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Abstract

The factor analysis problem can be conceptualized as an expansion of polynomial equations that are solvable using least-
sguares methods. The equation-oriented system (EOS) is introduced as a method for solving polynomial equations using a
preconditioned conjugate gradient (CG) algorithm for the normal equations. EOS is a fast, easy to program, low computer
memory requirement method for accomplishing this task. EOS can be used to solve multilinear and PARAFAC problems.
The practical aspects of implementing EOS in MATLAB are discussed. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction which the right hand side of the eguation is a poly-
nomial and the left hand side is a constant value [1].

Algebraic expressions such as 3, 5f;, or 6f, f, are Some example polynomial equations are

called monomials, and the sums and /or differences

of monomials are called polynomials such as f, + 1.02=12f, f,—f7+f;+1
2f, — 3f2f,. In this work, all of the variables in a O—f f.f

polynomial carry only positive integral exponents. T2

Further more, the polynomial equation is one in g
an

—-0.12=1,f; — 10f, + f, f,.
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shown that the conjugate gradient (CG) [4,5] method
is apowerful tool for solving polynomial equationsin
his program, the multilinear engine (ME). ME is a
very flexible way to solve a wide variety of multilin-
ear models that can fit multilinear and quasi-multi-
linear models to two-, three- and many-dimensional
data arrays. In ME, alarge table of integer code val-
ues is used to specify the equations. The CG used in
ME must form a matrix of derivatives called the Ja-
cobian matrix, or simply the Jacobian. Whenever the
Jacobian is needed, the program has to retrieve infor-
mation from the table. Although ME is a relatively
efficient algorithm particularly when compared to al-
ternating least squares methods, additional improve-
ments will be useful in a number of applications
where the multilinear model is useful.

In this work, the equation-oriented system (EQS)
is introduced to solve the problem. EOS places these
equations in a central role in the organization of the
program and develops a new approach to treat the
Jacobian. Computer time and the memory require-
ments have been reduced significantly. The program-
ming of EOS is sufficiently easy to setup their own
code for input equations.

2. Preconditioned conjugate gradient algorithm

Consider the problem of finding the unknown pa-
rameters f (of size N by 1) from the known data x
and polynomial equations having the following array
relationship

x=P(f). (1)

EOS uses severa different kinds of input equations
that the user may add. The equations that specify Eq.
(1) are called model equations. Eg. (1) is a collection
of all the equations that connect the unknown param-
eters and known data. Typically, the user will use two
additional types of equations. For example, for a bi-
linear data set, EOS aways needs one equation to
specify the bilinear model, and another one to nor-
malize one factor model in the solution. The normal-
ization equation is called as auxiliary equation in the
naming convention used by Paatero [3]. The mth

component of P is denoted by P, and Eq. (1) can be
expressed as

Xm = Pu(f),

where x is the least-squares solution to the Eq. (1) if
X minimizes the following equation called the object
function

m=1,...,M (2)

gl(xm —P.()". (3)

In most practical situations, one needsto adjust the
importance of each equation in Eq. (2). Thistask can
be accomplished by weighted least-squares (WLS),
where there is a weight w,,, associated with the m-th
equation, and the solution to the all equations is ob-
tained by solving the aternative equations

\/W_mxm = \/W_mpm(f) (4)

or by minimizing of the following equation

glwm( X — Pr(F))’. (5)

In this paper, equations described by Eg. (4) will be
considered.

Eq. (4) can be solved iteratively. From the esti-
mated value f, a new value, f +t, is calculated to
yield a better fit to Eq. (4), where t is the increment
to the f. The task of each step is to find the t.

Since the polynomial is always nonlinear, it will
be helpful to approximate the polynomial by linear
expressions. One way to accomplish thisis to replace
it by atwo term Taylor expansion of P(f + t) around
the point f. Then Eq. (4) becomes

\/W—mxm = \/W—mpm(f) + \/W_mpf,m(f)t (6)
or
Mpf,m(f)t = M(Xm - Pm(f)) (7)

where P, (f) is the Jacobian of derivatives of P(f) with
respect to f.
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The normal equations of Eg. (7) can be repre-
sented as

JTWIt =J37r (8)

by setting the Jacobian matrix J as

J(f) =P () (9
and
r(f) = W(x—P(f)). (10)

where W is the diagonal of matrix with values w,,.

J(f) and r(f) will be written as J and r, respec-
tively, when there is no confusion as to meaning. A
complete listing of symbols and notation are given in
Appendix A.

The original polynomial equations are then trans-
formed into the form of Eqg. (8). There are a number
of methods to use for obtaining t. The conjugate gra-
dient (CG) method is an efficient technique to itera-
tively solve a system of equations. A preconditioning
step is necessary, however, to speed-up the CG com-
putation. In this work, the preconditioner is chosen as
the diagonal of matrix J7TWJ.

In some practical situations, the unknown f needs
to be limited with respect to its expected bounds such
as restricting values to be non-negative. Paatero [3]
suggested an inverse preconditioning method to
achieve non-negativity, which is also used in EOS.

The CG isan iterative algorithm that solves Eq. (8)
first, and then forms a new equation by setting f equal
to f+t in Eqg. (8). The procedure is then repeated
until convergence is achieved. This approach can be
quite slow, and the f given in Eq. (8) is not necessar-
ily an optimal one with respect to Eq. (1), so one does
not need to get the best solution to Eq. (8). An alter-
native approach is to update the J and r in each step
of CG.

The inverse preconditioned CG algorithm for
solving Eqg. (1) is given as the following.

1. Input W and initial f. Set e to be a small posi-
tive value such as 1072, Set ¢, =1.0. p=0.
U, =3 W, j2, Use [Irll to represent the Eu-
clidean norm of r, and function (f) changes f
to meet constraints on f.

2. While not reaching convergence and the preset
limit on the number of iterationsis not reached,
do

@g=J3"r

(b) Zn = Cn gn/un

(C) pold =p, p= gTZ

(d) If p99=0, then B=0, else B =

p/p29, endif
et=pt+z
) v=23

(g t=v"Wv
(h) a=p/t
() f=f+at

() For n=1,...,N, do
If f, meets the constraints, then ¢, =
min(2 X c,, 1), else ¢, = max(c, /32,
€), t,=max(t,/2, €). Endif
(k) Enddo
() While [Ir(y(f + at))|l is not less than
Ir(ll, do a=a/2, enddo
(m) If it is impossible to find an a to sat-
isfy [Ir(y(f + at)ll < Ir(Oll, or conver-
gence is slowing down and the user-
specified restart limits allow it, then r = 0,
U, =3, W,j2, esef=y( + at), endif
3. Enddo

Most portions of this algorithm are easy to imple-
ment with the exception of the following three ex-
pressions: g =J"r, v=Jt, u, =3, w,j2,. The com-
putation of r(f) also requires specia treatment. Only
the codes for those three equations are related with
the equations. In the Section 3, the approaches to
calculate the three variables are sequentialy dis-
cussed.

3. Equation-oriented system

Itiswell known that the Jacobian can be very large
when attempting to solve very large problems. Thus,
it is generally not practical to store it in memory for
large data sets. In some cases, one can use sparse
matrix techniques to store the Jacobian, but this ap-
proach is aso not very efficient. It is computation-
aly expensive to construct and retrieve information
from the Jacobian matrix. The equation-oriented sys-
tem (EQOS) provides a way to eliminate the problems
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associated with the Jacobian in the CG agorithm by
eliminating the need for the Jacobian matrix alto-
gether.

3.1. Presentation of polynomial equation

In the model Eq. (1), the unknown parameters and
known data are assumed to be in vector form. Repre-
sentation of the CG algorithm (Section 2) in vector
form is very short. However, it is not always conve-
nient to use vectors to organize the data. In most
cases, amultidimensional array is a more natural way
to represent the data. However, this approach creates
severa problems. One problem is that sparse tech-
niques are necessary. Another problem is that the CG
algorithm needs to frequently reshape or retrieve in-
formation from the vectors. These two problems
make the implementation not very efficient. In some
algorithms, this kind of overhead will not reduce the
speed significantly. For EOS, however, each CG it-
eration step is quite short and the overhead of
vector-based method can be high. In EOS, al data
sets are stored in the original array form, so the sparse
method is avoided and the data sets do not need to
be reshaped.

In EOS, a specia form of presentation is used to
input and handle polynomia equations. The pre-
sentation is very close to the ordinary mathematical
form in which the eguations would be written. The
following steps are used to transfer a mathematical
equation to its presentation.

1. Expand the polynomial in a sum of monomials.
The variables with an exponent n in the poly-
nomials are replaced by multiplication of the
variables n times.

2. The left-hand side of equation is the data val-
ues that need to be fitted. The right-hand side is
the model used to fit the data.

3. Write equations using a summation, S. Then
remove the summation sign.

For example, mathematical equation

H H
Xijk = Z flihfzjhf?’kh+ Z f4ijhf5kh (11)
h=1 h=1

is represented as

In Eg. (11), the known data is X, and the unknown
variable sets are F1, F2, F3, F4 and F5.

For a given presentation of an equation, an equiv-
alent mathematical expression can be obtained using
a simple rule. The rule is to perform the summation
over al of the indices that only appear in the right-
hand side for each monomial. For Eq. (12), the first
monomial f1;,f2;,f3,, hasfourindices: i, j, k and
h. The first three indices also appear in the left-hand
side of Eq. (12) in X;;. Only h is unique to the first
monomial, so the summation is over h. It is similar
for the second monomial.

3.2. Associated variables

Although multidimensional arrays are preferred in
the implementation of the CG in EOS, the vector
representation is better for understanding the compu-
tations involved in the CG agorithm. A new term,
associated variable, is introduced to connect the mul-
tidimensional array with its corresponding vector
form. The concept of the associated variable bridges
the understanding of the vector representation and the
implementation of the array format in EOS. In the CG
algorithm provided in Section 2, al of the data are
presented as vectors. However, in EOS, every vector
exists as a set of arrays. Conceptually, the arrays can
be stacked together to form a vector as is done in
other programs such as ME [3]. The arrays that can
form a vector in Section 2's algorithm are called as
the associated arrays of that vector. The associated
variable is represented by connecting the vector and
the array by underline. For example, if the model
equation is Eq. (11), and all of the factors are un-
known parameters, arrays cf1;,, c_f2;,, c_f3,,,
c_f4;;,, and c_f5,, arearrays, and f1;,, f2;,, f3,y,
f4;,, and f5,,’s ¢ associated variables, respectively.
The associated array has the same size of its origina
array, e.g. c_f1,, hasthe same size of f1,,.

3.3. The Jacobian in EOS

In the CG agorithm, the equations involving J
have to deal with the Jacobian information. For ex-
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ample, in the equation v = Jt, the exact equation
should be v, = jnt, in the term of the polynomial
representation. In EOS, all of the terms in the equa-
tion are converted into corresponding associated
variables, and then the equation is rearranged into
polynomia form. This general rule permits handling
of the Jacobian information in EOS. This approach
avoids the problems associated with the large size of
J.

The above discussion may be somewhat hard to
understand. The following is a simple example to il-
lustrate the idea. Consider a model

x=ab+6c—05 (13)

where y is known data, and a, b and c are unknown
parameters. The derivatives of y with respect to the
unknowns are

X,=Db (14)
X, =a (15)
X, = 6. (16)

The Jacobian array is [b a 6] (denoted as J). To
obtain the results of the product of the Jacobian array
[b a 6] with a vector t (=[t; t, t;]), EOS does not
construct J and then calculate 2, _;  5j,t, asmight
be expected because it would require too much
memory to store J. In EOS, the product is obtained
directly from the expression bt; + at, + 6t;, then J
is not needed. Of course, the expression bt, + at, +
6t; needs to be induced in EOS.

In the CG algorithm, only the calculations of v, g
and u involve J. With the specia representation of
polynomial equations and the concept of associated
variables, the calculation of v, g and u will be given
sequentialy. The calculation r is also provided.

3.4. Calculating r

The representation of equations in EOS must be
provided by the user. The calculation of the residuals
of the fit is quite direct. r is obtained by subtracting
the right-hand side variables from the left-hand side
variable in Eq. (12). From Eq. (12), one obtains
F—Xijk = X=Xijk X WX — FF L, X2, X _f3,,

XWXy — FF 4 X5y X WX -
(17)

3.5. Calculating v

The algorithm for calculating v is performed by
changing the equations in the following steps.For
each model equation,

1. replace the left-hand side variable with its v as-
sociated array;

2. for each monomial, assume there are h un-
known variables in this monomial, yield h
monomials by replacing one unknown variable
with the product of itst associated array at one
time. Add all of the h new monomials together
and replace the origina monomial.

From Eq. (11), the new equation is
vXij =t L X F2, X f_f3,, + f_f1,, Xt_f2;,
X A3y, + 1, X f_f2;, X t_f3,,

+ 4, X F_f5y, + F_f4, X t_f5,,.
(18)

3.6. Calculating g

The algorithm for calculating g is to change the
model equations using the following steps.

1. Set al the unknown variables g associated vari-
ables to 0.
2. For each unknown variable in the monomia of
each model equation
() construct a new equation by keeping the
left-hand side of the original equation, and
keeping the current monomial in the
right-hand side;
(b) replace the left side variable with the
product of its r associated array, replace
the unknown variable with its g associated
array;
(o) exchange the left-hand side parts and
the g associated array;
(d) add the g associated array to the right-
hand side.
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From Eg. (11), we have

g-f L, =0-f L +rx;, xf_f2,, Xxf_f3,, (19)
9-f2;, = g-f2), + f_fL, Xrox; X f_f3,, (20)
g—f 3y = 9—F 3y + FF L, X T2, Xrx;;, (21)
g—f4;n = 94, + rx;; X f_f5, (22)

9—f 5 = 95, + FF4 ), XX - (23)

3.7. Calculating u

The agorithm for calculating u is to change the
model equations using the following steps.

1. Set al of the unknown variables u associated
variables to 0.
2. For each unknown variable in the monomial of
each model equation
(a) construct anew eguation by keeping the
left-hand side of the original equation, and
keeping the current monomial in the
right-hand side;
(b) Replace the unknown variable with its
u associated array, replace the left-hand
side variable with its w associated array;
(c) exchange the w associated array with
the u associated array;
(d) square each variable in the right-hand
side except the w associated arrays,
(e) add the u associated array to the right-
hand side.

The above algorithm does not produce u in an exact
way when there are repetition factors in the right side
of equations, it ignores the interaction terms. The al-
gorithm can be modified to produce the exact values
of u. Experience shows that the above simple version
algorithm works quite well, so EOS employs the
above algorithm.

For Eq. (11), we have
uf1,=uf1, +wox X f_f25 x 35 (24)
uf2;, =uf2;, + 113 xw_x;;, X f_f3, (25)

u—f3,, = u_f3,, +f_f13 X f_f25 X w_x;;, (26)

u—f4;;, = u_f4;, +wx;;, x f_f55, (27)

U_f5,, = u_f5,, + f_f47, X w_x; . (28)

4. Implementation of EOSin MATLAB

The implementation of EOS is divided into fol-
lowing steps.

(a) The user provides four variables to collect
information for describing the problem.

(b) ECS performs initial steps to set default val-
ues for some variables.

(c) Following the algorithms in Section 3, pro-
duce the expression to calculate g, v, u and r in
presentation forms where the expressions sto-
ried as strings in MATLAB.

(d) Developing the interpreter of the presenta
tion of polynomia expression. This function will
be called when the values of g, v, u and r are
wanted in the main CG program.

(e) Programming the CG algorithm.

The results are stored as variables in the MAT-
LAB workspace. EOS can be coded in any computer
language. MATLAB [6] is a convenient language
since it has been widely used by many chemometri-
cians. In this section, the implementation of EOS in
MATLAB is discussed. Being an interpreted lan-
guage, MATLAB is slower than the compiled lan-
guages such as C, C + +, or FORTRAN. However,
MATLAB is easy to implement EOS quickly, and it
is easy to debug the program. In the five parts listed
above, parts (a), (b) and (e) are quite easy to pro-
gram. They do not need to be treated specially. The
function for part (c) must be provided in EOS. This
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function provides the expressions to calculate g, v, u
and r in the presentation form. One can also code the
expressions by hand for any special equations fol-
lowing the algorithms as outlined in Section 3, and
does not need to be coded as a general function in
EOS.

Part (d) is the only difficult one. MATLAB does
not provide the function to perform multiplication on
multidimensional arrays up to version 5.3. Function
EVALND is coded to interpret the presentation of
polynomia expression. EVALND can be used in a
manner analogous to EVAL, except EVALND can
execute the presentation of polynomia expressions.
Fortunately, the implementation of EVALND can be
completely separated with other parts of EOS.

More details of parts (c) and (d) are given below.

4.1. Interpreter of the presentation of polynomial ex-
pression

MATLAB does not provide a function to interpret
expressions such as Eq. (11). Thus, a function,
EVALND, has been developed. EVALND accepts
expressions translated from the representation of the
polynomia. For example, expression (12) is con-
verted to

X (=i —j,—K) =f1(-i,—2)" £2(_j,—2) " £3(_k,—2)
+f4(_i,—j,—z) 5(k,—z) (29)
and then evaluated by EVALND
evalnd(' X(-i,—j,—k)
=f1(-i,—2) f2(j,—2) 3(_k,—2)
+f4(1i—j,—z) " 5(k,—z)). (30)

Another important feature of EVALND is that it
automatically groups the termsin an optimal way. For
example, assume there are three matrices: X1, X2 and
X3 of size 100 by 200, 200 by 500, and 500 by 2,
respectively. It is much slower to calculate
(X1* X2)* X3 than X1*(X2* X3). To EVALND, the
following two expressions

evalnd(' X(—i,-j)
= X1(~i,—k) " X2(_k,—t)" X3(-t,-j)’) (31

and
evalnd(' X(—i,—j)
= X1(-j,—k)" X2(_k,—t)" X3(_k,-j)) (32

will be evauated as X1* (X2* X3).

The implementation of EVALND avoids the use of
FOR LOOPs to set or retrieve values from the array.
For a large data set, the FOR LOOP will make the
program extremely slow.

The implementation of EVALND is split into two
functions. One is to arrange the sequence of execu-
tion of the string in EVALND. Another function,
NDTIMES, performs the multiplication on only two
arrays. NDTIMES can be coded in MATLAB or be
replaced by using the MEX function. The easy way
is to use MEX. Function NDTIMES can be obtained
from authors.

To specify the equations, the user just writes the
equations and then translate them into the proper
representations that EOS can evaluate directly.

4.2. Function to give expressions for v, g and u

The algorithms used to implement this function are
given in Section 3 of this paper. The user can also
write expressions by hand to solve special problems
following those algorithms.

In the algorithm provided in Section 2, the vari-
ables t, z, etc., are represented as vectors. In EOS,
these variables exist as associated arrays. They need
not be converted to vectors. For example, to get t =
BXt+zin step 2e in the algorithm, EOS imple-
ments Eqg. (2) in the following way

t_f1, =Bxt_fl, +zf1, (33)
tf2,,=Bxtf2;, +zf2, (34)
t_f3,, = BXt_f3,, +2zf3,, (35)
tf4, = B X tf4,, +2zf4,, (36)
t_f5,, = B X t_f5,, + z_f5,,. (37)
5. Example

Toillustrate what EOS is doing and give the reader
a more complete image of EOS, an example is dis-
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cussed in this section. The example is a trilinear
model including the equations to normalize two fac-
tor modes

H
Xijk = > f1,£2;, 13, (38)
h=1
J
normf2, =} 2, (39)
j=1
K
normf3, = Y 3, (40)
k=1

where X, F1, F2, F3, normf2, and normf3 are of size
I by Jby K, | by H, J by H, K by H, H by 1,
and H by 1, respectively.

EOS is a function which accepts information from
the user and outputs the estimated unknown parame-
ters. Egs. (38), (39) and (40) are passed to EOS as

X(—i,—j,—k)

=F1(-i,—h) F2(_j,—h) F3(_k,_h)  (41)
NORMF2(_h) = F2(_j,_h) (42)
NORMF3(_h) = F3(_k,_h). (43)

The values X, normf2 and normf3 are provided by
the user. The weights are stored in w_X, w_normf2
and w_normf3, which are the same size as X,
normf2 and normf3, respectively. The MATLAB
implementation of the algorithm was outlined in Sec-
tion 2 above and is presented in Appendix B.

6. Conclusions

EOS provides a simple framework to solve very
large, complex polynomia equations. The key to im-
plementing EOS isin the user provided equations that
describe both the data structure and the constraints on
the solution. EOS can solve a variety of multilinear
including the PARAFAC problem.

The memory requirements for EOS are quite small
that makes it is a good choice for large data sets. For
a standard multilinear model with M known parame-

ters and N unknown parameters, the memory re-
quirement is 3M + 6N. The 3M space is to store the
associated arrays v, r and X. The 6N space is to store
the associated array ¢, u, g, z, f and t. When applied
to the simultaneous analysis of several data sets, EOS
has been found to be quite efficient. More quantita-
tive evaluations of the efficiency of this algorithm are
currently being conducted and will be reported in a
future publication.
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Appendix A. Notation and list of symbols

In general, the conventions used in this paper are
as follows. Matrices are represented as bold upper-
case letters and column vectors are represented as
bold lowercase letters. Italic upper and lowercase | et-
ters are used for scalars.

The list of important symbols in the paper fol-
lows.

X known data in a vector form

f unknown parameter in a vector form
M number of known data

N number of unknown parameters

P(x) vector function to specify the models
P.(x)  the mth element of P(x)

W, weight of the m-th equation

t the increase of the unknown parameters
P the derivative P of with respect to f

P m the mrth element of P;

J Jacobian matrix

g, the i-th element of G
r(f) the weighted residual for the fit of x
r.(f) the i-th element of r(f)

g used in the CG algorithm, equalsto J'r
z used in the CG algorithm, equals to ¢; g,
/4

: used in the CG algorithm, equals to 3; g2
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ot used in the CG algorithm, to implement the €, a, B, p used in the CG agorithm, check the
inverse preconditioning method meaning from Refs. [4,5]

v used in the CG agorithm, equals to Jt A, B, C, S, T unknown factors in the example mix-

f used in the CG agorithm, the new try of ture model

) update f by basic CG step r—,c_, g—, w—,t_andu_ prefixesofr,c, g, w,t

() used in the CG algorithm, the function to and u associated variables, respectively

change f to meet constraints

Appendix B. Implementation of the algorithm

The following table shows the MATLAB codes for the expressions in the algorithm given in Section 2.

Expressionin MATLAB codein EOS
algorithm
g=J"r g—F1 = zeros(l,H);

g—F2 = zeros(J,H);
g—F3 = zerosK H);
evalnd('g_F1(_i,_h) = g_F1(_i,_h) + r_X(_i,_j,—k)* f_F2(_j,_h)* f_F3(_k,_h)');
evalnd('g_F2(_j,—h) = g_F2(_j,_h) + f_F1(_i,_h)* r_X(_i,—j,_k) * f_F3(_k,_h)):
evand('g_F3(_k,_p) = g_F3(_k,_p) + f_F1(_i,_p) “ f_F2(_j,_p) * r—X(_I,_j,_K));
evand('g—F2(_j,—h) = g_F2(_j,_h) + r_NORMF2(_h));
evalnd('g—F3(_k,_h) = g_F3(_k,_h) + r_NORMF3(_h));
Uy =3 Wi i, U_F1 = zeros(I,H);
u_F2 = zeros(J,H);
u_F3 = zeros(K ,H);
evalnd(' u—F1(_i,—h) = u_F1(_i,—h) + w_X(_i,—j,—k)
“f_F2. A2(_j,_h)* f_F3. ~2(_k,_h));
evalnd(' u_F2(_j,_h) = u_F2(_j,_h) + f_F1. ~2(_i,_h)
" W_X(i,—j,—k)* f_F3. A2(_k,_h));
evalnd(' u—_F3(_k,—h) = u_F3(_k,_h) + f_F1. 42(_i,_h)
“f_F2. A2(j,—h)* WX (_i,_j,—K)):
evalnd( u_F2(_j,—h) = u_F2(_j,—h) + w_NORMF2(_h));
evalnd(' u_F3(_k,_h) = u_F3(_k,_h) + w_NORMF3(_h));
v=Jdt evalnd( v_X(_i,_j,_k) = t_F1(_i,_h)* f_F2(_j,_h)* f_F3(_k,_h) + f_F1(_i,_h)
“toF2(_j,—h)* f_F3(_k,—h) + f_F1(_i,_h)* f_F2(_j,_h) “ t_F3(_k,_h));
evand(' vV_NORMF2(_h) = t_F2(_j,_h));
evand(' v_NORMF3(_h) = t_F3(_k,_h));
t=Bt+z t_F1=p"t_F1+ z_F1,
t_F2=B"t_F2+ z_F2;
t_F3=pB*t_F3+z_F3;
p=9z p=0;
p=p+g-F1() " z_F1();
p=p+0g-_F2) z_F2),
p=p+g-F3C) " z_F3();
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Expressionin MATLAB codein EOS
algorithm
t=v'v t=0;

t=t+v_X(C)" v_X();
t=t+Vv_NORMF2(:) * v_NORMF2(:);
t=t+ v_NORMF3(:Y * v_NORMF3(:);
f=f+at f_F1=f_Fl+a"t_Fl
f_F2=f_F2+a"t_F2
f_F3=f_F3+a"t_F3;
z,=C,0;/ z_Fl=c_Fl."g_Fl./u_F1;
z_F2=c_F2."9g_F2./u_F2;
z_F3=c_F3."g_F3./u_F3;
Compute r(f) evalnd('r—X(_i,—j,—k) = r—X(_i,—j,—k) — f_F1(_i,_h)* f_F2(_j,_h)
" f_F3(_k,—h));
evand('r_NORMF2(_h) = r_NORMF2(_h) — f_F2(_j,_h));
evalnd( r—_LNORMF3(_h) = r_NORMF3(_h) — f_F3(_k,_h));

Within the table, the variables such as &« must be placed with the regular names for MATLAB. Again, the
task shown in the table will be done by the program EOS, the user does not need to do any of what is presented.
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