ,C,. to simple structure for experimental studies have
led to considerable success. These transformations have not been limited to
orthonormal matrices but have involved oblique transformations. Trans-
formation on the mode m have been problematic due to the indeterminancy
of the matrix ;A4, for the case with unique variance for the combination
variables. Some success has been obtained by inverse transformations on the
core matrix G to a simple structure.

Examples of the transformation of derivational modes for the illustrative
problem are given in Table 10. In this case, the transformations were to
obtain the matrices that were used to produce the example rather than to
obtain a simple structure. The matrices ;Bye , 1Cov , and (yeee)@,» given in
Table 10 are the matrices used in setting up the example. The matrices
ml'me s 5o , and T transform the matrices ;B, , 1C, , and (,,,G.. to the input
matrices by (25b), (25¢), and (29a).
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